HIER

Harvard Institute of Economic Research

Discussion Paper Number 2105

Thou Shall Not Diversify:
Why “Two Of Every Sort”?

by

Rustam Ibragimov

February 2006

HARVARD UNIVERSITY
Cambridge, Massachusetts

This paper can be downloaded without charge from:
http://post.economics.harvard.edu/hier/2006papers/2006list.html

The Social Science Research Network Electronic Paper Collection:
http://ssrn.com/abstract=880106



THOU SHALL NOT DIVERSIFY:
WHY “TWO OF EVERY SORT”?

Rustam Ibragimov!

Department of Economics, Harvard University

ABSTRACT

The present paper sheds a new light on the notorious question in the evolutionary biology of why the modern
species exhibit only the asexual and binary mating systems, with the clear dominance of the latter over the for-
mer. We present an in-depth study of the intertemporal propagation of the fundamental distributional properties
of phenotypes in general polygenic multi-gender inheritance models with sex- and time-dependent heritability.

We further analyze the implications of these models under thick-tailedness of traits’ initial distributions.

We obtain the results that demonstrate that, under an arbitrary multi-sex mating system with k genders, the
organism’s switching to a more uniform mode of heritability leads to an increase in peakedness and concentration
of traits with not extremely heavy-tailed initial distributions in its population in all the future periods. However,
the decrease in the diversity of the parameters responsible for the different sexes’ genetical contributions to the
next period’s offspring leads to an increase in concentration and peakedness of extremely long-tailed traits in

all future generations.

From these results it follows that switching to an inheritance system with greater diversity in heritability
coefficients and, thus, an increase in the number of genders under symmetric heritability, is advantageous in the
case of extremely long-tailed traits that have negative effects on the population’s fitness (say, human medical or
behavioral disorders for which inheritance is significant). Such a switching or increase in the number of genders
slows down or completely stops the intertemporal spread of the extremely thick-tailed negative traits in the
population. On the other hand, a decrease in the number of genders in the symmetric multi-sex inheritance
system and, more generally, switching to less diverse heritability parameters is advantageous in the case of not

extremely thick-tailed positive traits (e.g., the trait of intelligence).
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Our theoretical results demonstrate that the intertemporal propagation of distributional properties of traits
is, to a large extent, responsible for the dominance of the asexual and binary mating systems in nature. Namely,
from the results obtained in the paper it follows that the switching between the asexual and binary inheritance
mechanisms allows the population to achieve effectively a relatively fast decline (sharp concentration) of “bad”
traits or a relatively quick spread (decrease of peakedness and concentration) of “good” traits, regardless of
the distributional properties of the phenotypes in the initial period, in particular, regardless of the degree of
heavy-tailedness of their initial densities. Furthermore, from our results it follows that, regardless of their
initial distributional properties, the propagation of negative traits in a population with three or more genders
can be prevented and the wide spread of positive phenotypes can be achieved immediately or in a relatively
near future if the population switches to a mating system with only one or two genders. Given the high costs to
species of developing and maintaining extra genders, this makes the asexual and binary inheritance mechanisms

advantageous comparing to other mating systems.

Keywords and phrases: Multi-sex mating systems, Genders, Multifactorial inheritance models; Phenotypic

traits; Heritability; Sex ratio; Human capital; Diversification



And of every living thing of all flesh, two of every sort shalt thou bring into the ark, to keep them alive with
thee; they shall be male and female. (Genesis 6:19)

No practical biologist interested in sexual reproduction would be led to work out the detailed consequences
experienced by organisms having three or more sexes; yet what else should he do if he wishes to understand why

the sexes are, in fact, always two? (Fisher, 1958, p. iz)

1 Introduction
1.1 Aims of the paper

This paper presents an in-depth analysis of distributional properties of traits that are assumed to have a general
multi-sex inheritance mechanism with time- and gender-dependent heritability. It further sheds a new light on
the fundamental question in the title of the work. Namely, our results demonstrate that most of the modern
species typically exhibit only asexual or binary mating systems because switching between these modes of
inheritance allow the organisms to prevent, immediately or in a relatively short time, the spread of negative
traits in the population and to achieve wide spread of positive phenotypes. Moreover, from our results it
follows that this regulation of the spread of “good” and “bad” phenotypes in the population can be achieved by
switching to the binary or asexual inheritance mechanisms regardless of the number of genders in the mating
system exhibited by the organisms and, essentially, regardless of the initial distributional properties of the
traits. In particular, such a regulation of concentration and spread of negative and positive traits is delivered
by mating systems with not more than two genders in the case of an arbitrary degree of thick-tailedness of the
initial distribution of phenotypes. Given the high costs to population of species of developing and maintaining
extra genders this makes the asexual and binary inheritance systems advantageous comparing to other mating

mechanisms.

1.2 Motivation and review of the literature

The questions of fundamental importance in evolutionary theory are why most of the species on Earth have two

genders rather than one and why having more than two genders is a no-no in nature.

Many studies in evolutionary biology have focused on the analysis of evolution of the binary mating system.
Several explanations for the dominance of two-gender inheritance mechanisms over one-gender ones have been
proposed in the literature, including polymorphisms for genes involved in gamete recognition (Hoekstra, 1982)
and a response to harmful conflicts between cytoplasmic elements (see Hurst and Hamilton, 1992, and Hutson
and Law, 1993). The models proposed in the above works, however, admit coexistence of one-sex and two-sex
modes of reproduction in population at the same time. Recently, Czardn and Hoekstra (2004) emphasized
that the assumption of a homogeneous population in which random encounters lead to mating made in the
above works is unrealistic if cloning inheritance mechanism was much more frequent than sexual reproduction

in single-celled hypothetical ancestors of modern species and if the mobility of the cells is low. In words of



Schilthuizen (2004), the previous works “assumed that species live in the equivalent of a busy town square,
where all individuals bump into each other all the time. But in real life, organisms are much more likely to
bump into a neighbor than someone from the other side of the tracks”. Cziran and Hoekstra (2004)’ model
takes this into account and proposes an explanation for the evolution of two sexes based on decrease of fitness of
organisms that are able to engage in the cloning mode of reproduction due to inbreeding with the neighboring

offspring.

While evolutionary biology may have thus answered the first question at the beginning of the introduction,
the problem of why the nature mostly does not manifest itself in more than two genders remains a notorious
scientific puzzle. Another fundamental scientific puzzle is why, even if more than two genders do develop in
a population of species, the nature of their mating mechanism always remains binary and inheritance systems

where the offspring receives genetic contributions from more than two parents never develop.

Some of organisms, e.g., certain species of fungi and ciliates, do have three or more sexes (see Nanney, 1980,
Iwasa and Sasaki, 1987, and references therein). Ciliates, for instance, typically have several mating types
and conjugation in them occurs between organisms with unlike types; mating does not occur within the same
type. In particular, Stylonychia spp. exhibits the mating system with as many as 48 sexes. Some studies have
indicated that the number of sexes in species is likely to raise above two if the time for gamete unions to take
place is limited; this leads to the conclusion that even more isogamous species with more than two sexes are
yet to be found (see Iwasa and Sasaki, 1987). Nevertheless, even in species with more than two genders, the
mating system is binary: the offspring inherits genetic contributions from two parents only. Furthermore, the
two-gender binary mating systems clearly dominate other inheritance mechanisms in modern species known to

biology.

1.3 Gender diversification: advantages vs. costs

The fitness advantage of outbreeding has been emphasized in a number of works in evolutionary biology as
the main explanation for the dominance of the binary mating system over the asexual one in modern species
(see, among others, Hurst, 1995, and Czdrén and Hoekstra, 2004, and references therein). Negative effects of
inbreeding on population fitness and a possible increase in chances of mating has also been indicated as the
main reason for evolution of the binary mating systems with more than two genders, such as those exhibited by
ciliates and fungi discussed at the beginning of the introduction (e.g., Nanney, 1980, and Czdrdn and Hoekstra,
2004). It is clear that switching to a mating system in which the offspring receives the genetical materials from
more than two parents would further decrease the negative effects of inbreeding under the binary and asexual
mating systems. However, the evolution of additional genders places a high burden on a population. E.g., as

indicated by Hurst (1995),

The production of a diploid zygote through the amalgamation of two haploid gametes (i.e. sex) is not only a
marvel of communication and coordination, it is also one of the most risky endeavours performed by eukaryotic
organisms. The risks include the possibility that the two genomes fail to adequately coordinate the subsequent

development of the zygote, thus resulting in inviability or sterility, of contracting a disease from the partner or



even of not finding a mate.

The present paper contributes to the discussion of advantages vs. disadvantages of having multiple genders
in the literature in a number of ways. From our results it follows that the effects of diversification in heritability
parameters and, in particular, of an increase of the number of genders in general multi-sex mating systems
on the intertemporal propagation of distributional characteristics of phenotypes are similar to the effects of
financial portfolio diversification on its riskiness (see Ibragimov, 2004, 2005). The results obtained in Ibragimov
(2004, 2005) demonstrate that the stylized fact that portfolio diversification is always preferable is reversed
for a wide class of distributions of risks. The class of distributions for which this is the case is the class of
extremely heavy-tailed distributions. The encouraging message of the results in Ibragimov (2004, 2005) is that
the stylized facts on diversification are nevertheless robust to thick-tailedness of risks or returns as long as their

distributions are not extremely long-tailed.

According to the results in this paper, a similar mechanism drives the effects of gender and heritability
diversification on the intertemporal propagation of phenotypes in multifactorial inheritance model. Such a
diversification increases riskiness (that is, the spread) of the distribution of extremely thick-tailed traits and is
thus not desirable if such traits have a negative effect on the population’s fitness. However, the diversification
of heritability parameters and an increase in the number of genders leads to a decrease in riskiness (an increase
in concentration) of the distribution of negative phenotypes that have not extremely long-tailed densities in the
initial period. In the case of such traits, the heritability and gender diversification is thus preferred to a non-
diversified mating system. The above conclusions on advantages vs. disadvantages of gender and heritability

diversification are reversed if the phenotypes under consideration have positive effects on the population’s fitness.

From the results in this paper it follows, essentially, that, even in the absence of costs in the evolution and
maintenance of a mating system with more than two sexes, the switching between only the asexual and the
binary systems of mating allows a population to control the spread of “bad” and “good” traits over time. An
increase to the much more costly mode of inheritance with the number of genders greater than two is thus

unnecessary as demonstrated by the known species living today.

1.4 Multi-gender inheritance models

The natural multi-gender (more precisely, k—gender or k—sex) analogues of multifactorial two-sex Galtonian

inheritance models are the time-series models given by

k
Xt+1(/\,(gk)) = Z At X + (1 - Z )\jt)eh (1)
i=1

j=1
t = 0,1,..., where, similar to the case of k = 2 genders (e.g., Karlin, 1984, 1992, Karlin and Lessard, 1986,
and Ibragimov, 2004, 2005), X;; is the offsping’s phenotype value; and, for j = 1,...,k, X, t = 0,1,2,...,
are the j—th sex parental contributions, €, t = 0,1,2,..., is an independent environmental contribution of
mean 0. In models (1), )\,(fk) = {(M1ss - Aks) Yoo is a sequence of k—dimensional vectors (Ays, ..., Aps) € RY of

sex-dependent heritability coefficients such that 2?21 Ajs £1,5=0,1,...,t. We assume that heritability can



change with time ¢.

Let, in what follows, the trait X, have a sex-independent distribution in the population at time ¢t = 0 (“the
beginning of time”).2. Throughout the paper, the notation Y =2 Z for two r.v.’s Y and Z will mean that their

distributions are the same.

Time-series (1) with

k
Z = 2)
for all ¢ > 0 represent purely parental transmission of traits over time:
k
Xep1(AY) ZAJtXﬁ, (3)

t=0,1,...

(k) 5 3 3

Let A, = {(A1sy s Aks) g, where Ay = ... = A\gs = 1/k. Process (2) with )\(k) = X(k) for all t > 0

(equivalently, with A\j; =1/k, j =1,...,k, t=0,1,2,...), models symmetric k—sex inheritance:

X () = (ixﬁ)/k. ()

Jj=1

The case of intertemporal propagation of traits which are equally likely to be inherited by the offsping of
all the existing k—sexes corresponds to models (2), (3) and (4) in which X1y, ..., Xj are independent copies of

X (\M)
X =1 X (\Y) (5)
forall j=1,....k and all t =0,1,2, ...

One should note that restricting the inheritance parameters A in general theoretical multi-sex models (1) or
(3) to lie in a given domain A delivers modeling of asexual, two-sex and multi-gender binary mating inheritance
systems observed in nature. In particular, models (1) and (3) reduce to time-series with asexual propagation
(k = 1) in the case with (A1¢, Aat, ..., Agt) € A = {(1,0,...,0)} for all ¢ and to binary two-sex (k = 2) mating
systems in the case when (A1z, Aat, ooy Akt) € A = {(71,72,0,...,0) € R’i iy + 2 = 1}, t > 1. Furthermore,

time series (1) and (3) under the restriction
A={0,..,0,7,7;,0,..,00 e R¥ [ 1 <i<j<k:y+v =1} (6)

model the multi-gender inheritance systems in which mating is binary and is allowed between any two different

sexes, as in the case of ciliates and fungi, as discussed in Subsection 1.2.

2All the results presented in the paper hold for inheritance models considered propagating into the future starting from a certain
initial period of interest.



1.5 Discussion of the results

In this paper, we study transmission of the distributional properties of traits through generations in general
polygenic multi-sex inheritance models with time- and sex-dependent heritability. Motivated by the above-
mentioned recent findings of departures from Gaussianity for many phenotypes’ distributions, we further focus
on the analysis of implications of these models under heavy-tailedness of traits. Our results on the intertemporal
propagation of peakedness and concentration properties of phenotypes under the multi-gender mating system
shed a new light on the notorious evolutionary question in the title of the paper and demonstrate that these
distributional properties of phenotypes provide, to a large extent, an explanation for the dominance of the

asexual and binary modes of inheritance in nature.

In particular, we obtain general results concerning the transmission of peakedness (concentration) properties
of traits with an arbitrary degree of heavy-tailedness in multi-sex inheritance models (2), (3) with sex- and time-
dependent heritability and the parental contributions given by (5). For instance, from Theorem 1 it follows that
if the initial distribution of the trait X, (say, a behavioral or medical disorder or an ability for which heritability
is significant) in the population is not extremely heavy-tailed and has a finite mean, then switching to a mating
system with a more uniform distribution of heritability parameters at a given time always leads to an increase in
peakedness and concentration of the phenotype in the next period’s offspring. Roughly speaking, concentration
of the distribution of the disorder about some risk group in the population and inequality in the distribution of
the ability becomes increasingly more pronounced under the more uniform mode of inheritance. The situation
is reversed, however, in the case of traits that have an extremely thick-tailed initial distribution with an infinite
first moment (say, a medical or behavioral disorder for which there is no strongly expressed risk group or a
relatively equally distributed ability with significant genetic influence): in such a case, a decrease in diversity
of heritability coefficients at time ¢ leads to a decrease in peakedness and concentration of the time-(t 4 1) trait

distribution and to the phenotype’s even wider spread in the population.

As Corollary 1 shows, the above results, in particular, imply that switching to the one-sex (cloning) mating
system stops forever an increase in concentration and peakedness of traits with not extremely thick-tailed distri-
butions. This is, of course, not preferable to the species if the traits under the consideration have positive effects
on their population’s fitness (say if the phenotype under consideration is the trait of intelligence). However,
the one-gender mode of inheritance is preferred to any multi-sex mating system in the case of negative traits
(say, the phenotypes of medical or behavioral disorders with a significant genetic influence) with extremely

heavy-tailed initial distributions.

In contrast, according to Corollary 2, switching to the symmetric mode of inheritance at a given time leads to
an increase in peakedness and concentration of a not extremely thick-tailed phenotype’s distribution in the next
period’s offspring which is desirable for “bad” traits. The symmetry in heritability parameters at time-¢, on the
other hand, delivers the widest spread of phenotypes with extremely thick-tailed initial distributions among all
other inheritance settings with multi-gender mating; this is desirable if the traits considered are “good” traits

that have positive effects on the organisms’ fitness.



Corollary 3 in the paper further develops and specializes the above results to the case of multi-sex inheritance
models (4) with symmetric heritability (5). According to the corollary, an increase in the number of genders
under symmetric heritability increases peakedness and concentration of traits with not extremely thick-tailed
distributions; however, it increases the spread of phenotypes with extremely thick-tailed initial distributions at

any time given time. More precisely, the following conclusions hold.

Let Xy — u have a not extremely heavy-tailed distribution with a finite first moment; e.g., let the distribution
of Xo — p be a convolution of symmetric log-concave distributions and symmetric stable distributions with
characteristic exponents in the interval (1,2). Then, according to Corollary 3, for all £ > 1 and all ¢ > 1, the

time-t value of the phenotype X; (Xii_l)) in (k + 1)—gender symmetric heritability model (4), (5) is strictly

more peaked about p than is the time-t value of the trait Xt()\ili)l) in the same model with k-sex mating. That

is, P(IX, 00y ) > @) < P(X, ) — | > z) for all & > 0.

The above conclusions are reversed in the case of a phenotype that has an extremely long-tailed initial
distribution with an infinite first moment. For instance, suppose that the distribution of Xy — i is a convolution
of symmetric stable distributions with indices of stability not greater than 2. Then from Corollary 3 it follows

that, for any & > 1 and all ¢ > 1, the time-t value of the phenotype Xt(XEIiJ{U) in model (4), (5) under

(k + 1)—mating system is less peaked about p than is the value of the trait Xt()\glj)l) with k-gender mode of
(k) ~(k+1)

inheritance. That is, P(|X:(A\;_1) — p| > z) < P(|Xe(A_1") — p| > z) for all z > 0.
In other words, an increase in the number of genders is desirable for positive traits with extremely thick-tailed

distributions and for negative not extremely thick-tailed phenotypes.

These conclusions further imply (see comparisons (24) and (26) in Corollary 5) that switching to the binary
mating system from the inheritance mode with more than two sexes slows down the increase in peakedness and
concentration of positive traits with not extremely thick-tailed distributions. It is also preferable in the case of
traits with extremely thick-tailed distributions that have negative effects on the population’s fitness since the
switching increases peakedness and concentration of such traits around a certain medium value (e.g., around
a certain risk group in the case of a medical disease or a behavioral disorder) at any given future time. The
above effects of the decrease in the number of genders are further pronounced and emphasized if the population
switches to the one-gender mode of inheritance: the switching to the cloning inheritance system from an arbitrary
multi-gender mode of propagation (including the binary mating) completely stop intertemporal propagation of
peakedness and concentration properties of phenotypes’ regardless of the degree of heavy-tailedness of the traits’

initial distributions (see Corollary 4).

According to peakedness comparisons (25) and (27) provided by Corollary 5, there is, however, a crucial
difference between the intertemporal distributional properties of traits in the two- and one-sex inheritance
models. The distribution of the trait in the one-sex inheritance framework stays the same over time. If the
time-t trait with the cloning sex inheritance mechanism has a not extremely long-tailed initial distribution
then it is less concentrated than its counterpart in the inheritance models with more than one gender at any
future time ¢’ > ¢t. On the other hand, if the initial distribution of the time-¢ trait with the cloning inheritance

mechanism is extremely thick-tailed, then it is less peaked and concentrated than its future time-t' counterpart



in the multi-sex inheritance model. In other words, today’s peakedness comparisons for the traits under the
cloning mechanism of propagation and the multi-sex mating systems cannot be reversed in the future unless

the number of genders in the one-sex model does not increase.

Similar to the one-sex inheritance mechanism, the distribution of the time-t phenotype in the binary mating
model with not extremely heavy-tailed (extremely long-tailed) initial distribution is more (resp., less) peaked
than that of its time-t counterpart in k-sex inheritance setting (4) with k& > 2. However, as follows from (25)
and (27), the binary mating system has the following “future reversal of peakedness” property in contrast to the
cloning mechanism of propagation. Namely, starting from some period ¢’ > ¢, the peakedness and concentration
comparisons switch to the opposite, namely, the time-t' phenotype in the two-gender inheritance model with
not extremely long-tailed density (extremely heavy-tailed distribution) at time ¢ = 0 becomes less (resp., more)

peaked and concentrated than the time-t trait with the multi-gender mode of intertemporal propagation.

The above results can be interpreted as follows: the switching between the cloning and the two-sex inheritance
mechanism allows the population to achieve effectively a relatively fast decline (that is, sharp concentration) of
“bad” traits or a relatively quick spread (in other words, decrease in peakedness and concentration) of “good”

traits, regardless of heaviness of the traits’ initial distribution.

For instance, as follows from the results in Corollary 4, switching to the one-sex mating system completely
stops sharp concentration and the decline of “good” traits with not extremely long-tailed distributions under
the multi-sex inheritance with more than one gender. Similarly, switching to the single-sex mode of propagation
(1) with £ = 1 stops the spread of an extremely heavy-tailed phenotype that negatively affects the fitness of a
population under the multi-sex mating system. Furthermore, according to relations (25) and (27) in Corollary
5, any given (wide) spread of positive extremely thick-tailed traits delivered at time ¢ by a multi-sex mating
system with more than two genders is also achievable in a slightly longer time ¢’ > ¢ under the binary mating
mechanism. The same is the case for negative phenotypes with not extremely heavy-tailed initial distributions:
any (sharp) concentration of such “bad” long-tailed traits achievable at time ¢ in the multi-sex inheritance
models with more than two genders is also achieved by the two-gender inheritance modes in a slightly longer

time.3

One should emphasize here that the results obtained in the present paper also shed a new light on the
existence of binary mating systems with more than two sexes in modern species. As follows from the discussion
in Subsection 1.3, such systems should be preferred by populations to their two-sex binary mating counterparts
if the costs of evolution and maintenance of extra genders are low, due to the fitness advantage of outbreeding.
In addition, although all the distributional properties of the offspring’s phenotypes in models (1) with k = 2 and
in time series (1), (6) with & > 2 are the same for equally distributed parental genetic contributions (5), it is
not the case if the distributional properties of the contributions differ among the genders. E.g., it is well-known
that the tail index of a convolution of two heavy-tailed distributions equals to the minimum of their tail indices.
Therefore, the results discussed above imply that the freedom in the choice of two contributing genders among

the existing k ones in model (1), (6) allows the population to regulate the propagation of distributional properties

3«Slightly longer” refers to the fact that, by Remark 1, one can ¢’ being a linear transformation of t: ¢’ =t logak + 1.



of positive or negative traits through generations more effectively than under a two-sex mating system.

1.6 Probabilistic foundations for the results

The proof of the results in this paper is based on general results on peakedness properties of convolutions of
distributions and majorization phenomena for tail probabilities of linear combinations of r.v.’s presented in
Appendix Al. These properties and phenomena were first analyzed, under the assumptions of log-concavity of
distributions, in the seminal paper by Proschan (1965) that found applications in the study of many problems in
statistics, econometrics, economic theory, mathematical biology and other fields (see the discussion in Ibragimov,
2004, 2005). The proof of the main results in this paper is based on analogues of the results in Proschan
(1965) in the case of heavy-tailed distributions recently obtained by Ibragimov (2004) and also presented in
Ibragimov (2005). To our knowledge, the results in Ibragimov (2004, 2005) are the first ones in the literature
that give extensions of those in Proschan (1965) for the paradigm of thick-tailedness and also show that general
majorization properties of convex combinations of symmetric log-concavely distributed r.v.’s derived by Proschan
(1965) are reversed for certain wide classes of distributions (see the discussion in Ibragimov, 2004, 2005). These
results provide the key to the analysis of inheritance models under traits’ heavy-tailedness and to obtaining
contrasting results for the classes of not extremely thick-tailed and extremely long-tailed phenotypes, similar
to the results on robustness vs. reversals of properties of many of economic models in Ibragimov (2004) and
Chapter 1 in Ibragimov (2005). Besides the analysis of multifactorial inheritance models considered in this
paper, the majorization results obtained in Ibragimov (2004, 2005) have many other applications, including
the study of models of threshold sex determination, efficiency of linear estimators and monotone consistency
of the sample mean, robustness of the model of demand-driven innovation and spatial competition over time,
portfolio value at risk analysis as well as the study of optimal strategies for a multiproduct monopolist providing

interrelated goods.

1.7 Organization of the paper

The paper is organized as follows: Section 2 contains notations and definitions of classes of distributions used
throughout the paper and reviews their basic properties. In Section 3, we present the main results on the
properties of polygenic inheritance models under heavy-tailedness of traits’ distributions. Appendix Al reviews
peakedness properties of log-concavely distributed r.v.’s derived by Proschan (1965) and their analogues for
thick-tailed distributions obtained in Ibragimov (2004). Finally, Appendix A2 contains proofs of the main

results obtained in the paper.

2 Notations and classes of distributions

In this section, we introduce certain classes of distributions we will be dealing with throughout the paper. The

notations for these classes are similar to those in Ibragimov (2004).
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We say that a r.v. X with density f : R — R and the convex distribution support Q = {z € R : f(z) > 0}
is log-concavely distributed if log f(z) is concave in x € €, that is, if for all 1,29 € ©, and any A € [0, 1],

FOar + (1= Naz) = (f@)) (f(x2)) (7)
(see An, 1998). A distribution is said to be log-concave if its density f satisfies (7).

Examples of log-concave distributions include (see, for instance, Marshall and Olkin, 1979, p. 493) the
normal distribution NV(u, 0?), the uniform density U(6;,62), the exponential density, the logistic distribution,
the Gamma distribution I'(«, 8) with the shape parameter @ > 1, the Beta distribution B(a,b) with ¢ > 1 and
b > 1; the Weibull distribution W(~, ) with the shape parameter o > 1.

If a r.v. X is log-concavely distributed, then its density has at most an exponential tail, that is, f(x) =
o(exp(—Az)) for some A > 0, as  — oo and all the power moments E|X|7, v > 0, of the r.v. exist (see Corollary
1in An, 1998). This implies, in particular, that distributions with log-concave densities cannot be used to model

heavy-tailed phenomena.

As in Ibragimov (2004), we denote by £C the class of symmetric log-concave distributions.*

In the studies based on models incorporating fat-tailed r.v.’s, it is usually assumed that the distributions of

the r.v.’s belong to the class of stable laws.?

For0 < a<2 0>0,0¢][-1,1 and u € R, we denote by S, (o, 3, u) the stable distribution with the
characteristic exponent (index of stability) «, the scale parameter o, the symmetry index (skewness parameter)
08 and the location parameter p. That is, So (o, 3, ) is the distribution of a r.v. X with the characteristic

function

exp {ipx — olz|(1 + (2/7)iBsign(x)in|z|}, a=1, ®

B(e"X) = {exp {ipz — 0°[z|*(1 — iBsign(z)tan(ra/2)}, a#1,
x € R, where i2 = —1 and sign(x) is the sign of z defined by sign(x) = 1if 2 > 0, sign(0) = 0 and sign(z) = —1
otherwise. For a detailed review of properties of stable distributions the reader is referred to, e.g., the monograph

by Zolotarev (1986).
In what follows, we write X ~ S, (o, 8, ), if the r.v. X has the stable distribution S, (o, 5, 1).

A closed form expression for the density f(x) of the distribution S, (o, 3, 1) is available in the following cases
(and only in those cases): a = 2 (Gaussian distributions); & = 1 and 8 = 0 (Cauchy distributions); oo = 1/2

and § 4 1 (Lévy distributions). Degenerate distributions correspond to the limiting case o = 0.

4£C stands for “log-concave”.

5Besides stable densities, a number of other frameworks have been proposed to model heavy-tailedness phenomena, including
Pareto distributions, multivariate t—distributions, mixtures of normals, power exponential distributions, ARCH processes, mixed
diffusion jump processes, variance gamma and normal inverse Gamma distributions. However, the debate concerning the values of
the tail indices for different heavy-tailed data and on appropriateness of their modeling based on certain above distributions is still
under way in empirical literature. In particular, as discussed in Ibragimov (2004, 2005), a number of studies continue to find tail
parameters less than two in different financial data sets and also argue that stable distributions are appropriate for their modeling.
In addition, focusing on stable distribution models is justified in many cases and has a number of advantages, as discussed in, e.g.,
Adler, Feldman and Gallagher, 1998. In particular, the statistical methods for stable laws work as well for the data in the domain
of attraction of stable distributions. Furthermore, stable laws and the long-tailed distributions in the domain of their attraction
behave similarly at the tails of the distributions which is usually the region of interest for heavy-tailed techniques. Finally, there
are few reliable approaches available in the case of heavy-tailed r.v.’s not in a stable domain of attraction.
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The index of stability « characterizes the heaviness (the rate of decay) of the tails of stable distributions.
In particular, if X ~ S, (o, 8, 1), then there exists a constant C' > 0 such that

lim z*P(|X|>z)=C. (9)

T—+00

This implies that the p—th absolute moments E|X|P of a r.v. X ~ S,(0,8, 1), a € (0,2) are finite if p < «
and are infinite otherwise. The symmetry index (3 characterizes the skewness of the distribution. The stable
distributions with 5 = 0 are symmetric about the location parameter . In the case a > 1 the location parameter
1 is the mean of the distribution S, (o, 3, it). The scale parameter o is a generalization of the concept of standard

deviation; it coincides with the standard deviation in the special case of Gaussian distributions (a = 2).

Distributions S, (o, 8, 1) with g = 0 for a # 1 and 8 # 0 for @ = 1 are called strictly stable. If X; ~
Salo, B, 1), a € (0,2], are i.i.d. strictly stable r.v.’s, then, for all a; >0, i =1,...,n,

zn:aiXi/(zn:a?)l/a ~ Solo, B, ). (10)

1=

Further, we consider the class CS of distributions which are convolutions of symmetric stable distributions
Sa(0,0,0) with characteristic exponents « € [1,2] and o > 0.° That is, CS consists of distributions of r.v.’s
X such that, for some k£ > 1, X = Y; + ... + Y}, where Y;, i = 1,...,k, are independent r.v.’s such that
Y; ~ S (04,0,0), a; € (1,2], 03 > 0,5 =1,..., k.

By CSLC, we denote the class of convolutions of distributions from the classes £C and CS. That is, CSLC
is the class of convolutions of symmetric distributions which are either log-concave or stable with characteristic
exponents greater than one.” In other words, CSLC consists of distributions of r.v.’s X such that X = Y] + Y5,

where Y] and Y3 are independent r.v.’s with distributions belonging to £C or CS.

CS stands for the class of distributions which are convolutions of symmetric stable distributions S, (¢, 0, 0)
with indices of stability o € (0,1) and ¢ > 0.8 That is, CS consists of distributions of r.v.’s X such that,
for some k > 1, X =Y, + ...+ Yy, where Y;, ¢ = 1,..., k, are independent r.v.’s such that ¥; ~ S,,(0;,0,0),
a; € (0,1),0;, >0,i=1,...,k.

Let Ry = [0,00). Throughout the paper, M denotes the class of differentiable odd functions f : R — R
such that f is concave and increasing on R, and M denotes the class of odd functions f : R — R such that f

is convex and increasing on R .

By CTSLC, we denote the class of convolutions of log-concave distributions and distributions of transforms
f(Y), f € M, of symmetric stable r.v.’s Y ~ S,(c,0,0) with characteristic exponents a € (1,2] and ¢ > 0.°
That is, CT SLC consists of distributions of r.v.’s X such that, for some k& > 1,

X =Y+ fi(Y1) + ... + fu(Yk), (11)

6Here and below, CS stands for “convolutions of stable”; the overline indicates relation to stable distributions with indices of
stability greater than the threshold value 1.

7CSLC stands for “convolutions of stable and log-concave”.

8The underline indicates relation to stable distributions with indices of stability less than the threshold value 1.

9CT SLC stands for “convolutions of transforms of stable and log-concave”.
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where v € {0,1}, f; € M, i = 1,....k, and Y;, i = 0,1, ..., k, are independent r.v.’s such that Yy ~ £C and
Y, ~ Sai(0i70,0), o; € (172], o;>0,1=1,..,k.

We note that (see Ibragimov, 2004) the class CS of convolutions of symmetric stable distributions with
different indices of stability o € (1,2] is wider than the class of all symmetric stable distributions S, (0,0, 0)
with @ € (1,2] and o > 0. Similarly, the class CS is wider than the class of all symmetric stable distributions
Sa(0,0,0) with a € (0,1) and o > 0.

Clearly, one has £C C CSLC and CS C CSLC. Note also that the class CSLC is wider than the class
of (two-fold) convolutions of log-concave distributions with stable distributions S, (c,0,0) with « € (1,2] and

o> 0.

In some sense, symmetric (about 0) Cauchy distributions Sj(c,0,0) are at the dividing boundary between

the classes CS and CSLC.

In what follows, we write X ~ LC (resp., X ~ CSLC or X ~ CS) if the distribution of the r.v. X belongs
to the class LC (resp., CSLC, CS or CTSLC). In addition to that, the notation X =Y for two r.v.’s X and Y’

will mean that their distributions are the same.

3 Main results

The following concept of peakedness of r.v.’s was introduced by Birnbaum (1948).

Definition 1 (Birnbaum, 1948, see also Proschan, 1965, and Marshall and Olkin, 1979, p. 372). A rv. X is
more peaked about p € R than is Y if P(|1X — p] > ) < P(|Y — p| > ) for all z > 0. If these inequalities are
strict whenever the two probabilities are not both 0 or both 1, then the r.v. X is strictly more peaked about p
than is Y. A rov. X is said to be (strictly) less peaked about u than is Y if Y is (strictly) more peaked about u
than is X.

In the case p = 0, we simply say that the r.v. X is (strictly) more or less peaked than Y.

Roughly speaking, a r.v. X is more peaked about g € R than is Y, if the distribution of X is more
concentrated about p than is that of Y.

For a vector a € R", denote by apy) > ... > aj,) its components in decreasing order.

Definition 2 (Marshall and Olkin, 1979). Let a,b € R™. The vector a is said to be majorized by the vector b,
written a < b, Zf Zle Qg < Zle b[i]7 k= 1, ey T — 1, and Z:':l ap) = Z?:l b[z]

The relation a < b implies that the components of the vector a are more diverse than those of b. In this

context, it is easy to see that, for all a € R}, the following relations hold:

n n

(Zai/n,...,Zai/n) < (ay, .. an) < (Zai,o,...,O). (12)

i=1 i=1
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In particular,

(1/(n+1),...1/(n+1),1/(n+1)) < (1/n,...,1/n,0), n > 1. (13)

Theorem 1 below provides general results on the peakedness properties of the distribution of the trait X
in k—sex inheritance model (2), (3) with the parental contributions determined by (5) and sex- and time-
dependent heritability. According to the theorem, switching to the reproduction mechanism with a more
uniform inheritance structure (that is, the mechanism with less diverse coefficients governing inheritance in the
multi-sex model) at a given time increases peakedness and concentration of traits with not extremely heavy-
tailed distribution. However, it decreases peakedness and concentration of phenotypes that have extremely

thick-tailed distribution in the population at the moment of the switch.

Let 1 € R and let, as in the introduction, )\gli)l stand for {(Ais, ..., \es) Yooy and let Xt()\gli)l) be the

trait value at time ¢. Further, let & = (&14,...,&kt) and 0; = (614, ...,0k:) € Rﬁ be two vectors of the time-
t heritability coefficients such that Zle ¢ = Zle 0y = 1, & < 60, and & is not a permutation of 6.
Denote by l/}+1()\§]i)1, &) = Zle fitXit(Agli)l) and Ytﬂ()\gﬂ, 0;) = Zle QitXit(Agli)l) the time-t + 1 trait values

corresponding to & and 6;.

Theorem 1 Consider model (2), (3), (5). If Xo ~ Sa(o, B, 1) for some o >0, € [-1,1] and a € (1,2],
or Xo = u+ W, where W ~ CSLC, then the r.v. Y'Hl()\gli)l,ft) is strictly more peaked about p than is
Vi (AM,6,). That is,
k k

P(Yes M), 6) — | > 2) < P([Yera (A, 00) — l > ) (14)
for all x > 0. If Xo ~ Sq(0, B, 1) for some o >0, f € [—1,1] and a € (0,1), or Xo = u+ W, where W ~ CS,
then the r.v. Yt+1(/\§]i)1, ;) is strictly less peaked about p than is Yt+1(/\§]i)1,§t). That is,

P(Yer (M), 00) = pl > 2) < (Vi (A, &) = pl > ) (15)

for all x > 0.

Denote by Z;, = {(1,0,0,...,0),(0,1,0, ...,0), ..., (0,0,0, ..., 1)} the set of orthants in R*. Let
0t = (01¢, -, Ogt) € R’i be an arbitrary vector of time-t heritability such that Zle 0;+ = 1 and let
YtH()\E@h o) = Zle §itXit()\§]i)1) be the corresponding time-t + 1 trait value in model (2), (3), (5).

The following Corollary 1 shows that peakedness and concentration of not extremely heavy-tailed traits in
general multi-sex inheritance model (2), (3), (5) increases with time. In contrast, according to the corollary,
phenotypes with extremely long-tailed distributions become less peaked with time and more spread in the

population with the above mechanisms of inheritance.

Corollary 1 Consider model (2), (3), (5). Let §; ¢ Ty, If Xo ~ Su(0, B, 1) for some o > 0, f € [—1,1] and
a € (1,2], or Xg = p+ W, where W ~ CSLC, then the r.v. }/t+1()\§ﬁ)l7gt) is strictly more peaked about p than
is Xt()\gli)l). That is,

P(|Yier A1, 60) — ul > 2) < P(X. W) — ] > @) (16)
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for all x > 0. If Xo ~ Sy(0,B, 1) for some o >0, 5 € [—1,1] and a € (0,1), or Xo = pu+ W, where W ~ CS,
then the r.v. Yt+1(/\£]i)1, 0t) is strictly less peaked about p than is Xt(/\yi)l). That is,

PX, ) = pl > ) < P([Yi (W), 6)) — ] > @) (17)

for all x > 0.

Let 0; = (O1¢,--,00¢) = (1/k, ... 1/k) € R* be the vector of time-t heritability coefficient corresponding to

symmetric inheritance and let Y}_H()\t L0 =1 ZZ 1 th(/\t 1) be the corresponding trait value at time ¢ + 1.

According to the results in Corollary 2 below, peakedness of phenotypes with not extremely thick-tailed
distributions is maximal under the symmetric mode of inheritance. On the other hand, symmetric inheritance
leads to the smallest concentration of extremely heavy-tailed traits in the population exhibiting the general

k—sex mechanism of propagation.

Corollary 2 Consider model (2), (3), (5). Let §; # ;. If Xo ~ So(0, 3, 1) for some o > 0, B € [-1,1] and
€ (1,2], or Xo = pu+ W, where W ~ CSLC, then the r.v. YtH()\Eli)l,gt) is strictly more peaked about p than
is Yerr (M) 6,). That is,

P(|Yisr (M), 80) = il > 2) < P([Yira (A, 60) = pl > ) (18)

for all x > 0. If Xo ~ Sq(0,B, 1) for some o >0, 5 € [—1,1] and a € (0,1), or Xo = pu+ W, where W ~ CS,
then the r.v. Yt+1(/\,(5’i)1,5t) is strictly less peaked about p than is Y}H()\Eli)l,ét). That is,

P A2, 60) = ) > 2) < P(Vipa (M), 6,) — pl > @) (19)

for all x > 0.

Let us now turn to the analysis of intertemporal distributional properties of traits under the symmetric
k—sex inheritance mechanism modeled by time series (4) with the parental contributions given by (5). The
following results, which are counterparts of Corollary 1 under symmetry, show that an increase in the number of
genders in models (4), (5) leads to an increase in intertemporal peakedness and concentration of traits with not
extremely thick-tailed initial distributions. However, peakedness and concentration of extremely heavy-tailed

phenotypes over time decreases with the number of genders under such inheritance mechanisms.

Corollary 3 Consider model (4), (5). If Xo ~ Sa(o,B,p) for some o > 0, 8 € [-1,1] and o € (1,2], or
Xo = p+ W, where W ~ CSLC, then for all k > 1 and all t > 1, the r.v. Xt()\( H )) is strictly more peaked
about v than is Xt(/\i )1) That is,

k+1)

PUX W) =l > @) < PUX () = | > ) (20)

for all x > 0. If Xg ~ Su(0, B, 1) for some o >0, B € [-1,1] and « € (0,1), or Xo = p+ W, where W ~ CS,

then for all k > 1 and allt > 1, the r.v. Xt()\( + )) is strictly less peaked about p than is Xt()\( 1) That is,
_ k+1)
P(X(N) =l > ) < PO (NS ) =l > ) (21)

for all x > 0.
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The following result is a particular case of Corollary 3 with £ = 1. It indicates that the cloning mechanism of
inheritance that corresponds to time series (4), (5) with only one sex delivers the most uniform concentration of
not extremely heavy-tailed traits compared to inheritance models with two or more genders. However, according
to the result, concentration of a trait that propagates by cloning is maximal among all the multi-sex inheritance

models if the initial distribution of the phenotype is extremely long-tailed.

Corollary 4 Consider time series (4), (5). If Xo ~ Sa(o, 8, 1) for some o >0, § € [-1,1] and « € (1,2], or
Xo =pu+W, where W ~ CSLC, then for all k > 2,t > 1, the r.v. X (Xili)l) is strictly more peaked about p than
is Xt(Xil_)l) = Xo. That is,

(k) <)
P(IXe(N=1) =l > x) < P(IXe (X

1) —pl > x) = P(|Xo — pl > x) (22)

for all x > 0. If Xo ~ Sy(0,B, 1) for some o >0, 5 € [—1,1] and a € (0,1), or Xo = pu+ W, where W ~ CS,
then, for allk > 2,t > 1, the r.v. Xt(X,E]i)l) is strictly less peaked about p than is Xt(Xﬁl_)l) = Xo. That is,

P(1Xo — pl > 2) = P(X(N) — ul > @) < P(IX(Nh) — il > ) (23)

for all x > 0.

Corollary 5 below concerns comparisons of peakedness properties of traits under the binary mating system
with those in populations with three or more genders. Relations (24) and (26) in the corollary are consequences
of Corollary 3 with k& = 2. Similar to Corollary 4, these relations show that the binary inheritance mechanism
leads to a more pronounced peakedness and concentration of not extremely heavy-tailed phenotypes compared
to the mating systems with more than genders. In addition, at any given time, peakedness and concentration
of extremely thick-tailed traits in inheritance models with three or more sexes is smaller that of traits with

two-gender inheritance.

However, according to peakedness comparisons (25) and (27) provided by Corollary 5, there is a crucial
difference between the distributional properties of traits under the binary mating system and under the cloning
inheritance. The distribution of the trait in the one-sex inheritance framework, of course, stays the same over
time. If the time-¢ trait with the one-sex inheritance mechanism has a not extremely heavy-tailed initial distri-
bution then it is less peaked and concentrated than the time-t phenotype in the inheritance models with more
than one gender. On the other hand, if the initial distribution of the time-¢ trait with the cloning inheritance
mechanism is extremely thick-tailed, then it is more peaked and concentrated than its time-t counterpart in the
multi-sex inheritance model. Moreover, as follows from Corollary 4, the situation will never reverse in the future:
if the time-t trait with the cloning mode of inheritance is less (more) peaked than its time-t counterpart with the
k—sex mating system, then, for all periods ¢’ > ¢, the peakedness of the time-t’ trait in the one-sex inheritance
model is less than (greater than) peakedness of the time-¢ trait in the multi-gender inheritance model. As follows
from (25) and (27), the binary mating system has the following important property in contrast to the cloning
mechanism of propagation. The distribution of the time-f phenotype in the two-sex inheritance model with not
extremely heavy-tailed (extremely long-tailed) initial distribution is more (less) peaked than that of its time-¢

counterpart in the multi-sex inheritance model. However, starting from some period ¢’ > ¢, the peakedness and
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concentration comparisons switch to the opposite, namely, the time-t’ phenotype in the two-gender inheritance
model with not extremely long-tailed density (extremely heavy-tailed) at time ¢t = 0 becomes less (more) peaked

and concentrated than the time-t trait with the multi-gender mode of intertemporal propagation.

In other words, the results in Corollaries 4 and 5 demonstrate that, essentially, switching between the one-
and the two-sex mating system allows the population to achieve a relatively fast decline (sharp concentration) of
“bad” traits or a relatively quick spread (decrease in peakedness and concentration) of “good” traits, regardless
of heaviness of the traits’ initial distribution. Indeed, as follows from the results in Corollary 4, if the initial
distribution of a phenotype that negatively affects the fitness of a population is extremely heavy-tailed, then
its intertemporal spread in the population under the multi-sex mating system can be stopped completely by
the organisms switching to the cloning mode of inheritance. Similarly, switching to the cloning inheritance
system stops sharp concentration and the decline of the positive traits with not extremely thick-tailed initial
densities in the k—sex inheritance models with k > 2. Moreover, as follows from Corollary 5, any given (sharp)
concentration of “bad” traits with not extremely heavy-tailed distributions achievable at time ¢ under the multi-
sex inheritance with three or more genders is also achievable in a slightly longer time ¢’ > t under the binary
mating system. The same is the case for “good” phenotypes with extremely thick-tailed distributions: any
given spread of such traits in the population achievable at time ¢ in the multi-sex inheritance models with more

than two genders is also achieved by the two-gender inheritance modes in a slightly longer time.

Corollary 5 Consider model (4), (5). If Xo ~ Sa(o,B,u) for some o > 0, 8 € [-1,1] and « € (1,2], or

Xo=p+ W, where W ~ CSLC, then for all k > 3 and allt > 1 the r.v. Xt(Xi’i)l) is strictly more peaked about
u than is X, (XEQ_)l) That is,

PUX.(N) — pl > @) < P(X,(A)) — ] > ) (24)

for all x > 0. In addition, for any t > 1 there exists t' > t such that the r.v. Xt(XE'i)l) is strictly less peaked

about 1 than is Xt,(AE?Zl), that is,
PX, (@ ~ (k)
(X (A Ze) =l > ) < P(IXe (A=) =l > @) (25)

forallx > 0. If Xg ~ Su(c, B, 1) for some o >0, 8 € [-1,1] and o € (0,1), or Xo = pu+ W, where W ~ CS,
then, for all k > 3 and all t > 1, the r.v. Xt(X,EIi)l) is strictly less peaked about p than is Xt(XEQ_)l) That is,

PUX(N) = ul > @) < P(X:(h) = | > ) (26)

for all x > 0. In addition, for any t > 1 there exists t' > t such that the r.v. Xt()\ili)l) 18 strictly more peaked

about p than is Xy (Xg?ll), that is,

~(k+1) <(2)
P(IX¢ (N1 ) —pl > 2) < P(IXp (A Zq) — pl > 2) (27)

for all x > 0.

Remark 1 As follows from the proof of Corollary 5, one can take t' =t logak + 1 in relations (25) and (27).
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Remark 2 From Remark 3 in Appendix A1 and the proof of the theorems in this section it follows that the
results in this section continue to hold for convolutions of the distributions in the classes CS and CSLC with

symmetric Cauchy distributions S1(o,0,0).

Appendix Al: Majorization properties of log-concave and
heavy-tailed distributions

Proschan (1965) obtains the following seminal result concerning majorization and peakedness properties of tail

probabilities of linear combinations of log-concavely distributed r.v.’s:

Proposition 1 (Proschan, 1965). Let a = (a1, ...,a,) € R and b = (b1, ...,bn) € R} be two vectors such that

n
a <0b. If X1,Xo,..., are i.i.d. symmetric log-concavely distributed r.v.’s, then ZaiXi 1s strictly more peaked
i=1

> x) < P(‘ S biX;

than ZbiXi, that is, P(‘ Yo aiX; > x) for all z > 0.
i=1
Clearly, from Proposition 1 it follows that >, a;X; is strictly more peaked than Y . b, X; if a < b and a

is not a permutation of b.

Proschan (1965) notes that Proposition 1 also holds for (two-fold) convolutions of log-concave distributions
with symmetric Cauchy distributions and obtains results on peakedness properties of averages (f(Y1)+ f(Y2))/2
of transforms of symmetric Cauchy r.v.’s Y7 and Y5 for f € M and f € M (see Lemmas 2.7 and 2.8 in Proschan,
1965).

Throughout the rest of the paper, for r.v.’s Zy, Zs, ..., Z,, we denote by Z,, = (1/m)>_"", Z; the sample
mean of Z!s (in particular, Z will stand for Zy = (Z; + Z2)/2). The following result obtained by Proschan

(1965), is a consequence of Proposition 1 and majorization comparisons (13).

Corollary 6 (Proschan, 1965). If n > k > 1, then, under the assumptions of Proposition 1, X, is strictly
more peaked than Xy, that is, P(|Yn| > x) < P(‘Y” > x) for all x > 0.

The following Lemmas 1 and 2 concerning general majorization properties of arbitrary convex combinations
of heavy-tailed r.v.’s were obtained in Ibragimov (2004) (see Theorems 4.3 and 4.4 and Remark 4.1 in that
paper). According to Lemma 1, peakedness properties of linear combinations of r.v.’s with not too heavy-tailed

distributions are the same as in the case of log-concave distributions in Proschan (1965).

Lemma 1 (Ibragimov, 2004). Proposition 1 and Corollary 6 continue to hold if X1, Xs, ... are i.i.d r.v.’s such
that X1 ~ So(0,8,0) for some o >0, 8 € [—1,1] and o € (1,2], or X; ~ CSLC.

According to Lemma 2, the peakedness properties given by Proposition 1 and Theorem 1 above are reversed
in the case of r.v.’s with very heavy-tailed distributions, as modeled by convolutions of stable distributions with

indices of stability not greater than one.
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Lemma 2 (Ibragimov, 2004). Let a = (ai,...,a,) € R} and b = (by,...,b,) € R} be two vectors such
that a < b. If X1,Xa,..., are i.i.d. r.v.’s such that X1 ~ S,(0,3,0) for some o > 0, 8 € [-1,1] and
n n
a € (0,1), or Xy ~ CS, then Z%‘Xi is strictly less peaked than ZbiXi, that is, P(‘ S biX;
i=1 i=1
P(‘ Z?:l aiXi’ > x) for all x > 0. In particular, if n > k > 1, then X,, is strictly less peaked than Xy, that is,

P(|yk} > x) < P(|Yn| > :C) for all x > 0.

>l‘><

Remark 3 If r.v.’s Xi,...,X,, have a symmetric Cauchy distribution S1(0,0,0) (with o = 1) which is, as
discussed in Section 2, exactly at the dividing boundary between the class the class CSLC in Theorem 1 and the
class CS in Theorem 2, then the function ¢ (a,x) in the theorems depends only on Y i a; and x and so is both
Schur-concave and Schur-conver in a € R for all x € R (see Proschan, 1965, and Remark 4.1 in Ibragimov,
2004). As noted in Ibragimov (2004), this implies that Theorems 1 and 2 continue to hold for convolutions of

distributions from the classes CSLC and CS with symmetric Cauchy distributions.

Appendix A2: Proofs

In what follows, for two vectors a = (a1, ...,a,) € R™ and b = (by,...,b,,,) € R™, we denote by vec(ab) the
vector

vec(ab) = (a1by, ...y a1bpm, agby, ..oy asbp, ...y @by, .y anby) € R,

that is, the vector formed by collecting the entries of the matrix ab € R™*™ in one long row. In addition, in
what follows, {V;}52, stands for a sequence of independent copies of the r.v. Xy and, for t > 1, V() denotes

the random vector V® = (V, ..., V).

Proof of Theorem 1. Let Xo ~ S (5,0, 1) for some o > 0, § € [-1,1] and o € (0,1) or Xo = p+ W, where
W ~ CS. For k,t > 1, denote Ni; = k! and Agk) = (AM11,..., Ag1). Define recursively the following vectors:
AP = vec((A1gy - )\kt)Agi)l), s =2,...,t — 1. Further, let E;, = vec({tAgli)l), O = vec(HtAgli')l)

It is not difficult to see that

/
Yf,+1(/\§]i)1a§t) =1z, (V(N’“’”’l)) (28)

!
Y;EJrl()‘)(:]i)la 0;) =4 ©, (V(Nk’t“)> . (29)

According to Proposition 5.A.7 in Marshall and Olkin (1979), © = (z1,....,2,) < ¥y = (Y1,...,yn) and a =
(a1, .oy @m) < b= (b1,...,by) implies (x,y) = (X1, .ce, Ty A1y ery Am) =< (Y1y ory Yy D15 ovy by ). Tt 18 o0t difficult to

see, using this result, that from the assumption & < 6; in the theorem it follows that
Et < Oy (30)

In addition, it is easy to see that, under the assumption that &; is not a permutation of 6;, the vector Z; is not

permutation of the vector ©;.
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Lemma 2 in Appendix Al and the above relations thus imply that for all x > 0,
I
P(Yesr APy, &) =l > ) = P(Z (V) — pf > ) <
i
(10 (V) ) = i > @) = P(Yia (N, 0) = ] > ). (31)
Consequently, inequality (15) hold. Inequality (14) might be proven in a similar way, with the use of Lemma
1 instead of Lemma 2. W

Proof of Corollaries 1 and 2. Corollary 1 follows from Theorem 1 with & = §; and 6; = (1,0,...,0) € R*

and the relation 6; < (1,0, ...,0) implied by (13). Corollary 2 is a consequence of Theorem 1 with & = ; and
6; = &; and the fact that, by relations (12), d; < J;. B

Proof of Corollary 3. The proof of Theorem (1) implies that

~(k+1) —
Xt(At—l ) =1 VNk+1,g (32)

and
—k —
Xi(N—1) ="V, ,- (33)

The conclusion of the theorem thus follows from the results in Lemmas 1 and 2 for the sample means of

heavy-tailed r.v.’s. B

Proof of Corollaries 4 and 5. Corollary 4 and relations (24) and (26) in Corollary 5 are consequences of
Corollary 3 with £ = 1 and k = 2, respectively. Let k > 3, ¢ > 1 and let ¢’ be such that Ny, = 2t > kt = Nit.

The proof of Theorem 1 implies, similar to the argument for Corollary 3, that

—(2 —
Xo () =4 Vn, (34)

and
—k —
Xi(N) =V, (35)

Lemmas 1 and 2 thus imply that comparisons (25) and (27) indeed hold. B
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