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Abstract: In traditional reputation theory, reputation is good for the long-run

player. In “Bad Reputation,” Ely and Valimaki give an example in which
reputation is unambiguously bad. This paper characterizes a more general class
of games in which that insight holds, and presents some examples to illustrate
when the bad reputation effect does and does not play a role. The key properties
are that participation is optional for the short-run players, and that every action of
the long-run player that makes the short-run players want to participate has a
chance of being interpreted as a signal that the long-run player is “bad.” We also
broaden the set of commitment types, allowing many types, including the
“Stackelberg type” used to prove positive results on reputation. Although
reputation need not be bad if the probability of the Stackelberg type is too high,
the relative probability of the Stackelberg type can be high when all commitment
types are unlikely.
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1. Introduction

A long-run player playing against a sequence of short-lived opponents can
build a reputation for playing in a specific way and so obtain the benefits of
commitment power. To model these “reputation effects,” the literature following
Kreps and Wilson [1982] and Milgrom and Roberts [1982] has supposed that
there is positive prior probability that the long-run player is a “commitment type”
who always plays a specific stratehyn “Bad Reputation,” Ely and Valimaki
[2001] (henceforth EV) construct an example in which introducing a particular
commitment type hurts the long-run player. When the game is played only once
and there are no commitment types, the unique sequential equilibrium is good for
the long-run player. This remains an equilibrium when the game is repeated
without commitment types, regardless of the player’s discount factor. However,
when a particular “bad” commitment type is introduced, the only Nash equilibria
are “bad” for a patient long-run playér.

What is not clear from EV is when reputation is bad. This paper extends
the ideas in EV to a more general class of games to better understand the
demarcation between “bad” and “good” reputation. In addition, we try to relate
the EV conclusions to past work on reputation effects.

Reputation effects are most powerful when the long-run player is very
patient, and Fudenberg and Levine [1992] (FL) provided upper and lower bounds
on the limiting values of the equilibrium payoff of the long-run player as that
player's discount factor tends to 1. The upper bound corresponds to the usual
notion of the “Stackelberg payoff.” The lower bound, called the “generalized
Stackelberg payoff,” weakens this notion to allow the short-run players to have

% See Sorin [1999)] for arecent survey of the reputation effects literature, and its relationship to the

literature on merging of opinions.

“ It is obvious that incomplete information about the long-run player’s type can be harmful when
the long-run player is impatient, since incomplete information can be harmful in one-shot games.
Fudenberg-Kreps [1987] argue that a better measure of the “power of reputation effects” is to hold
fixed the prior distribution over the reputation-builder's types, and compare the reputation-
building scenario to one in which the reputation builder's opponents do not observe how the
reputation builder has played against other opponents. They discuss why reputation effects might
be detrimental in the somewhat different setting of a large long-run player facing many
simultaneous small, long- run, opponents.



incorrect beliefs about the long-run player’s strategy, so long as the beliefs are not
disconfirmed by the information that the short-run players observe. When the
stage game is a one-shot simultaneous-move game, actions are observed, payoffs
are generic, and commitment types have full support, these two bounds cdincide,
so that the limit of the Nash equilibrium payoffs as the long-run player’s discount
factor tends to one is the single point corresponding to the Stackelberg payoff.
For extensive-move stage games, with public outcomes corresponding to terminal
nodes, the bounds can differ. However, although FL provided examples in which
the lower bound is attained, in those examples the upper bound was attained as
well, and we are not aware of past work that determines the range of possible
limiting values for a fairly general class of games.

This paper provides a sharp upper bound for a specific class of games
designed to capture the insight of EV. Specifically, we define a class of “bad
reputation” games, and show that in these games, reputation effects imply that the
long-run player can do no better than if the short-run players choose not to
participate. This extends the EV example in a number of ways. We allow a broad
class of stage games in which participation by the short-run players is optional;
allowing for many actions, many signals, many short-run players, and a wide
variety of payoffs. Especially important, we allow for a broad range of types,
including types that are committed to “good” actions, as well as types that are
committed to “bad” actions. Earlier research suggests that to attain the upper
bound on the long-run player’s payoff, it can be important to include the
“Stackelberg type” that is committed to the stage-game action the long-run player
would choose in a Stackelberg equilibrium. We find that the EV result fails if the
probability of this Stackelberg type is too high, but extends to the case where the
probability of the Stackelberg type is sufficiently low, but nonzero. This shows
that it is not essential to rule out the types that support “good” reputation effects
in order to derive the bad reputation result. Moreover, the relative probability of
the Stackelberg type can be high when all commitment types are unlikely; in this

® For this result there must be types that play certain mixed strategies.



sense our conditions hold for “almost all” sufficiently small commitment-type
perturbations of the complete information limit.

By extending the EV example to a broad class of stage games we are able
to more clearly identify the properties that are needed for the bad reputation
result. There are several such properties, notably that the short-run players can
either individually or collectively choose not to participate. Most of the other
assumptions on the structure of the game seem to involve little loss of economic
applicability. The key substantive assumption seems to be that every action of the
long-run player that makes the short-run players want to participate in the game
has a chance of being misconstrued as a signal of a “bad reputation.”

EV motivate their example by considering an automobile mechanic (the
long-run player) who has specialized knowledge of the work necessary to repair
the motorist’'s (short-run player) car. We have identified a broader class of bad
reputation games that can be interpreted as “expert advice.” This includes
consulting a doctor or stockbroker, or in the macroeconomics context, the
decision whether or not to turn to the IMF for assistance. In EV, the short-run
players observe only the advice, but not the consequences of the advice. Here we
explicitly consider what happens when the short-run players observe the
consequences as well. One might suppose that in the original EV example the
mechanic has a better chance of obtaining a good reputation when the motorists
know about the success of those repairs, but we show that the bad reputation
effect persists so long as this additional information is not perfectly accurate.

We also show that there are other distinct classes of games with rather
different observation structures that are bad reputation games, such as our
“teaching evaluation” game, where “advice” is not an issue because the long-run
player does not privately observe anything that is payoff-relevant for the short-run
player. Finally, we illustrate the boundaries of bad reputation by giving a number
of examples and classes of participation games that are not bad reputation games.



2. The Model

2.1. The Dynamic Game

There are N + 1 player roles, filled by a long run-player L, and J
dynasties of short-run players i = 1,...,J. Thegame beginsat time t = 1 and is
infinitely repeated. Each period, players ssmultaneously choose actions from their
action spaces. We denote the action space of the long-run player by A and the
action space of short-run player i by B', and assume that al action spaces are
finite. A profile of actions for the short-run playersis denoted b .

The long-run player discounts the future with discount factor ¢. Each
short-run player plays only in one period, and is replaced by an identical short-run
player in the next period. Thereisaset © of types of long-run player. There are
two sorts of types. type 0 € © is called the “rational type,” and is the focus of
our interest, with utility described below. For each pure acidr, type 6(a)
is a “committed type,” that is constrained to play These are the only possible
types in©. The stage-game utility functions of the short-run players:arend
u* denotes the utility function of the long-run player of type= 0. The
common prior distribution over long-run player types is dengté@d). We will
not assume that every pure action commitment type has positive probability.

There is a finite public signal spage with signal probabilities(y | a,b),
given action profile(a,b). All players observe the history of the public signals.
Short-run players observe only the history of the public signals, and in particular
observe neither the past actions of the long-run player, nor of previous short-run
players® We let h, = (1,93 -.-,y;) denote the public history through the end of
period ¢ . We denote the null history by. We let % denote the private history
known only to the long-run player. This includes his own actions, and may or may
not include the actions of the short-run players he has faced in the past.

® We do not assume that the payoffs depend on the actions only through the signals, so the short-

run players at date t are not necessarily able to infer the realized payoffs of the previous
generations of short-run players. Fudenberg and Levine [1992] assumed that a player’'s payoff was
determined by his own action and the realized signal, but that assumption was not used in the
analysis. The assumption is used in models with more than one long-run player to justify the
restriction to public equilibria, but it is not needed here.



A drategy for the long-run player is a sequence of maps
ol(h,nt,0) € A, where A= A(A) is the set of mixed strategies over 4; a
strategy profile for the short-run players is a sequence of maps
ol(hy) € A(B?) = £'; = x; £ denotesthe product of the &/’s (and not the
convex hull of the product.) Note that we write” for the profile of short-run
player strategies. A short-run profil is a Nash response to a A if
u'(a, 3, 67") > u'(a, 3, 87") for all short-run players and 8' € B'. We
denote the set of short-run Nash responses toy R(«).

Given strategy profilesr, the prior distribution over typeg(0) and a
public historyh, that has positive probability under, we can calculate from”
the conditional probability of long-run player actions, denaid,), given the
public history. ANash Equilibrium is a strategy profiles such that for each
positive probability history

1) o () € R(@(h,)) [short-run players optimize]
2) of(h,nf,0(a)) = a [committed types play accordingly]
3) aL(ht,htL, 0) is a best-response to ' [rational type optimizes].

2.2 The Ely-Valimaki Example

We will use the EV example to illustrate our assumptions and definitions.
In EV, the long-run player is a mechanic, her action is a map from the privately
observed state of the customer's adai{ E, T} to a choice of repaife,t} . Here
E means the car needs a new engifiemeans it needs at tune-up, is the
decision to replace the engine, ahds the decision to give the car a tune-up.
Thus the long-run player’'s action space is thedset{ee,et,te, tt}, where the
first component indicates the repair chosen in the Etated the second the repair
chosen in the staf€ There is one short-run player each period who chooses an
element of B! = {In,Out}. The public signal takes on the values
Y = {e,t,Out} . If the short-run player choosé:t the signal isOut regardless
of the action of the long-run player, that i§Out | - Out) = 1. Otherwise the
signal is the repair chosen by the long-run player. The two states of the car are
assumed to be i.i.d. and equally likely, g@ | (et,In)) = p(e | (te,In))=1/2,
p(e|(ee, In)) =1, andp(e| (tt,In)) = 0. If the short-run player choos&sut,



each player gets utility O. If he plays In and the long-run player’s repair is the
correct one  (that is, matches the state), the short-run player recejves
otherwise, he receives-w, wherew > u > 0. The “rational type” of long-run
player has exactly the same stage-game payoff function as the short run players.
Thus when the long-run player is certain to be the rational type, the strategic form
of the stage game is

)/ 2 0,0
0,0
0,0
)/ 2 0,0

Figure 1

When the rational type is the only type in the model, there is an
equilibrium where he chooses the correct repair, all short-run players enter, and
the rational type's payoff is. However, EV show that when there is also a
probability that the long-run player is a “bad type” who always pleysthe
long-run player's payoff is bounded by an amount that converges to O as the
discount factor goes to 1. The intuition for this result has four steps. First of all,
the rational type must frequently play the honest stragegdi its equilibrium
payoff exceeds 0, because otherwise the short-run players will not enter. Second,
from Bayes’ rule it follows that there is some numbérsuch thatK successive
observations ot in periods where the rational type is playing honestly will make
the posterior probability of the bad type so high that all subsequent short-run
players play out. Third, when there have béén- 1 successive observations of
e, the rational type of long run player is tempted to ftapstead ofet, even
though this lowers his short-run payoff, to avoid driving out the short-run players
with another observation oE. Thus, the long-run player is tempted to take an
action that is worse for both himself and the short-run players in order to avoid



being incorrectly tagged as a “bad type;” an induction argument shows that honest

play by the rational type unravels.

2.3. Participation Games and Bad Reputation Games

We consider “participation games” in which the short-run players may
choose not to participate. The crucial aspect of non-participation by the short-run
players is that it conceals the action taken by the long-run player from subsequent
short-run players; this is what allows the lower bound on the long-run player's
Nash equilibrium payoff in the EV example to be lower than Stackelberg payoff.
We will then define “bad reputation” games as a subclass of participation games
that have the additional features needed for the bad reputation result; the
following is a brief summary of the key features of these games. First of all,
there will be a set of “friendly” actions that must receive sufficiently high
probability to induce the short-run players to participate, sucét asthe EV
example. Next, there are “bad signals.” These are signals that are most likely to
occur when “unfriendly” actions are played but also occur with positive
probability when friendly actions are played. In EV the bad sigrial iBinally,
there are some actions that are not friendly, but reduce the probability of the bad
signals, such asin EV; we call these actions “temptations.” If there is a positive
prior probability that the long-run player is a “bad type” that is committed to one
of the unfriendly actions, after histories with many bad signals, the short-run
players will become sufficiently convinced they are facing such a bad type and
exit. In order to avoid these histories the rational type of long-run player may
choose to play one of the temptations; foreseeing this, the short-run players will
chose not to enter. Our main result shows that this leads to a “bad reputation”
result whenever the prior does not assign too much probability to types that are
committed to play friendly actions.

To model the option to not participate, we assume that certain public
signalsyJYF areexit signals. Associated with these exit signals exg profiles,
which are pure action profilesCJE O B for the short run playersWe refer to
B — E as the entry profiles.



For each such ¢, p(y|a,e)=p(y|e) foral a,and p(YZ |e)=1.In
other words, if an exit profile is chosen, an exit signal must occur, and the
distribution of signalsisindependent of the long-run player’s action. Moreover, if
b E then p(YP | a,b) = 0 forall a € A, sothat an entry profile cannot give
rise to an exit signal. A participation game is a game in which £ = @ and
moreover there is some a0 A with R(a)(E # 0 . The remainder of the paper
specializes to participation games.

We begin by distinguishing actions by the long-run player that encourage
the short-run players to enter (friendly actions) and those that cause them to exit
(unfriendly actions). In the EV example, the “honest” stratetgijnduces entry,
and each of the other pure strategies induces exit. The appropriate definitions of
friendly and unfriendly are more complex in our more general setting for several
reasons. First of all, in EV the friendly action is pure, but there are games with a
single short-run player in which only mixed actions by the long-run player induce
entry. Second, in games with several short-run players, the set of exit profiles
need not have a product structure, as for example when any player can unilaterally
“veto” the participation of all of them. Similarly, the set of Nash responses
typically does not have a product structure, as when (In, In) and (Out, Out) are
both in R(a) but (In, Out) is not.

Let 5{E} be the probability assigned to the ¢etC B by 3.

Definition 1: A non-empty finite set of pure actions F for the long run player is
friendly if there is a number ~ > 0 such that, for all o if 5 € R(a) and
B{E} < 1 then a(f) > ~ for some f € F'. An unfriendly set N corresponding
to F' isany non-empty subset of A\F .

This definition says that if the Nash response of the short-run players
assigns positive probability to a non-exit profile, the probability given to some
friendly action must be bounded below by ~ > 0. Note that this is a necessary
condition to induce entry, but it need not be sufficient. Conversely, if F is a
friendly set, then any pure action not in ' must cause the short-run players to
exit, hence the definition of an unfriendly set. Note that the definition requires
that N and F are digoint; we discuss the reason for this in Section 4.3. Also



notice that there are many candidate unfriendly sets. In the EV example the set
{ee,tt,te} isunfriendly, and so is any subset.

Not all friendly actions can induce entry in equilibrium. For any action to
be played in equilibrium, it must at least be possible to design continuation
payoffs that deter deviation to some action which improves the current payoff.
The following is therefore a necessary condition for a friendly action to induce
entry in equilibrium. It isrelated to the notion of an action being identified, asin
Fudenberg, Levine and Maskin [1994].

Definition 2: A mixed action « for the long run player is enforceable (using
actions that permit entry) if there does not exist another action & such that for all
B such that 3¢ R() and B{E} <1, ul(apB)>ul(e,3) and
p(-| &, B) = p(- ] a,B) . When « is not enforceable, we say that the action &
defeats o

Only enforceable friendly actions can induce entry in equilibrium.
Conditional on entry, rather than play an unenforceable action, the long run player
would switch to the defeating action, thereby strictly increasing his current
payoff, while maintaining the same distribution over signals, and hence future

payoff.
Next we consider what signals may reveal about actions.

Definition 2: A set of signals Y is unambiguous for a set of actions N if
p(f|n,b)>p|a,b)foralb ¢ E.jeY,neNadN.

This is a strong condition: Every action in N must imply a higher
probability for each signal in ¥ than any action notin N. A given set of actions
may not have signals that are unambiguous; in the case of the EV example, F is

an unambiguous signal for the unfriendly set {ee}.

Definition 3: An action « is vulnerable to temptation relative to a set of signals
Y if there exist numbers p,p >0 andanaction d such that

1) Ifbg B, jeV, then p(yld,b)< p(yla,b)-p.

2) Ifbg E andy ¢ Y UY? then p(y|d,b)=(1+2)0(y|ab).
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3) Forall b e E, ut(d,b) > ul(a,b).

The action d is called a temptation, and the parameters p, 5 are the temptation
bounds.

In other words, an action is vulnerable if it is possible to lower the
probability of all of thesignalsin Y by at least p whileincreasing the probability
of each other signal by at least the multiple (1+ p) . Notice that for an action to be
vulnerable to a temptation, it must place at least weight p on each signal in Y.
Notice aso that the definition does not restrict the payoff to the vulnerable action
conditional on participation — the temptation here is not to increase the current
payoff, but rather to decrease the probability of the signals.in
In the EV example, the friendly actian is enforceable but vulnerable relative to
{E}. The temptation ist, which sends the probability of the signal to zero.
(Since there is one other signal, condition 2 of the definition is immediate.)
Section 5 considers the stronger assumption that the temptation leaves the relative
probabilities of all signals i U Y” unchanged; in any game with only two

non-exit signals
Definition 5: A participation game has exit minmaxif
mMaXpe Fnimage(R) M1aXg UL(aa b) =
MiN geimage(R) MAX, u”(a, B).
In other words, any exit strategy forces the long-run player to the minmax payoff,

where the relevant notion of minmax incorporates the restriction that the action
profile chosen by the short-run players must lie in the imag&of It is

" By the image of correspondence R we mean the union over all «of the sets R(«). Ina
participation game, the set E n image(R) is non-empty. When there is a single short-run player,
the restriction B Oimage(R) collapses to the constraint of not playing strictly dominated

strategies, but when there are multiple short-run players it can involve additional restrictions. Itis

clear that no sequential equilibrium could give the rational type a lower payoff than the minmax

level defined in definition 5 Conversely, in complete-information games, any long-run player

payoff above this level can be supported by a perfect public equilibrium if actions are identified

and the public observations have a “product structure” (Fudenberg and Levine [1994]). This is true
in particular when actions are publicly observed as shown in Fudenberg, Kreps and Maskin
[1990].
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convenient in this case to normalize the minmax payoff to 0. In

participation games without exit minmax, there are outcomes that are even worse

for the long-run player than obtaining a bad reputation. In this case, not only is

exit “not so bad” for the long-run player, but as we show in Section 4.4, there can
be equilibria where the long-run player does better than the exit payoff. Loosely
speaking, in such games the long-run player can be deterred from his temptation
to avoid exit by the threat of a stronger punishment.

We are now in a position to define a class of games wéarhteputation
games.

Definition 6: A participation game is a bad reputation gaméit has exit minmax,
and there is a friendly set F' and corresponding unfriendly set N and a set of
signals Y that are unambiguous for N, such that every enforceable f € F is
vulnerable to temptation relative to Y. The signals Y are called the bad
signals

In particular, the EV game is a bad reputation game. We take the friendly
set to be{et}, the unfriendly set to béee} and the unfriendly signals to 4/} .
We have already observed th@tt} is a friendly set and{ee} unfriendly.
Moreover,{E} is unambiguous fofee} .

In a bad reputation game, the relevant temptations are those relative to
For the remainder of the paper when we examine a bad reputation game and refer
to a temptation, we will always mean relative to thelset

For any bad reputation game, it is useful to define several constants
describing the game. Recall that entry is deterred if the actions in the unfriendly
set are played with probability at ledast and thaty is the bound in the
definition of a friendly set. Since the friendly set is finite, we may define 0
to be the minimum, taken over elements of the friendly set, of the valieghe
definition of temptation.Define

Py | n,p)

DT e agN s(BY <15V p(y | a,B)’



12

wherewetake 1/0=+00. Since N and F are non-empty and digoint, r is
finite, and since Y isunambiguousfor N, » > 1 Also define

n = —log(yp)/logr,
which is positive, and

Fy = log () _
log 4+ (1= )7

3. The Theorem

We now prove our main result: In a bad reputation game with a
sufficiently patient long-run player and likely enough unfriendly types, in any
Nash equilibrium, the long-run player gets approximately the exit payoff. The
proof uses several Lemmas proven in the Appendix.

We begin by describing what it means for unfriendly types to be likely
“enough.” LetO(F') be the commitment types corresponding to actioris We
will call these thefriendly commitment types. Let O(N) be the unfriendly
commitment types corresponding to the unfriendly séf. Note that the sets
O(F) and©(N) are disjoint.

Definition 7: A bad reputation game with friendly set F° and unfriendly set
N has commitment size, ¢ if

(o}
1(0)[O(F)] < [%]

where ¢ > 0.

This notion of commitment size places a bound on the prior probability of
friendly commitment types that depends on the prior probability of the unfriendly
types. Sincep is positive, the larger the prior probability (), the larger the
probability of the friendly commitment types is allowed to be. The hypothesis that
the priors have commitment sizep for sufficiently smalle is a key assumption
driving our main results.

Note that the assumption of a given commitment size does not place any
restrictions on the relative probabilities of commitment types. In particulag, let
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be afixed prior distribution over the commitment types, and consider priors of the
form A\ji, where the remaining probability is assigned to the rational type. Then
the right-hand side of the inequality defining commitment size depends only on
ii, and not on A\, while the left-hand side has the form A\ji. Hence for sufficiently
small A\ the assumption of commitment size ¢,7 is satisfied. Note that the EV
example has commitment size 0,7 since the only types are the rational type and

the commitment type who plays ee.

Define Ut = maxu"(a,b) - min{0,u-(a,b)}, and let 55 be the minimum,
over dl actionsinthefriendly set F' of the values p in the definition of
temptation.

Theorem 1: In a bad reputation game of commitment size ((y/2)*,n) let
v" be the maximum of the payoff of the rational type in any Nash equilibrium.
Then

o
ot < (1- 6)/~c*[~—] [1 + = ]UL,
Pp PF
where k* = F, + log (u(0)[O(N)]) /log(w . @zj)%) is an upper bound on
the number of consecutive bad signals that can be observed before all subsequent

short-run players choose exit. In particular, lim; , vk <0.

For the rest of this section, we fix an arbitrary Nash equilibrium. Given this
equilibrium, for each positive probability public history &,, let v(h,) denote the
expected continuation value to the rational long-run player, let w(k, ), 3(h;) bethe
posterior beliefs and actions of the short-run players, and o, (h,) be the action of
the rational type of long-run player. If a has positive probability under a(h,),
and b positive probability under 5(h, ), then we define

o(hy,a.6) = (1 — 8)u(a.6) + 63 ply | a.b)ell.y)

When mixed actions «« and  put weight only on such a,b, it is convenient also
to define v(h;, o, B) inthe natura way.
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The proof uses a series of lemmas whose proofs are in the appendix. The
first lemma says that when the prior on friendly types is sufficiently low, entry
(and hence the realization of a bad signal § € V) can occur only if the rational
typeis playing afriendly strategy with appreciable probability

Lemma 1: In a participation game, if 7, is a positive probability history in which
y €Y occursinperiod ¢ and p(hy,_;)[O(F )] < /2 then ag(h)(f) > ~/2 for
some friendly f .

This is a consequence of the definition of friendly strategies: entry requires that
the overall strategy assigns some minimum probability to a friendly action, and if
the friendly types are unlikely, then a non-negligible part of this probability must
come from the play of the rational type.

Recall that n = —log(yy)/logr .

Lemma 2: In a bad reputation game, if 4, is a positive probability history, and
the signalsin &, all liein Y¥ UY', then

a) At most
k* =k, + log(ﬂ(o)[@(N)])/log<¢ +(1- w)%)

of thesignalsarein Y .

b) If the commitment sizeis ((v/2))™,n) thenu(h,)[O(F)] < v /2.

Remark: The intuition for part a is simple, and closely related to the argument

about the deterministic evolution of beliefs in FL: The short-run players exit if

they think it islikely that entry will lead to the observation of abad signal. Hence

each observation of a bad signal is a “surprise” that increases the posterior
probability of the bad type by (at least) a fixed ratio greater than 1, so along a
history that consists of only bad signals and exit signals, the posterior probability

of the bad type eventually gets high enough that all subsequent short-run players
exit. This argument holds no matter what other types have positive probability,
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and it isthe only part of this lemma that would be needed when there are only two
types, one rational and one bad, asin EV.

However, as we will show by example below (see Section 4.1), we cannot
expect the “bad reputation” result to hold when there is sufficiently high
probability of the Stackelberg type. Therefore, gadf the lemma provides a
condition on the prior (expressed in terms of commitment size) which ensures that
the probability of the Stackelberg type remains low along any history which
consists only of exit outcomes and bad signals. This follows because the friendly
types are disjoint from the unfriendly types, and the bad signals are unambiguous
for the unfriendly actions, so every observation a bad signal raises increases the
relative probability of unfriendly types compared to any other commitment type.

Define

o [1+%]U yey
u(y,p) = P

0 otherwise
Fo) ~
- —+1 yey
6(y,p) =P
6 otherwise

and Y(h,) = {y € Y2 UY | ply | a(h,). 5(h,)) > 0}

Lemma 3: In a participation game if @(h,){E} =1, or f(h){E} <1 and
ag(hy)(f) > 0 for some vulnerable friendly action f with temptation bounds p, o
then

v(ly) < maxyey,) (1= 8)T (y,9) + & (y, p)o(hy,y).

Remark: This lemma says that if the rational type is playing a friendly strategy,
his payoff is bounded by a one-period gain and the continuation payoff
conditional on a bad signal. This follows from the assumption that for every
entry-inducing strategy it is possible to lower the probability of all of the signals
inY by atleast ¢ whileincreasing the probability of each other signal by at least
the multiple 5. Because there is an exit minmax, the fact that the rational type
chooses not to reduce the probability of the bad signal means that the continuation
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payoff after the bad signal cannot be much worse than the overall continuation
payoff.

Proof of Theorem 1. Given an equilibrium, we begin by constructing a positive
probability sequence of histories beginning with an initial history at date 0. Given

h, aready constructed, we define b, , = (h;,y,,,) where

Y41 € arg maXyey () (1 - 6)6(:% ﬁ) + g(:% /N))v(h’ta ?J) :

We know that Y(h) is not empty because either p[(h){E} =1, or
B(h,){E} < 1. This latter case implies that a(h;)(f) >~ for some friendly f ,
and since only enforceable actions can induce entry in equilibrium, this f must
be vulnerable to temptation, so o(Y |a@(h), B(h)) = (Y | f,B8(h)) >0.

Now apply Lemma 2 to conclude that for each h, a most & * of the
signds are in Yandu(h)[O(F)] <~/2. Consider an h such that
B(h){E} <1. As argued above, we know that a(h,)(f) >~ for some
vulnerable friendly f, so pu(h)[O(F) <~/2 and Lemma 1 implies that
ao(hy)(f) > ~v/2 > 0. Now apply Lemma 3 to conclude that for each 5,

o(hy) < (L= 8)a(Y, 1, Pp) + 0 (Y yqsPp 0By )
Since v(h,) < U*, it follows that
0(0) < (U= 8)) "~ T8 (yr, pp)a(y; Pp) -

Since Y NY =@, @y, p,) =0 for y € YZ. Thefactthat y, € Y a mogt &
times now gives the desired bound.
M

4. Examples

We now consider a number of examples to illustrate the scope of Theorem
1, and also the extent to which the assumptions are necessary as well as sufficient.
To begin, Example 4.1 illustrates what happens when the commitment size
hypothesis is not satisfied. Example 4.2 shows that the EV conclusion is not
robust to the addition of an observed action that makes the short-run players want
to enter. Example 4.3 examines participation games that are not bad reputation
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games, and example 4.4 illustrates the role of the exit-minmax assumption. In all
of the examples but 4.1, we assume that the commitment size hypothesis is
satisfied, and investigate whether the game is a bad reputation game.

4.1: EV With Stackelberg Type

We have relaxed the original assumptions of EV in a number of ways. One
important extension is that we alow for positive probabilities of all commitment
types. In particular, we allow a positive probability of a “Stackelberg type”
committed to the honest strategly, which is the optimal commitment. However,
a hypothesis of the theorem is that the prior satisfies the commitment size
assumption.

Here we illustrate that assumption in the context of the EV example.
Suppose in particular that there are 3 types, rational, bad, and Stackelberg. The

set of possible priors can be represented by the simplex in figure 2.

Stackelberg

Rational Bad
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Figure 2

When the prior fallsinto the region A, the probability of the bad type is too high,
and the short run players refuse to enter regardless of the behavior of the rational
type. Bad reputation arises because the long-run player tries to prevent the
posterior from moving into this region. In EV the prior assigned probability zero
to the Stackelberg type. Thus the prior and all posteriors on the equilibrium path
belong to the lower boundary of the simplex. When there is a sufficiently high
probability of the Stackelberg type, the short-run players will enter regardless of
the behavior of the rational type; this is region B. Note that the boundaries of
these regions intersect on the right edge of the simplex: this point represents the
mixture between eeand et which makes the short-run player indifferent between
entry and exit.

When the prior is in region A, there will be no entry and the long-run
player obtains the minmax payoff of zero. On the other hand, when the prior isin
region B, there is a Nash (and indeed sequential) equilibrium in which the long
run player receives the best commitment payoff, whichuisih the notation of
EV. The equilibrium is constructed as follows.

Consider the game in which the posterior probability of the bad type is
zero. In this game there exists a sequential equilibrium in which the long-run
player getsu. Suppose that we assume that this is the continuation payoff in the
original game in any subform in which the long-run player playaidleast once
in the past. A sequential equilibrium of this modified game is clearly a sequential
equilibrium of the original game, and by standard arguments, this modified game
has a sequential equilibrium. How much does the rational long-run player get in
this sequential equilibrium? One option is to piain the first period. Since the
short-run player is entering regardless, this means that beginning in period 2 the
rational type gets:. In the first period he gets: — w) /2. Hence in equilibrium
he gets at least — ¢)(u — w)/2 + éu, which converges ta asé — 1.

Our theorem is about the set of equilibrium payoffs for priors outside of
these two regions. The theorem states that there is a curve, whose shape is
represented in the figure, such that when the prior falls below this curve (region
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C), the set of equilibrium payoffs for the long-run player is bounded above by a
value that approaches the minmax value as the discount factor converges to 1.
The diagram shows that the left boundary of the simplex is an asymptote for this
curve as it approaches the complete information prior (that is, ©(0)(0) =1) in the
lower left corner. This illustrates the important aspect of the commitment size
restriction: it is satisfied for “almost all” sufficiently small perturbations of the

complete information limit.

4.2: Adding an Observed Action to EV

We now modify the EV game by giving the long-run player the option of
“giving away money” in addition to performing a repair. Giving money simply
transfers a fixed amount of utility from the mechanic to the customer, independent
of the outcome of the repair. We denote giving money,kand not giving byn,

o) that the long-run player’s action set IS now
A = {nee,net,nte,ntt, gee, get, gte, gtt}, and the set of observed outcomes is
Y = {ge, gt,ne,nt,Out} .

Suppose first that the gift is large enough thtinduces participation;
this implies thagtt is in every friendly set. Moreover, since the gift gives rise to
the signalge for sure whenever the short-run player participates, it is not
vulnerable to temptation with respect to any signals that are unambiguous for any
other action, so this is not a bad reputation game. Moreover, even without a
Stackelberg type the EV conclusion fails in this game: there is an equilibrium
where the rational type playee in the first period. This reveals that he is the
rational type, and there is entry in all-subsequent periods, while playing anything
else reveals him to be the bad type so that all subsequent short run players exit.

On the other hand, if the gift is small enough that the only friendly actions
arenet andget, then the possibility of the gift does not matter, and this remains a
bad reputation game. As this shows, the assumption that every friendly action is
vulnerable to temptation is important for the results and economically restrictive.
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4.3. Orthogonality Issues

Our definition of a bad reputation game requires that the friendly and
corresponding unfriendly sets are digoint. We will refer to this as the
assumption that the friendly and unfriendly are orthogonal. There is a tension
between the orthogonality assumption and the requirement that friendly actions be
vulnerable to temptation. It is because of this tension that games in which the
long-run player’s action is perfectly observed (conditional on entry) are never bad
reputation games. To illustrate this point, consider the following game:

04 13 0,0
- 00 13 04 |
Figure 3

This game is a participation game wherandR are exit actions anil is entry.
Note that bothJU and D cause exit. Nevertheless, mixing with probability of U
between ¥ and ¥ can induce entry.

Suppose that when the short-run player enters, the action of the long-run
player is perfectly observed. In this case, the bad signals are simply the
unfriendly actions themselves. However, the game is not a bad reputation game
for any choice of friendly and unfriendly sets.

Proposition 1: Participation games in which, conditional on entry, the action of
the long-run player is perfectly observed, are never bad reputation games.

Proof: SupposeF is a friendly set andN is an unfriendly set. Since the actions
of the long-run player are observed, the Nets also the set of bad signals. Since
F and N are orthogonal, no action iR gives rise to a bad signal with positive
probability. But then no element &F is vulnerable to temptation.

A
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Proposition 1 shows that games with observed actions do not satisfy the
hypotheses of Theorem 1. In fact, the conclusion typically fails as well, and even
when the only commitment types are unfriendly types, there are equilibria (for o
close enough to 1) in which the long-run player obtains his best payoff in the
game without commitment types.

To see this, note that there are two possibilities when the action of the long
run player is observed. The first possibility isthat thereis at least one pure action
a of the long-run player that induces entry. In this case, consider the following
strategy profile. The rational type of long-run player plays a in the first period
and thereafter plays according to his best equilibrium of the complete information
game. Since a isfriendly, the short-run players will enter and the long-run player
separates from the unfriendly types after one period. Thereafter, the probability
of commitment types is zero and hence the specified continuation profile is a
continuation equilibrium. Finaly, as & approaches 1, the payoff of the long-run
player approaches for it is easy to check that the following is a sequential
equilibrium in which the payoff of the long-run player approximates the best
equilibrium payoff of the game without commitment types since he gets that
amount beginning in period 2.

The second possibility is that the only entry-inducing actions are properly
mixed. Note that in this case, in order to induce entry, the long-run player must
play a mixed action which assigns positive probability to pure actions that are
unfriendly. The game in figure 3 isthe prototypical example of this case.

The conclusion of the theorem fails for this game as well.  Suppose that
the only commitment type with positive probability is D, and that the probability
of the bad type is less than Y4. Consider the following strategies: For any current
probability j(h,)[D] less than ¥ the rational type mixes so that the overall
probability of D is exactly %. (In particular, this is true when the long-run player
has been revealed to be rational, 