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Abstract

Classical exponential-family statistical theory is employed to char-
acterize the class of exactly similar tests for a structural coefficient in a
simultaneous equations model with normal errors and known reduced-
form covariance matrix. We also find a necessary condition for tests to
be unbiased and derive their power envelope. When the model is just-
identified, we show that the Anderson-Rubin, score, and conditional
likelihood ratio tests are optimal. When the model is over-identified,
there exists no optimal test. Nevertheless, Monte Carlo simulations
indicate that the power curve of the conditional likelihood ratio test

is reasonably close to the power envelope.
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and I am deeply indebted for all his help and support. I also would like to thank the
seminar participants at Berkeley, Brown, Chicago, EPGE/FGV, Harvard, Northwestern,
Penn, Pittsburgh, Princeton, PUC-Rio, UCLA, UCSD and Yale.



1 Introduction

Applied researchers are often interested in making inferences about the pa-
rameters of endogenous variables in a structural equation. Identification is
achieved by assuming the existence of instrumental variables uncorrelated
with the structural error, but correlated with the endogenous regressors. If
the instruments are strongly correlated with the regressors, standard asymp-
totic theory can be employed to develop reliable inference methods. However,
as emphasized in recent work by Nelson and Startz (1990), Bound, Jaeger
and Baker (1995), and Dufour (1997), these methods are not satisfactory
when instruments are only weakly correlated with the regressors. More re-
cently, there has been a significant effort to find more reliable econometric
methods.

In this paper, we develop a general method for characterizing the whole
class of exactly similar tests under the assumption of normal errors and
known reduced-form covariance matrix. The class of Gaussian similar tests
is quite large and includes the Anderson-Rubin, score, and the conditional
tests proposed by Moreira (2001b). We also find a necessary condition for
tests to be unbiased and derive their power envelope. When the model is
just-identified, we show that the Anderson-Rubin, score, and conditional
likelihood ratio tests are optimal. When the model is over-identified, there
exists no optimal test. Nevertheless, Monte Carlo simulations indicate that
the power curve of the conditional likelihood ratio test is reasonably close to

the power envelope.



The assumption of normality with known variance simplifies the simul-
taneous equations model, but maintains the difficulties arising from weak
instruments. When this assumption is dropped, Moreira (2001b) proposes
simple modifications of the Gaussian similar tests by replacing the reduced-
form variance by a consistent estimator. The resulting tests are then shown
to have limiting power equal to the exact power when the errors are normal
with known variance under the weak-instrument asymptotics proposed by
Staiger and Stock (1997). In particular, these modified tests are asymptoti-
cally similar even when the structural parameters are unidentified.

The paper is organized as follows. Section 2 develops exact results for the
special case of a two-equation model with normal errors and known reduced-
form covariance matrix. Section 3 extends the results to cases with more than
two endogenous variables and with additional exogenous variables. Section

4 contains concluding remarks. All proofs are given in an appendix.

2 Testing with Known Covariance Matrix

2.1 The Model

To avoid tedious notation, it is useful to begin with a simple special case.

Consider the structural equation

y1 = Bys + u, (1)

where y; and y, are nx 1 vectors of observations on two endogenous variables,

u is an n x 1 unobserved error vector, and 3 is an unknown scalar parameter.



This equation is assumed to be part of a larger linear simultaneous equations
model, in which 5 is allowed to be correlated with u. However, the complete
system contains exogenous variables which can be used as instruments for
conducting inference on 3. The restrictions on the reduced-form regression
coefficients are implied by the identifying assumption that the exogenous
variables do not appear in (1). Specifically, it is assumed that the reduced

form for Y = [y1, y2] can be written as

y1 = Zmwf+ v (2)

Yo = LT+ vy,

where Z is an n X k matrix of nonrandom exogenous variables having full
column rank, 7 is a k x 1 vector, and the n rows of the n x 2 matrix of
reduced-form errors V' = [vy, v5] are i.i.d. normal with mean zero and known

2 X 2 covariance matrix
0 Wi Wiz
Wiz W22
The assumption of normality and known variance is supported by the weak-
instrument asymptotics developed by Staiger and Stock (1997). This as-
sumption simplifies the simultaneous equations model, but maintains the
difficulties arising from weak instruments.
The main goal is to test the hypothesis Hy : = f,, treating 7 as

a nuisance parameter. A test is said to have size « if the probability of

rejecting the null hypothesis when it is true does not exceed . That is, if P



is the subset of the k-dimensional Euclidian space in which 7 lies,

sup prob (rejecting Hy when Hj is true) = a.

TeP
Since 7 is unknown, finding a test at correct size « is nontrivial. The task is
simplified if one can find similar tests, since their null rejection probability
does not depend on the nuisance parameters at all. If, for example, one
rejects Hy if some test statistic 7 is greater than a given constant, the test
will be similar if the test statistic 7 is pivotal.

In practice, one often uses test statistics that are only asymptotically

pivotal:

lim prob (7 > ¢,) = a.

These tests may be satisfactory when the convergence is uniform and the
sup and lim operators can be interchanged. However, if the convergence is
not uniform, the actual size may differ substantially from the size based on
the asymptotic distribution of 7. In fact, following earlier work by Gleser
and Hwang (1987), Dufour (1997) shows that the true levels of the usual
Wald-type tests deviate arbitrarily from their nominal levels if 7 cannot be
bounded away from zero.! Since weak instruments are common in empirical
research, it is desirable to find tests with correct size o even when 7 cannot
be bounded away from the origin.

One such test is proposed by Anderson and Rubin (1949). For any matrix
@ having full column rank, let Ng = Q(Q'Q) Q" and Mg = I — Ny. Define
ug = y1 — Y23y = Ybo and o2 = b)Qby, where by = (1,—0,)'. When Q is

! His analysis remains valid in the special case in which € is known.



known, the Anderson-Rubin procedure rejects the null hypothesis if
AR() = uE)NZuo/ag (3)

is large. Since ug = Vbg under Hy, the test statistic ARy is pivotal with a
chi-square-k distribution, regardless of the value of the nuisance parameter
m. When k£ = 1, we will show that this test is uniformly most powerful
among the class of unbiased tests. However, when k£ > 1, we will show that
the Anderson-Rubin test has no particular optimal properties. Indeed, if k
is large, the power of the Anderson-Rubin test can be quite low. The score
test used by Kleibergen (2002) and Moreira (2001a), and the conditional
tests proposed by Moreira (2001b) reflect some attempts to find tests with
better power properties and correct size. However, there is still no unifying
framework for characterizing similar and unbiased tests in the simultaneous
equations model. The goal of this paper is to provide a general theory for
testing the structural parameter in the weak-instrument case, using classical

statistical theory.

2.2 The Family of Similar Tests

Under the normality assumption, the probability model is a member of the
curved exponential family. We can therefore adapt the extensive set of results
summarized in Lehmann (1986) for testing Hy. For any non-singular 2 x 2
matrix D, the two columns of Z'Y D are a pair of sufficient statistics for the

unknown parameters (3, 7). A convenient choice is the pair

S=27'Yby and T =2Z'YQ 'a, (4)



where ag = [, 1]’. Although the null distribution of the statistic S = Z'uq
does not depend on the nuisance parameter 7, the null distribution of 7' is
very sensitive to the value of 7. Indeed, T is a sufficient statistic for = under

the null hypothesis. A little algebra shows that
T = ayQ tag - 7' Z,

where 7 is the maximum likelihood estimate of m when [ is constrained to
take the null value ,. The vectors S and 7" are independent and normally

distributed under both the null and alternative hypotheses. Specifically,
S~ N(Z'Zr(B —By), Z' Z - bySbo)
T ~N(ZZr-dV ag, Z2'Z - a)Q *ay),

where a = [3, 1]'.

Because they are sufficient statistics, there is no loss in focusing only on
tests that can be written as (possibly randomized) functions of S and 7.
Specifically, let ¢ be a critical function such that 0 < ¢ < 1. For each S and
T, the test rejects or accepts Hy with probabilities ¢ (S,T) and 1 — ¢ (S, T),
respectively. Here, we omit the dependence of the test on Z, 5, and 2 out of
convenience. Let Fy represent expectation over the distribution of S under
the null Hy : 8 = f3,, and suppose that the set P in which 7 is known to lie
contains a k-dimensional rectangle, so that the statistic 7" is complete under

the null hypothesis. In the appendix, we show that the following holds:

THEOREM 1 (SIMILARITY CONDITION): A test ¢ is similar at size « if

and only if Eo¢ (S,t) = « for almost every t.
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According to Theorem 1, every similar test has the Neyman structure with
respect to T'. Since every similar test must have the conditional structure,
this theorem supports the conditional approach proposed by Moreira (2001b).

To review this method, consider the Wald and likelihood ratio statistics.

ExXAMPLE 1: The Wald statistic centered around the 2SLS estimator is

given by
b — ﬂ 2 'N
”,0 ( 2SLS A(;) Ya ZyQ,

o

()

where bQSLS = (yéNzyQ)_lyéNzyl and 6'2 = [1 — bQSLS]Q[l — bQSLS],. Here,
the nonstandard structural error variance estimate exploits the fact that (2

is known.

ExAaMPLE 2: The likelihood ratio statistic equals

1
2
where S = (2/2)7? 8/\/biy and T = (Z'Z) > T/ \/ahQ Tay.

Although the Wald and likelihood ratio statistics are not pivotal, Moreira

LR, = [S’S ~T'T /(S5 + T'TR — 4[5S - T'T — (ST)? .

(2001b) constructs tests with the Neyman structure by adjusting the critical
value, so the null rejection probability remains equal to « for each level T' = ¢.
The resulting conditional test then rejects Hy when the test statistic ¢ (S, T")

is larger than the critical value function ¢, (T ).

2.3 Exogeneity Tests

This conditional approach for finding similar tests can also be applied to

other statistical problems involving nuisance parameters, c¢f. Hillier (1987).
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Improved inference should be possible whenever T, the sufficient statistic
under the null hypothesis, is boundedly complete. Furthermore, computation
of the critical value function can be simplified if there exists a statistic S
that is pivotal (and, consequently, independent of T under the null by Basu’s
lemma).

For example, consider the problem of testing whether the explanatory
variable y» is endogenous; that is, if the covariance between the disturbances
u and vy equals zero (0,9 = 0). This problem can be shown to be equivalent
to testing Hy : &€ = 0, where £ = 8 — wyp/w;. Again, when () is known, we

can partition the sufficient statistic into two k-dimensional statistics,
S=2vVQ e, and T =2Ye,=2y, (6)

where S is pivotal, and 7T is sufficient and boundedly complete under the
null. Consequently, we can proceed as in Moreira (2001b) by constructing
a similar test based on a nonpivotal test statistic Lb(S' , T) by adjusting its
critical value for each level T = t.

The particular problem of testing the exogeneity of the explanatory vari-
able can be further analyzed by noting that testing Hy : &€ = 0 is equiv-
alent to testing Hy : 0 = wia/wee. In fact, for the hypothesized value
By = wya/was, the statistic [S,T] is proportional to the statistic [S, 7], and
structural-parameter tests can then be adapted as exogeneity tests. To my
knowledge, the recent literature on weak instruments has ignored this con-
nection between tests for structural parameter and tests for exogeneity of

the explanatory variable. The Similarity Condition applied to exogeneity



tests is thus related to the work by Hillier (1987), but with the advantage of
having an easily interpretable condition that characterizes exogeneity tests
with correct size (due to the assumption of known variance). Theorem 1 is
also particularly helpful in finding pre-testing procedures and in deriving the

power envelope for similar tests.

2.4 Pre-Testing Procedures

Although pre-tests are commonly used in econometrics, the fact that the
first step typically affects the size of the second-step test is usually ignored.
Pre-testing on the constrained maximum likelihood estimator 7, however,
does not cause any difficulties with similar tests. More generally, we have

the following implication of Theorem 1:

COROLLARY 1: Let h(T) be a measurable real-valued function and let
61(S,T) and ¢4(S,T) be two similar tests at level «. Finally, let ¢5 =
I'[A(T) > c|l o, + Ih(T) < c| ¢y where I is the indicator function taking the
value one if the argument is true and zero otherwise. Then ¢4 is also a

simalar test at level o.

This result has important implications for improving inference. For ex-
ample, the score test is known to have poor power when ||7|| is small. Thus,
one might decide to use the Anderson-Rubin test if 7 is near the origin and
the score test if 7 is far from the origin. If the decision is based on the

reduced-form “F-statistic” apQ2~tag - #'Z'Z#, the pre-testing procedure is

10



valid. Corollary 1 can also be applied to similar tests that are not easily
written as a (randomized) function of the sufficient statistics S and 7.
Another possible application is instrument selection. Applying the Mono-
tone Convergence Theorem, we can extend Corollary 1 to pre-tests based on
7 that select among a countable number of similar tests. Thus, by using 7 to
choose the number of instruments or to find some linear combination between

the instruments, we can improve power without creating size distortions.

2.5 Power Envelope for Similar Tests

When 7 is far from the origin and the sample size is large, the standard

likelihood ratio, Wald, and Lagrange multiplier tests have approximate power

171 2
1—G<CQ;WZZ7T(§_ﬂO)>' (7)
0o

Here, ¢, is the 1 — a quantile of a chi-square-one distribution, and G(-; i) is
the noncentral x?(1) distribution function with noncentrality parameter .
However, these tests are not generally similar, and the power approximation
in (7) is unreliable when 7 is near the origin. Only in the case that k¥ = 1,
in which the model is exactly identified, do we have an exact optimality
result. Then, as shown in the appendix, the Anderson-Rubin AR, test is
uniformly most powerful unbiased and has exact power function given by
(7). Therefore, it is not surprising why Monte Carlo simulations run by
Wang and Zivot (1998) and Zivot, Startz and Nelson (1998) suggest that no

test dominates the one proposed by Anderson and Rubin (1949) when £ = 1.
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Its power is very close to the power of the Anderson-Rubin ARy test, which
is itself the optimal test when 2 is known.

When k > 1, there exists no uniformly most powerful test. To assess the
power properties of similar tests, it is useful to find the power envelope, the
upper bound of the rejection probability for each alternative. We can also
find a useful power envelope for two-sided alternatives by considering the
class of unbiased tests. The following lemma states a necessary condition for

a test to be unbiased:

LeMMA 1 (UNBIASEDNESS CONDITION): For testing Hy : = [,
against Hy : B # By, a test ¢ is unbiased only if: (i) the Similarity Condition
holds; and, (ii) FEo¢ (S,t)S =0 for almost every t.

The first condition in Lemma 1 arises from the fact that any unbiased test
must be similar (in the frontier of the null hypothesis). The second condition
refers to the local behavior of unbiased tests around the null hypothesis.
Using the fact that 7" is complete under the null, condition (ii) in Lemma
1 is equivalent to Eg ¢ (S5,7)S = 0. Hence, if the test ¢ is unbiased,
the covariance between ¢ and S is zero under the null hypothesis. Many
tests satisfy the Unbiasedness Condition, among them the score test used by

Kleibergen (2002) and Moreira (2001a):
ExAMPLE 3: The score test rejects the null hypothesis if and only if
LM, = (T'S)* JT'T > ca.
The resulting score test, ¢;,, (S,T), satisfies the Unbiasedness Condition,

12



since the LM, statistic is pivotal and S is symmetric under Hy; see Lehmann

(1986, p. 136-7).

Although, in principle, we can also check whether the Anderson-Rubin,
conditional Wald and conditional likelihood ratio tests are unbiased, the most
interesting application of the Unbiasedness Condition is to compute an upper

bound for the power of unbiased tests. In the appendix, we show:
THEOREM 2: For testing Hy : 8 = B, against Hy : B # [B,, with m # 0,
we have:

a. If the model is just-identified, the uniformly most powerful unbiased

test has a power function given by

. n'Z'Zx (ﬂ B 50)2> ) (8)

Pﬁ,ﬂ(ARO > Ca) =1-G (Ca ; B
90

b. If w is known, the uniformly most powerful unbiased test has a power

function given by

. n'Z'Zm (ﬂ B 50)2> , (9)

Ps . (R>cy)=1—-G| cy;
anl ) ( w11 — Wiy wag

where R is defined in equation A.7.

c. If 7w is unknown and P contains a k-dimensional rectangle, the power

envelope for the class of unbiased tests is given by

Pﬁﬂr (ﬂ - Ca) —1_-a (Ca; AV A (? - ﬁ0)2> ) (10)

2,1 71
ogm'Z' Zm op
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Note that (9) is an upper bound for the power of any two-sided test with
correct size.? Since wy; — w?, /was is no larger than o2, insisting on similarity
lowers the attainable power of the test. Alternatively, the optimal test for
known 7 can be understood as the optimal similar test when the nuisance-
parameter set P contains only one element; the loss in power is then due to
an increase in the nuisance parameter space. Finally, the power function in
(8) can be seen as a result of the power envelope in (10) for the special case
that the model is just-identified, and the LR, and LM, statistics collapse to

the AR, statistic.

2.5.1 Monte Carlo Simulations

Monte Carlo simulations run by Moreira (2001b) indicate that the conditional
likelihood ratio test outperforms the Anderson-Rubin, score, and conditional
Wald tests. To compare the power of the conditional likelihood-ratio test
with the power envelope given by (9), we perform here a 1,000 replication
experiment based on design I of Staiger and Stock (1997). The hypothesized
value 3, is zero. The elements of the 100 x 4 matrix Z are drawn as in-
dependent standard normal and then held fixed over the replications. Two
different values of the 7 vector are used so that N'\/k = 7' Z'Z7 [(wazk), the
“population” first-stage F-statistic (in the notation of Staiger and Stock),
takes the values 1 (weak instruments) and 10 (good instruments). The rows
of [u, vo] are i.i.d. normal random vectors with unit variances and correlation

p. Here, we report only results for p = 0.50, although we have considered

2In the appendix, we also derive the power envelope for one-sided similar tests.
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different degrees of endogeneity of ys.

Figures 1 and 2 graph, for fixed values of 7 and p, the rejection probability
of the conditional likelihood ratio test as a function of the true value 5.2 In
each figure, the power curve is at approximately the 5% level when 3 equals
Bo- This reflects the fact that the conditional likelihood ratio test is similar.
The power envelope is also included. As expected, both power curves become
steeper as the quality of instruments improves.

Figure 2 indicates that the conditional likelihood ratio test has power
essentially equal to the power envelope when identification is strong. This is
expected, since this test is optimal under the usual asymptotics. However,
Figure 1 also shows that the conditional likelihood ratio test has power lower
than the power envelope. This reflects the fact that the power envelope uses
the unknown direction of 7, but this direction cannot be well estimated when
instruments are weak. This suggests that an improvement on the conditional
likelihood ratio test may still be possible, at least when there is some previous

knowledge of the direction of 7.

3 As B varies, wq;, and wis change to keep the structural error variance and the corre-

lation between u and vs constant.
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3 Inference on Parameters of Endogenous

Variables in the Multivariate Setting

3.1 Inference on All Parameters

The previous theory can easily be extended to a structural equation with
more than two endogenous variables and with additional exogenous vari-
ables, as long as inference is conducted on the coefficients of all endogenous

variables. Consider the structural equation
y1 =Yaf+ Xy +u, (11)

where Y5 is the n x [ matrix of observations on the [ explanatory endogenous
variables, and X is the n x r matrix of observations on r exogenous vari-
ables. The complete system contains k£ > [ additional exogenous variables,
which can be used as instruments for conducting inference on the structural

coefficients 3. The reduced form for Y = [y, Ys] is

y = ZUB+ X0+ vy

Yy = ZIO+ XT +Va,

where 0 = I'f + . The rows of V' = [vy, V3] are i.i.d. with mean zero and
covariance matrix §2. It is assumed that X and Z have full column rank.
The problem is to test the joint hypothesis Hy : 8 = (,, treating II, I', and
0 as nuisance parameters.

The nuisance parameters ¢ and I" can be eliminated by requiring the test

to be invariant to linear transformations of X. For the group G of transfor-
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mations that preserves Hy, g (Y) =Y + X F for arbitrary conformable ma-
trices F', the maximal invariant in terms of the sufficient statistic is Z’MxY .
However, for any known nonsingular, nonrandom (I + 1) x (I 4+ 1) matrix D,
Z'MxY D is also an invariant sufficient statistic. A convenient choice is the

matrix

Dy = [by, Q7 Ay],

where by is the (14 1) x 1 vector [1, 4], and Ay is the (I + 1) x [ matrix
[Bo, I;]. Note that every column of Ay is orthogonal to by. Then the invariant

sufficient statistic can be represented by the pair [S, T, where
S = Z,MXYbO = Z,(yl - }/Qﬂo) and 1T = Z,MXYQ_lAO (12)

are independent and normally distributed.

Therefore, analogous to the case [ = 1, we can construct tests with correct
size for 3 by adjusting the critical value based on 7. Again, when  is known
to equal ,, T is a sufficient statistic for II and is a one-to-one function of
the constrained maximum likelihood estimator II:

1

= (Z22)"T (AQ " 4) .
If we are working with a limited-information model (in the sense that the set
P in which vec (II) takes values contains a k- I-dimensional rectangle), then T’
is also boundedly complete. As a consequence, the Similarity Condition also
holds for the multivariate case. Of course, if there are additional restrictions
on how the instruments affect the endogenous explanatory variables, power
improvement may be possible by considering tests that do not have Neyman

structure with respect to T'.
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3.2 Inference on a Subset of the Parameters

The last observation also suggests a way to overcome limitations of the avail-
able methods when the null hypothesis involves a subset of the parameter f3.
Kleibergen (2002) proposes to assure strong identification on the parameters
of the excluded endogenous variables, and Dufour (1997) proposes a projec-
tion technique for the confidence region. The first approach does not lead
to tests with correct size if identification is weak on the excluded endoge-
nous variables, whereas the second approach may entail considerable loss of
power. A third method can be obtained in the full-information model with
additional restrictions in the underlying stochastic equation for Y5.
Consider the partition of Y, = [Ya,,Ys,| and 8 = [3,, B,], where Y3, is
a n X [, matrix and (3, is a [5-dimensional vector. Here, the [,,-dimensional
vector (3, is a nuisance parameter for the problem of testing Hy : 8, = 3}, o

The reduced-form model can be re-written as:

vy = Z B, + 2,18, + X0 + v (13)
[YVQ,ha Yv?,n] = [ZhHh, Zan] + XT' + [‘/2,}17 ‘/2,71] )
where 7, and Z,, are (not necessarily mutually exclusive) exogenous variables
based on Z that affect Y5, and Y3, respectively.
If the restrictions in the full-information model guarantee that the column

space of Z,, does not contain the column space of Zj,, we can then create non-

degenerate statistics based on the data Y}, = [y, Ya,] ¢
Sp = Zy Mx 7, Ynbpo and Tj, = Z; Mx 7, Y, () ™' Ao,

18



where by is the (I, + 1) x 1 vector [1, —6;170],, App, is the (I + 1) x [ ma-
trix [5h,07 Ilh],, and (2, is the covariance matrix of each observation of the
reduced-form errors V' = (v, Va). Again, using the fact that S, and T, are
independent, we can construct similar tests for 3, by employing the condi-

tional method proposed by Moreira (2001b).

4 Conclusions

Previous authors have noted that the simultaneous equations model with
known reduced-form variance has a simpler mathematical structure than the
model with unknown variance, but inference procedures for the two models
behave very much alike in moderate-sized samples. In fact, Moreira (2001b)
shows that replacing the reduced-form covariance matrix with a consistent
estimate and relaxing the normality assumption does not have an effect under
the weak-instrument asymptotics.

We then apply classical statistical theory to characterize the class of tests
with correct size in the simpler model under the assumption of normality.
We find two conditions observed in exponential families that also hold in our
simultaneous equations model. The Similarity Condition guarantees that
every similar test has the Neyman structure with respect to the constrained
maximum likelihood estimator for the instruments’ coefficients. The Unbi-
asedness Condition asserts that any unbiased test must be uncorrelated with
the pivotal statistic on which the Anderson-Rubin test is based.

Unlike alternative procedures using the bootstrap or higher-order asymp-
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totics, the testing procedures discussed here behave well even when there is
no identification at all. As a negative result, we show that there exists no
optimal test in the over-identified case, due to the fact that the probability
model is a member of the curved exponential family. Nevertheless, Monte
Carlo simulations suggest that the conditional likelihood ratio test has good
power overall when instruments are strong. In the weak-instrument case, the
power of the conditional likelihood ratio test is below the power enwvelope,
which suggests that improvement may still be possible by exploring other

tests that satisfy the Similarity Condition.
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FIGURE 1

POWER CURVES: WEAK INSTRUMENTS
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FIGURE 2

POwER CURVES: GOOD INSTRUMENTS
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6 Appendix

The results in Section 2 are based on the following two lemmas proved in

Lehmann (1986), pp. 142-3:

LEMMA A.1: Let X be a random vector with probability distribution

k

ST () ej] dp()

j=1

dPy(z) = C (0) exp

and let PT be the family of distributions of T = (T1(X),...,Tx (X)) as 0
ranges over the set W. Then PT is complete provided W contains a k-

dimensional rectangle.

LEMMA A.2: Suppose that the distribution of X is given by

dPyy (x) =C(0,V)exp du ()

OR () + Y _ V,T;(x)

where the V; are the nuisance parameters and ju s absolutely continuous with
respect to the Lebesque measure. Suppose that S = h(R,T) is independent
of T when 0 = 0y and that

h(r,t) =a(t)r +b(t)  with a(t) > 0.

Then the uniformly most powerful unbiased (UMPU) test ¢ for Hy : 0 = g

against Hy : 0 # 04 is given by

1 ifs<Cior s> Cy
¢ (s)=

0 otherwise
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where Cy and Cy are determined by Eo{¢(S)} = a and Eq{S¢(S)} =
OéEo {S}

PrOOF OF THEOREM 1: Since randomization is allowed, any test can
be written as ¢ (S, T'). Since the test is similar at size «, it must be the case
that:

Eyp (S, T)=a, VmeP. (A1)

By Lemma A.1, the family of distributions of 7" when the null hypothesis is
true, PT = {PT T E P}, is complete. Consequently, the following holds:

5077.(-7

Eo{¢(S,T) |t} =a, ae P
Note that the distribution of S does not depend on 7 under the null hy-
pothesis, and that S is independent of T'. Therefore, using the fact that ¢ is
integrable:
Eop (S,t)=a, ae. PT. (A.2)
Conversely, if the test is such that (A.2) holds, then (A.1) is trivially true.

Therefore, the test is similar at size a.

PrOOF OF LEMMA 1: Because the power function of exponential family
distributions is continuous, any unbiased test must be similar (in the frontier
of the null hypothesis). Now, it just remains to show that Ey¢ (S,7)S =0

holds. The random variable .S has the following distribution:
(77 - oroN—lr, / -
o {_ s = (Z2)7 (8- B)I'(22) ' [s = (2'2) 7 (B — By)] } as)

2
2'00
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up to a multiplication by the term (27) "/?|02 - Z’Z\_l/Q. Expression (A.3)

can then be written as:

¢ ((5 - 50)2 ™ (Z'Z) 7T/‘7?)) exp {s'm (B — Bo)}v (s).

The conditional power function of a test ¢ is given by ¢ (5, 7) = Es ¢ (5, 1):

C@.m) = [6(8.0C (5= 5 7 (2 2)m/o8) exp (s (5 = )} (5) ds.
Taking the derivative of the power function with respect to 3, we have:

G B, = Enco (8.0 {8+ G 20 - 807 (D) mjad] |, (a4

using the fact that we can interchange derivatives/limits and integrals; see
Lehmann (1986, p. 59). This expression is closely related to the findings in
Lehman (1986, p. 136 and p. 148) for exponential families, but with one im-
portant distinction. The nuisance parameter 7 is present in the expectation
and in the integrand. This additional complication comes from the fact that
our probability model belongs to a curved exponential family.

As in Lehmann (1986), consider expression (A.4) for ¢ = a. Then we

have:

()
()

(5 (Bm) =0=a-Byasmta- =2 [2(8= ) (Z2'2)7/03) .

Thus we can simplify expression (A.4) (for an arbitrary test ¢) to
Cﬂ (ﬂa 7T) = [Eﬂﬂr¢ (Sa t) S — Eﬁﬂr¢ (Sa t) ’ Eﬂﬂrs],ﬂ-'

If the test is unbiased, then the expression above must be equal to zero under

the null for any value of 7. Since the distribution of S does not depend on
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7w under the null, we have:
[E,0(S,t)S — E,¢(S,t) - ExS)' 7 =0 for any 7. (A.5)
Thus, using the fact that E S = 0, expression (A.5) is equivalent to:
E,p(S,t)S=0. (A.6)
Alternatively, an equivalent condition to (A.6) is:
Eg, ¢ (5,T)S =0,

using the fact that T is complete under the null hypothesis.

PrOOF OF THEOREM 2: The following is true:
a. For some measure p (y), the probability distribution of ¥ can be written

as:

APy~ (y) = C(0,m)exp[0R (y) + 7T (y)] du (y)

where R (Y) is the first column of Z'Y Q™ and 0 = 7 (3 — /3,). Since P does
not contain the origin and the model is just identified, testing Hy : 8 = 3,
against M : B # [3, is equivalent to testing Hy : 0§ = 0y against H; : 0 # 0,.
Let

o 2272y~ ho)

]

Notice that S = §; R + 05T where
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—wafy + wiz (

AR
o]

01 = 0y (Z'Z)_l/2 and  Jy =

Now Lemma A.2 can be applied. Since S ~ N (0,1) under H, and, in
particular, it is symmetric around zero, it is straightforward to show that the

optimal test rejects the null if ARy > ¢,. Under the alternative (3,

171 2
ARONX2 (LWZZW(f—ﬂo) )

ol
Consequently, the power of the optimal test is given by (8).
b. Since 7 is known, for some measure i (y), the probability distribution can

be written as:

dPs (y) = C(8,7)exp [R(y) 8] du (y) .

Since this distribution is a one-parameter exponential family, the UM PU

test rejects the null hypothesis if

_ {72 [(yy — Z7B,) — wiawz (g2 — Zm)]}
(wn — w12w2_21w12) VAL

R

(A7)

is larger than c,. Under the alternative (3,

I AVA S
R~ |1, ——— (650" |-
(wn — W12Wog w12)

Consequently, the power of the optimal test is given by (9).

c. The power of the test ¢ is given by Es ¢ (S,T). Since S and T are

independent, then:
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Ey26(S,T) = /[/¢ (.1) f (s, 8, m) ds | g (t.8,7)

where f (s, 3,7) and g (¢, 3, 7) are the density functions associated to S and

T, respectively. Notice that the power conditioned on 7' =t is

[ots5 (s, 5.7)ds.

Consider the test ¢*(S) that assigns 1 if f(s,8,7) > kf (s,5,) and 0
otherwise, where k is chosen such that Es .¢"(S) = a. The claim is that the
test ¢*(S) is most powerful among all similar tests at the significance level
a.

Let ST and S~ be the sets in the sample space where ¢*(s) — ¢ (s,t) >0
and ¢*(s) — ¢ (s,t) < 0, respectively. Notice that, if s isin ST, ¢*(s) = 1 and
f(s,B,m) > kf(s,By). Analogously, if sisin S™, ¢*(s) =0 and f (s, 5, 7m) <
kf (s,B,). Therefore:

[16°06) =6 .01 17 5.6.7) = 17 (5.6 ds > 0

The difference in power satisfies

/ (6°(5) — S (5.D) f (5. o) dv > / [6°(3) — 6 (5, 0)] £ (v, By) ds

By Theorem 1, if the test ¢ (S, T) is similar then Ey¢ (S, t) = «, a.e. PT.
Without loss of generality, it can be considered that Ey¢ (S,t) = «, Vt. That

1s:
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/qﬁ(s,t)f(s,ﬂm)ds—a Vit

Therefore, the following holds:

[16°6) = 65,00 (5. 5.m) ds = 0.

Since the test that maximizes the conditional power does not depend
on t, then this test itself maximizes power, as was to be proved. Since S is
normally distributed, f (s, 5, m) > kf (s, 5,) for some k such that E¢*(S) = «
if and only if the following holds. If 5 > [, then the test rejects the null
if 7'S > za\/agw’TZﬂ. If 8 < B, then the test rejects the null if 7S <
— 207/ 02 Z' Z 7, where z, is the critical value of a A (0, 1) distribution for
the significance level a.

Alternatively, we could find the point-optimal test (for fixed 5 and )
which satisfies the Similarity Condition. Given this condition is the same
for finding one-sided optimal tests in exponential models, we can rely on
Lehmann’s (1986, p. 145-8) results. Analogously, for a two-sided alternative,
we can find the point-optimal test (for fixed S and m) which satisfies the
Unbiasedness Condition. Again, this condition is the same constraint for
finding a UMPU test in the exponential model, and we can rely on Lehmann’s
results. Therefore, the point-optimal test that satisfies the Unbiasedness

Condition rejects Hy if

on?2
(7'S) .

—— 5 > Co-
oin' 7' I
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Under the alternative 3,

2.1 71
oo’ Z'ZT o

’Q\2 171 2
(x'S) NX2<1’7TZZ7T(5—50)>_

Consequently, the power envelope is given by (10).

32





