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refuse to participate. Note also that from Theorem 2 this assumption is not
necessary for games with two signals.)

For these games we can immediately identify the relevant friendly
set. Define

F'={a'OA":u*(@r0}

which is the set of pure friendly actions. We know that F* 0 F* for any
friendly set F*. In fact, within the class of principal-agent games, any bad
reputation game is a bad reputation game with friendly set F*. To seethis
notethat if a*(F*) =0 then u?*(a') <0, i.e. exit is the unique best-reply to
a*. Thus F! isitsdf afriendly set.® Furthermore supp(F*) O supp(F*)
so that orthogonality is preserved, and if every !0 F'is vulnerable then
every f'OF"isvulnerable. Thuswe can restrict attentionto F*.

To show that these are bad reputation games, it suffices to find an
unfriendly set orthogonal to F* with unambiguous signals, such that every
enforceable pointin F! isvulnerable to atemptation.

Remark: It is aso of interest to consider games in which the agent has the
opportunity to take a costly action prior to the entry decision of the short-
run players. Consider for example, a game in which the long-run player is
an expert advisor, and the decision of the short-run player is whether or
not to pay the long-run player for advice. One example of this is the EV
example of car repairs, where the long-run player is able to determine the
type of repair the car needs. Other examples include stockbrokers advising
clients on portfolio choices, doctors advising patients on treatments, and
the IMF advising countries on economic policies.  Costs incurred on exit
are consistent with a bad reputation game provided that conditional on exit
the temptations are less costly than the friendly actions. For example, the
long-run player might be a stockbroker, and the general non-client specific

information might be something about general economic conditions,

12 When there is more than one principal, this conclusion does not follow, and mixed
friendly sets will generally have to be considered. See the discussion in section 4.3 and
footnote 7.
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acquired in advance in the form of economic reports that will be presented
to the client. The friendly actions in this case are to report truthfully; the
bad action might be to always claim that times are good. In this case the
temptation is to announce that times are bad when they are actually good,
to avoid being mistaken for the type that always announces good times. If
it is costly to put together a persuasive package of economic data
indicating that times are bad when in fact they are good this would not be
a bad reputation game. If it is more costly to put together an honest report,
then it would be a bad reputation game.

6.1 Games with Hidden Information

In these games the principal has some private information that is
relevant for a decision affecting both principal and agent. Each period,
nature draws a state w[Q ; in independently from a probability
distribution that we denote by p.** The agent privately observes the state
and then selects adecison d 0 D. Conditional on the realized state and
the decision of the agent, asignal z[0 Z, is drawn from the distribution
m(z|w,d) where we assume that m(z|w,d) >0 for each z,w, andd.
Future short run players observe both z and the decision d. Each player
j has state-dependent utility function 77'(cwd) and evaluates stage
payoffs according to expected utility with respect to p(w) .

To apply Theorem 1, we find conditions under which this defines a
bad reputation game. The set of actions A" for the long-run player is the
set of maps a': Q — D. The stage-game utility function is

u'(a) =) p(w) 7 (wa'( q).

Findly Y -Y®=Z xD and
p((zd)|a"entry)= > p(w)m(z|wd)

{wa'(w)=d}

3 This is a dight abuse of notation, as p also denotes the probability distribution over
types in the incomplete-information games, but no ambiguity should resuit.
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Proposition 5: The hidden information game is a bad reputation game if
there exists a decision d such that a' 0 F* implies O # {a):al(a)) =d} #
Q.

Proof: Let a(d) denote the constant action that chooses d regardless of
the signa w, and take A= {a(d)}. Because m(z|w,d) >0, the set of
signals Y? =Z x{d} is unambiguous for A. If a! is friendly, then
Q, ={w:al(a)=d} # 0. Foreach b = d let b be the action defined by
b'(w) = d,w € Q, and b'(w) = a'(w),w & . Then a(d) isvulnerable
to any mixed strategy that puts positive weight on every b?.

%}
Many examples can be found that meet the condition of the proposition.
First of al, note that the EV exampleis a specia case. In fact the theorem
extends the example to alow for public signals z about the short run
players realized payoffs (which are determined by (w,d).

6. 2. Games with Hidden Actions

On the other hand, agency games with hidden actions, or mora
hazard, tend not to be susceptible to bad reputation effects. The problem
is that the second part of the definition of temptation typically fails
because deviations will generally lower the probability of some good
signals. However, a special case in which a hidden action game is a bad
reputation game occurs when there is only one short-run player and only
two signals.

The following proposition is an immediate application of the
definition of a bad reputation game in this setting.

Proposition 6: Suppose in a principal-agent entry game that
Y-Y®={y",y"} and that a' strictly maximizes the probability of y“
with u?@?!) < 0. If for every friendly enforceable a! thereis a b! such
that p(y- | b!) < p(yt | a') the gameisa bad reputation game.

We consider two applications of this idea. In the first, the agent
chooses an action from a one-dimensional set ordered so that higher



33

actions are more likely to give rise to the high signal. Specifically, we let
A ={a',..,a'} M and p(y" |a') are an increasing function of a*. We
assume that u?(a') is concave so that F' is an interval. Whether or not
the game is a bad reputation game then depends on whether the principal
prefers extreme or interior actions.

Proposition 7: The hidden action game with two non-exit signalsis a bad
reputation game if and only if {a',a"} O A~ F'.

Proof: Suppose {a',a'} 0 A~ F'. Then a! =a' and every friendly
action a' > a?! is vulnerable to the (unfriendly) temptation a*. On the
other hand if, @' OF*, then the only candidate set of bad signalsis Y =
{y"}, meaning that ais not vulnerable to a temptation. In case a' € F?!,
we simply reverse the role of the signals.
M
In these two-signal games, as in the hidden information games,
short-run player utility depends on aspects of the long-run player strategy
that is unobserved by subsequent short-run players. Proposition 4 shows
that this must be the case for a game with two entry signals to be a bad-
reputation game.

6.3. Rules vs. Discretion

We can build on the anaysis of hidden information games to
discuss the emergence of rules over discretion in agency relationships. To
motivate the idea, consider college admissions. The university (the long-
run agent) receives an application. The applicant is described by a set of
characteristics w [0 Q = Q° x Q". Some (Q°) of these characteristics
are publicly observable (for example race and SAT scores) and others
(Q") are observed only by the university. This may include information
that is truly private (like an interview) or information that require the
expertise of the agent to interpret (for example, the strength of the
applicant’s high school.) A pure strategy for the university is a map from
characteristics to the decision space D= (admit, deny). The probability of
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drawing characteristics w is p(w) > 0. The university’s preferences over
applicants are summarized by the payoff function 77*(«) if the student is
admitted, and R if the student is denied.

The short-run principal, player 2, is the state governor who chooses
between alowing the university discretion in admissions, or imposing a
rigid admission rule based on observable characteristics. There are many
possible rules that the principal might use, but since she is a short-run
player we can restrict attention to the rule that maximizes the principa’s
expected short-run payoff. This rule is a mapping g:Q° — D that
mandates admission if and only if «® g *(admit). The imposition of a
rigid admission rule represents “exit.”  The public signal at date t is
y, =(d,,a’,&"), where any signal with a =ruleis an exit signal. The
governor shares the same preferences as the university, receiving a utility
of 7(w) for admitsand R for rgjects.

Because the university can always implement r on its own, exit
minmax condition is satisfied. In order for discretion to improve upon r,
for some set of verifiable characteristics, the admission decision should
depend on the unverifiable characteristics. That is a'OF" only if
a'(w’, ") =admitand a'(«’, &') = deny for some w",@"and «°. Then
by essentially the same argument as in the hidden information case, the
game is a bad reputation game with unfriendly set

{a':a'(w’,0I= deny}
For example, «w’may be racial characteristics, and this unfriendly

set represents the governor’s fear that the university admissions are biased
against members of the race in question

7. Mulilateral Entry Games

We now consider games with multiple principals. In these
“mutilateral entry” games, in the short-run players choose only whether to
participate or exit. If any short-run player chooses to exit, that player
receives the reservation payoff of 0, but play between the agent and other
principals is unaffected. That is, Al ={exit,enter} for each j >1, and the
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unique exit profile is a_' = (exit,...,exit). The payoff of the short-run
players who enter depends only on the action of the principal, and not on
how many other short-run players chose to enter; to simplify notation we
denote this “entry payoff” as ul(@'). If all principals exit, the long-run
player's payoff is O; if m of them choose to enter, the long-run player’s
payoff is u'(a‘,m). We assume that the agent cannot be forced to
participate, so that there exists an action a' such that for al m,
u'(a’,m)=0.

We do not require that u'(a’,m) is linear in m, so this class of
games includes those in which the agent has the opportunity to take a
costly action prior to the entry decision of the short-run players. Consider
for example, a game in which the long-run player is an expert advisor, and
the decision of the short-run player is whether or not to pay the long-run
player for advice. One example of this is the EV example of car repairs,
where the long-run player is able to determine the type of repair the car
needs. Other examples include stockbrokers advising clients on portfolio
choices, doctors advising patients on treatments, and the IMF advising
countries on economic policies. In the EV example, the private
information emerges as a consequence of the decision of the short-run
player to consult the long-run player, so the advice is specific to the short-
run player. In another cases, at least some part of the information is not
specific to the short-run player. The advisor receives a report about the
general desirability of various actions, and then meets with each of hisn
short-run customers, possibly learning about their individual needs. Here
the advisor receives the signal regardless of whether or not he is consulted
by any particular short-run player, and he may incur costs ahead of time
for doing so. That is, the long-run player's payoff may depend on his
action even if the short-run players decline to participate.

Costs incurred on exit are consistent with a bad reputation game
provided that conditional on exit the temptations are less costly than the
friendly actions. For example, the long-run player might be a stockbroker,
and the general non-client specific information might be something about
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general economic conditions, acquired in advance in the form of economic
reports that will be presented to the client. The friendly actions in this case
are to report truthfully; the bad action might be to always claim that times
are good. In this case the temptation is to announce that times are bad
when they are actually good, to avoid being mistaken for the type that
always announces good times. If it is costly to put together a persuasive
package of economic data indicating that times are bad when in fact they
are good this would not be a bad reputation game. If it is more costly to
put together an honest report, then it would be a candidate for a bad
reputation game.
We have the following obvious extension of Proposition 5.

Proposition 8: Suppose in a multilateral entry game that
Y-Ye={y",y"} and that a' strictly maximizes the probability of y“
with ul@?') < 0. If for every friendly enforceable a' thereis a b such
that p(y- | b!) < p(yt | al) the gameisa bad reputation game.

For concreteness, suppose that the short-run players are students, the long-
run player ateacher, and the signals are teaching evaluations. (This model
could apply equally well to the decision to attend a particular college,
graduate school, or take a particular job.) Each period, each short-run
player decides whether to enter - that is, take the class, or not. The long
run player has a pair of binary choices. he can either teach well or teach
poorly, and he can either administer teaching evaluations honestly or
manipulate them. The public signals are whether the evaluations (averaged
over respondents) are good, y" or poor, y-. If the evaluations are
administered honestly and the class is taught well, there is probability .9 of
agood evauation. If evaluations are administered honestly and the classis
taught poorly, the probability of good evaluationsis only .1. Manipulating
the evaluations is certain to lead to a good evaluation. All players get O if
no students decide not to take the class. For a short-run player who enters,
the short run player's payoffs are +1 for good teaching and -1 for bad. Let

m denote the number of students who take the class. The rational type of
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long-run player pays a cost of m to teach well; good evaluations are
worth 2m , while manipulating evaluations costs 3m . Hence in the one-
shot game with only the rational type, the unique sequential equilibrium is
for the rational type to teach well and not manipulate the evaluations, for
an expected payoff of .8.

However, when there is a small probability that the instructor is a
bad type, and the instructor faces a sequence of short-run students,
Proposition 7 applies. To see this, we see that teaching poorly and
administering the evaluations honestly is the unfriendly action a'. The
friendly set consists of the pure actions “teach well, administer honest
evauations’ and “teach well, manipulate.” Crucially, the action “teach
well, manipulate’ is unenforceable: teach poorly and manipulate yields a
higher stage game payoff and the same distribution over signals. So the
only enforceable action in the friendly set is “teach well, administer
honestly.” This admits the temptation “teach poorly, manipulate.” Here the
short-run player recognizes that if the long-run player chooses not to send
the signal honestly, he loses his incentive to teach well, and so there is no

reason to enter

Appendix: Proofs

Lemma 1: If h, isa positive probability history inwhich y < Y occursin
period t and u(ht_l)[@(Fl)] < a/2 then aé(ht) > (a/ 2)fL.

Proof: Given h,_, the short-run players' profile has positive probability on
a profile that does not exit. At such profilesa’(h,) > af® for some
friendly f*. Since u(ht_l)[@(Fl)] < /2 friendly and unfriendly sets are
orthogonal we seethat ag(h,) > (a/2)f!.

%}

Lemma 2: In a bad reputation game, if h, is a positive probability history
with respect to a Nash equilibrium, and the signalsin h, all lieinY® uY
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a) At most k* =k, — log (1(0)[©]) of the signalsareinY .

b) If the commitment sizeis o/ 2, &, ny then u(ht)[@(Fl)] <al2
whenever a~(h,) € conhullE 1.

Proof: First observe that if ,u(ht_l)[C:)] > «, then the short-run players
must exit in period t, so u(h,) = u(h, ;).

Suppose that h, is a positive probability history in which y occurs
in period t. Taking liberties with notation, let p(y | o, a~*(h,_;)) denote
the probability of signal yconditional on the unfriendly types. From
Bayesrule

p(y | ©%, a~(hy_1))u(he_1)[O]
P | @ 1), oty 1))

Since y has positive probability at time t conditional on h, ,, it must be

u(h)[0] =

that o *(h,_,) € B(a'(h,_,)) has positive probability of entry. It follows
that @(h,_,) putsweight lessthan @ on A!, and that

Py | 6,07 (1))
o0 lala dhe )~

Consequently

- he_1)[©
uhoe) = Dol
a+(@l—-a)=
r
It follows that if signalsinY occur k times, then

k
1

u(h)[O] > 7| HOIe]
&+a—®F
Henceif
k> -9 g (u(0)(6))
Iog(& +@Q- &)r)

then N(ht)[@] > a, so in al subsequent periods the signal must be an exit
signal. This provesthe first assertion.
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To prove the second part, apply Lemma 1 inductively to conclude
that ag(h,) > (a/2)f'. Because enforceability is a property of the
support of an action, f'must be enforceable as well as friendly. By
assumption every enforceable friendly action is vulnerable to temptation,
so thereis at least a par/2 chance of each bad signal y €Y ,sowheny
occurs, from Bayes rule we have wu(h,)[0] < (17 pa)uth,_,)[0] for al 6.
Hence, if ,u(ht)[@(Fl)] > «/2 then it must be that Y has occurred at
least k times, with (l/ﬁg)k wO)O(FH] > a/2. However, for
0@ ¢ ©,at € Al,if y occurs, then

puh)I0@™)] .
ph)lo@y] ~

Consequently, at k , it must be that
u()[O] > r*ut)lOF D] > réas2.

However, under the hypothesis of the Lemma, it can be verified that this
implies u(h,)[©] > a . In other words, as soon as yu(h,)[O(F)] > a/2,
the equilibrium play of the short-run players is concealing for the
remainder of the game.

%}

Lemma 3: In a participation game if a~*(h,) € conhullE *or
a~t(h,) € conhullE~* and oj(h,) > ~f! for some v > 0 and
vulnerable friendly actionf* of temptation size p, P then

vi(h) < maxyey (@ — O, p) + 6y, AV (e, Y) .

Proof: If a~*(h,) € conhullE~! then Y(h,) CY®, and the bound
follows directly from the definition of ©T'. So consider
a~*(h,) ¢ conhullE™*. Note that f' must be enforceable, since
otherwise the rational type could replace f! and get a strictly higher
utility. Since every enforcesble friendly f' is vulnerable to temptation,
oY |a'(h),a™(h))=2ap (Y| f'a™(h))>0 sotha YOY(h). Notice
that v'(h,,h}) must be independent of the private history h!, and that the
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rational long-run player must be indifferent between the actions in the
support of ol(h). In particular, playing f! must yield the expected
present value vi(h,).

Consider then the long-run player switching from playing f! to a
b given in the definition of temptation. We now need to calculate the
long-run player payoff separately as a function of whether the short-run
players exit or not. Observe that a‘l(ht) induces a probability distribution
over A~l. The probability distribution can be written as a convex
combination of two component distributions, namely a=¢, which has
support entirely in A~ —E~!, and o', which has support entirely in
E~1. Then Maz! + (1 — Nag ! induces the same distribution over A™* as
a~*(h,), where a~'(h,) € conhullE~*, X > 0. Notice that in generdl,
a—¢ and ot do not have representation as mixed strategies, as they can
correspond to correlated strategies for the short-run players. However, we
may still write u*(at, ag 1), vi(h, ot aeh), p( | @t ae ') and so forth for
the expected values of ul(ata™),vi(h,ota ™), p(|at,a™) with

respect to the weights og 1, and similarly for o= . For example,

ul(at, o5t = Zaflul(al,a_l)ae_l[a_l]
With thisin mind, we may decompose

vih) = vih, Lo 1(h,))
> vi(h,bL e t(h)) = Ai(h,bY ag ) + (1 — AWi(h,,bY acl)

Since ut(@?!, agt) > ul(fl, agt) by definition of a temptation, it must be
that vi(h,, 1, ah) > vi(h,,bt azt). Notice that in the current period, b
loses at most UL. Let vi(al,~Y) denote the continuation expected
present value, conditional on o',a3! and a signal not in Y UY®. The

overall next period present value of for f! is
e PO 1 TL AN O Y) + p(=Y [ aZ VAL ~Y) |

By switching, the next period present valueis



41

D gy PU 10N SNV (BLY) + p(~Y |bh az Wl ~Y).
Since ! isin fact optimal, we conclude that
L—out + 52%\; P | FLag W (,y) + p(=Y | FLa Vi (EL ~Y)
—5296\; Py 1Y oW (h,Y) + p(= Y | bY oV iRl ~Y) >0
or
@=8u*+68) [0 1 110X = py |0 o)V (hyy) >
6|37,y [P 16408 = oy | F,aZh Ay
But b' reduces the probability of every bad signal by at least p, and the

continuation payoff vi(h,,y) must be at least the minmax value, which we
have set to 0. Thisimpliesfor

Vi, Y) = max . vi(h,,y)
it must be that
1 — 68Ut + 8vih,y) >
5[ p(=Y |bYaZ Vo ~Y) = p(= Y | Lol V(L ~ )]
Continuing to use the fact that vl(ht,y) > 0, part 2 of the definition of a
temptation implies
6Zye~¢[p(y |bY o) — oy | £ aZh) M hy)
> spvi(fL, ~Y)
from which
vi = (L -oui(fha 1)Jrézer p( | fa v (h,.y)
+o(~ Y | fLadwi(fh~Y)

<@-6Uut+ Sl ‘”Ul 1(ht y)
= maxerh(l — 6)lT1(y, p)+ ng(ht,Y)

If A\ =1 thisgivesthe desired result. If not,
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vith) = i, fLogt) + (@ — AVvi,
< max{vi(h, f1, a0 1),vi}
Since
vithe, 1 0g ™) < maxyey (n (L — Ty, p) + 6, AV (e, Y)

the result follows
™M

Lemma 4. In a participation game, if a_l(ht) € conhullE~tor
a~*(h,) ¢ conhullE* and ag(h,) > ~f' for some v > 0 and friendly
actionf® that isvulnerable to a strong temptation size p, then

Vl(ht) < maXer (ht)(l - 6)Ul(y) B) + 6V1(ht)y) .

Proof: Since the proof of Lemma4 is very similar to that of lemma 3, we
will only discuss the necessary changes. Asin the proof of Lemma3, we
consider the long-run player switching from playing f! to a b® given in
the definition of what is now a strong temptation. Using the notation of
the proof of lemma 3, we compute that the overall next period present

vaue of for flis

Zye\f oy | f1aztvih,y) + p(Nf | £1,aztVi(~ Yﬁ)'

Because of the proportionality of the probabilities for a strong temptation,

the corresponding value for b is

Zye\f oy | bLad Wi, Y) + p(~ Y | bt atvi(~Y).

Since ! isin fact optimal, we conclude that

@— 80+ 63 oG [ TLa W (uY) + p(~ Y | FLavi(~Y)
—0) ey PV 1052V 00 Y) + (- Y | Bhad Vi~ Y) > 0

or
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(L= UL+ 83 [ 1 F123) — p |65 )hey) >
O[p(~ Y Ibhah) — - Y | Frad) Vi~ V)

vih,Y) = max vih,y).

From the fact that b® reduces the probability of every bad signal by a

positive amount

(L= +8[pY Ibhah) = plf | Fha )i Y) 2
5[p(Y 1b%a) — oY | Vi~ Y)
Observe that since b reduced the probability of each bad signal by at least

p. [pY |bhazh) — p(Y | f1a5)| > #Y p. SinceU' > 0
it must be that

(L — SU* + 8#Y pvi(he,y) > §#Y pvi(~Y)

from which
vi = @1 — Oui(fl ot
+5Zye¢ oy | fl,a:el)/l(ht’y) + ,O(YA | fl,a:el)vl(N Yﬁ)
1— 6t -
=@-0 1Jr(—AJrcSvlh, —

—1 N 1
max (1 — Iy, p) + ov'(h,y)

The final steps exactly parallel those of the proof of Lemma 3.
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