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ABSTRACT

W devel op a nodel of hierarchies based on the allocation of
authority. A firmis owners have ultimate authority over a firnms decisions,
but they have limted time or capacity to exercise this authority. Hence
owners nust delegate authority to subordinates. However, these subordi nates
also have limted time or capacity and so further del egation nust occur. W
anal yze the optimal chain of command given that different agents have
different tasks: sone agents are engaged in coordination and others in
specialization. Qur theory throws light on the nature of hierarchy, the

optimal degree of decentralization, and the boundaries of the firm



1. Introduction

The purpose of this paper is to develop a model of hierarchies based
on the allocation of authority. W takethe view that a firm s owners have
ultimate authority over a firms decisions, but that they have limted time
or capacity to exercise this authority. Hence the owners nust del egate sone
authority to subordinates, i.e., they nust grant the subordinates the right
to make decisions that they themselves are unable or unwilling to make.
However, these subordinates also have limted time or capacity to exercise
authority and so further delegation must occur to other subordinates. Thus we
view a firmas a chain of command over cecisions. W use our nodel to
anal yze the optimal chain of command given that different agents have
different tasks; in particular, some agents are engaged in coordination and
others in specialization. Qur theory throws |ight on the nature of hierarchy
and the optimal degree of decentralization inside a firm as well as on the
boundaries of the firm

There is a vast literature on many of the issues we consider, and this
is not the place to provide a review.  Econom sts have studied hierarchica
structure fromthe point of view of supervision and task assignment (see
e.g., WIliamson (1967) and Rosen (1982)); fromthe point of view of
incentive theory (see, e.g., Calvo and Wellisz (1979)); and from the point of
view of information processing and team theory (see, e.g., Keren and Levhari
(19791, Radner (1992), Bolton and Dewatripont (19941, and Segal (1998)). By
and large, however, the existing literature does not analyze hierarchy in
terns of authority; that is, in contrast to our nodel, it is not the case
that if i is above j in the hierarchy, :hen i necessarily has authority over
j. Rather, in nmuch of the literature, ii i is above j in the hierarchy, then
j provides information to i. A so the iiterature does not distinguish

bet ween what happens inside a firm and what happens between firns. In other



words, the optimal hierarchies derived could apply just as well to the

organi zation of production in the U S A as to the organization of production
in Mcrosoft. In contrast, our approach does distinguish between the firm
and the econony. In our nodel, one firmhas one person or group wth
ultimate authority over all decisions (one owner or group of owners), whereas
the econony has many people with ultinmate authority over different subsets of
deci sions (many owners or groups of owners).1

Al t hough our approach differs fromnuch of the literature, it has
parallels with the paper by Aghion and Tirole (19971. In our nodel, a boss
(e.g., an owner) has formal authority in the Aghion-Tirole sense, while a
subordinate has real authority if his boss cannot exercise authority but he
can. W discuss the relationship further in Section 5.

The basic elenments of our nodel are as follows. V& consider an econony
consisting of a set of assets and a set of identical individuals. Each asset
represents a (residuall decision; that is, a decision must be taken with
respect to that asset. W assume that these decisions are noncontractible
both ex ante and ex post. In addition to these basic decisions, there are
al so "higher-level" decisions, which correspond to the coordination of assets
or to synergies anong assets. > To be precise, we assume that, for each
subset of assets A there is a task t, which consists of trying to come up

with an idea about what to do with the assets in A A task does not

Lin future work, it would obviously be desirable to conmbine the informationa

approach in the literature and the authority approach in this paper.

%pecisions rather than assets are the key feature ofthe nodel. W introduce
assets because they are a convenient way to think about decisions,

particularly higher-level decisions (synergies).



necessarily reach fruition, that is, becone an idea ex post. If an
individual's task becomes an idea, we say that the individual is active. In
this case he will carry out his idea if he can. If the individual does not
have an idea, he is inactive: in this case not only can the individual not

i mpl enent his own idea, but also he cannot inplement anyone else’s.

Because any particular individual nmay not have an idea, it is inportant
for efficiency that each asset has a hierarchy of bosses, that is, a chain of
command. The way a hierarchy works is as follows. If the first person in
the hierarchy (the ultimate boss) has an idea, she inplenents it. If she
does not have an idea, controi passes to her subordinate, who inplenents his
idea if he has one. If the subordinate does not have an idea, the
subordi nate’s subordinate has a chance to inplenment his idea, and so on.

A key assunption that we make is that ideas are nutually exclusive in
the following sense. |f one individual inplenents an idea involving an
asset, then someone else cannot inplement an idea involving that asset
(whether or not the idea involves other assets too). This assunmption has a
significant inplication. The benefit of putting someone high up in a
hierarchy is that, if the person has a good idea, he is likely to be able to
inplenent it. The cost is that the person may block others from inplementing
better ideas.

A (stylized) exanple may help. Imagine that there are two assets, a
hotel and an airplane. Then there are three tasks: coming up with an idea
about the hotel; coming up with an idea about the plane; and coming up with
an idea about how to coordinate the hotei andthe plane (synergy). The nodel
supposes that these ideas conflict. For exanple, the " synergy” idea to offer
hotel discounts to airplane passengers is inconsistent with the “hotel” idea
to refurbish the hotel in the next three nonths.

Assune that there are three individuals, one carrying out each task.



One hierarchical structure would make the coordinator--that is, the person
wor ki ng on the hotel -plane synergy--senior on both assets. In this case, if
the coordinator is active, i.e., has an idea, she can inplenent her idea
whet her or not the specialists have ideas, since she has authority. In
contrast, each specialist can inplement his idea only if (a) he has one; (b)
the coordinator does not.

Anot her hierarchical structure would reverse the roles: the coordinator
woul d be junior to the specialists on both assets. In this case, each
specialist can inplement an idea whenever he has one, while the coordinator
can inplement her idea oniy if (a) she has one; (b) neither specialist does
(If either specialist inplenents his idea, this preenpts the use of one of
the assets, which nmeans that the coordinator cannot inplement her idea.l

A priori it is not clear which of these two hierarchical structures is
better, although the second one seens unconventional. It is in fact an
inplication of one of our main results that the second hierarchica
structure is suboptimal (given some additional assunptions).

Returning to the general case, we assume that the organizationa
form-characterized by a chain of command over each asset and an assi gnnent
of tasks to each individual--i s chosen ex ante to maxinize expected total
surplus. Fromthe design point of view, the key questions are, what tasks
shoul d each individual be assigned to carry out and what is the optimal chain
of command for each asset? One of our principal results is that, given the
assunption that the probability of an idea is decreasing in the set of assets
being looked after, individuals with a broad remt, i.e., whose taskscover a
| arge subset of assets, should appear higher in the chain of command than
those with a narrow remt. In other words, big thinkers or coordinators
shoul d be senior to small thinkers or specialists. W also establish that

"criss-cross" hierarchies are never optinal; that is, if individual i appears



above individuai j on one asset, j Wl not appear above i on another asset.
Finally under an additional assunption, we show that the optimal hierarchy
is a pyramd, in the sense that each individual has at nmost one boss.

W use these results to analyze the trade-off between centralization
and decentralization. W define an organization to be centralized if nost
individuals in it are coordinators, and an organization to be decentralized
if nost individuals in it except for the top people are specialists. W& show
that if the gains to coordination are large enough, it is optimal for the
organi zation to be centralized; if the gains to coordination are significant
but not too large, it is optimal for the organization to be decentralized,
and finally if the gains to coordination are small, then it is optimal for
the organization to split up into several independent firns.

The paper is organized as follows. W set out the nodel in Section 2.
In Section 3 we establish our main result, that individuals with a broad
remt should be senior to those with a narrow renit. In Section 4 we provide
a detailed analysis of the symmetric two-asset case. Section 5 is devoted to
some foundational issues. Finally, Section 6 contains extensions and further

di scussi on



2. The Model

W consider an economy consisting of m assets, TUPRRE N and n (risk
neutral) individuals I,...,n. The econony begins at date 0, and at this
point organizationai formis chosen. [Each asset represents a decision that
has to be made in the future at date 1. These decisions are noncontractible
both ex ante and ex post. However, authority over decisions can be allocated
at date 0, as can the tasks that people are engaged in.

For sinplicity we assume that all individuals are identical. At
date 0 each individual is assigned a task. (Mre than one person can be
assigned the sanme task.) A task consists of trying to come up with an idea
about what to do with a subset of the massets, i.e.. what decisions to nake
with respect to these assets at date 1. For each set Ac A= {al,...,am},
there is a corresponding task t(A). Not all tasks reach fruition, that is,
become ideas. W wite the probability that task t(A) becones an idea as
p(A), where 0 < p(a) < 1.

An individual who has an idea about the subset of assets A and is able
to inplenment it, generates value v(A) = 0 (measured in noney). W put few
restrictions on the function v, other than to suppose that v({a }) > 0 for
all k. In particular, v may depend on the identity of the assets in A as
well as on their number. A'so v may not be superadditive or even
nondecreasing in A

This last point deserves discussion. W have in mnd a situation where
t hi nki ng about how to use two assets is a very different activity from
t hi nki ng about how to use one of them The first activity involves
coordination while the second does not. |f coordination possibilities are
limted, then the value of having an idea about how to coordinate two assets
may be very low.  Thus vida,, a,}) coul d be smaller than v{a ) + v({a,}),

or even than Mn [v({al}), v({az})l if synergies between the assets are



sufficiently snmall. 3

Ve will make the foilowing (quite strong) assunptions about the

generation of value:

(A1) To realize v(A), an individual carrying out task t(A) needs access to
all the assets in A If he has an idea but has access oniy to a
non-enpty, strict subset of A he obtains a positive, but

i nsignificant, value.

(A2) (No externalities.) Al the value froman idea accrues to the
individuai whose idea it is (think of a pet project). In particular,

i deas cannot be transferred: i cannot carry out j's idea.

(A3) Having an idea is an independent event across individuals.

(A4) There is no ex post renegotiation (e.g., because of shortage of tine).

That is, authority cannot be bought and sold at date 1.

W suspect that not ail of these assunptions (except possibly for
(a4)) are essential, but they greatly sinplify the analysis. W discuss (A4)
further in Section 5. Note that, as will be seen below, it is the absence of

costless ex post renegotiation that provides a role for hierarchica

STake the hot el - pl ane exanple of the introduction. Consider the conparison
between the profit from offering hotel discounts to airplane passengers and
the profit fromrefurbishing the hotel and charging higher hotel prices. The
first may be bigger than the second if the plane flies to an airport near the

hotel; but smaller if it does not.



structure in our nodel. In fact, we view hierarchical structure as a

substitute for ex post renegotiation.

(A1) - (A4) have a sinple but useful inplication

(*)  An individual who has an idea and can inplenent it (even if only
partially, i.e., even if he obtains only an insignificant value) wll
always do so; he will never defer to someone junior, however
productive the junior person is. Also a senior individual who is

inactive will never wish to veto the idea of a subordinate

The first part of (*) Coilows fromthe fact that, if a senior person
with an idea defers to a junior person, he loses his private value (for which
he cannot be conpensated--given (A4)). The second part follows from the fact
that, given (A2), a senior person wthout an idea neither gains nor |oses
from his subordinate's idea

Ve now turn to the allocation of authority at date 0. \W associate
with each asset a hierarchy of bosses, that is, a chain of comand.

Formally, a chain of conmand is a list, i.e., a sequence of a subset of the
nunbers 1,...,n (the list may contain all the nunbers 1,...,n, none of the
nunbers, or a strict subset of the nunmbers; no nunber is repeated). The
first number in the list refers to the ultimate boss, the second nunber to
his subordinate, the third nunber to the subordinate's subordinate, and so
on. Gven a chain of command, the nost senior person on the list with an
idea inplements it. If no one in the chain has an idea, the asset yields
zero val ue

W define an organizational format date O to be a delineation of a

chain of command for each asset and an assignment of tasks to each

individual. W assume that both the chain of command and the tasks can he



specified in an enforceabl e contract.™

W make @ final assunption:

(A5) There is costless (Coasian) bargaining at date O, and individuals are

not weal t h-constrai ned.

(A5) is in stark contrast to (A4). W have in nmind that there is
plenty of time for the parties to negotiate at date 0, but very limted time
(no time) to negotiate at date 1. (AS) inplies that organizational formwll
be chosen at date O to maxim ze expected total surplus, with the surplus
being divided up using lunp sum transfers.

Before we wite down the formuia szr expected surplus, we can sinplify
matters a little. Suppose an individual's task consists of [ooking after
assets in the subset A Then it nakes no sense to put the individual in the

list (chain of command) involving an asset a, ¢ A, since the individual wll

k
never have an idea about a -
Simlarly, suppose an individual is assigned the task t(A). Then it
makes no sense not to put himin the iist (chain of comand) involving each
asset a, o A, since he generates no significant value unless he has contro
over each of the assets in A
Putting these two observations together, we can conclude the follow ng
Once the lists for all the assets have been deternmined, we can figure out
whi ch task each person is doing by seeing which list he appears in: if the

union of the lists he appears in corresponds to the set of assets A, then he

will be doing task t(aA).

4I'n Section 6 we briefly discuss what happens if tasks are noncontractible.

10



An exanple might be useful at this point. Suppose there are two assets
and four people (m =2, n=4). Figure 1 illustrates three possible

organi zational forns.

2 2 1 1
3 3 2 2 1 3
4 4 3 4 2 4
3 ) | ) 3 )
(i) (1i) (iii)
Figure 1

In the first form 1 is the boss of al and az,and has 2, 3, and 4 as

subordinates on both assets. The tasks correspond to this assignment of

authority: all four individuals are engaged in |ooking after both assets. In

the second form 1 is the boss of both assets, 2 is |'s subordinate on a, and

2y, 3 is 2's subordinate on al,and 4 is 2's subordinate on a,. Again, the
tasks correspond: 1 and 2 |look after al and a2,3 | ooks after 2, and 4 |ooks

af ter aT Inthe third form 1 is the boss of asset a1,2 is his

subordinate on ay, 3 is the boss of 2, and 4 is his subordinate on ay 1
and 2 look after a, and 3 and 4 |ook after ay

The forms have a natural economc interpretation. The first two
represent a single firmsince both assets have the same ultimte boss,
individual 1 (who can be interpreted as the owner of the assets). The second

form can be thought of as corresponding to a nore decentralized firmthan the

11



Zirst because authority is more iikely t= oe exercised by someone with a

narrow rent--a specialist--and less likely to be exercised by a coordinator
(in the second form 3 or 4 gets to exercise authority if 1 and 2 don't have
an idea). Finally, the third formrepresents two firms since assets a, and

1

2, have different ultimate bosses: 1 is tne boss of 3 3 is the boss of a,.
W now wite down the general formuia for expected total surplus in the

masset, n individual case. Let Lk be the |ist associated with asset a - For
individual i, define

A, = {assets a, | i appears on |ist Lt

A, is the set of assets over which i can exercise authority. From the above

we know that individual i wll be engaged in task t(A,). Al'so for individual

i define

s, = {individuals j | for sone asset ay, | and j

bot h appear on |ist L. and j appears above i}.

s.is the set of individuals who are senior to i on some asset. Now we know
that individual i receives value V(Ai) iz and only if i has an idea and
nobody senior to i on any of the assets : |ooks after has an idea. Gven

(A3), we can therefore wite the fornula for total expected surplus as

n
(2.1) Vv = r p(A.l) [ ST - p(AJ.))] v(A.l).
i=1 ] € Si

According to (AS), organizational Zorm will be chosen to maxim ze
(2.1).

12



3. An Exanple and the Main Theorem

In this section we establish sone general results about optina
organi zat i ons. Part (a) of Theorem 1 provides a surprisingly powerful
characterization of an optimal hierarchy. [t says that an optima
organi zational formhas the property that an individual's place in the
hierarchy is determined (entirelyl by his probability of having an idea
individuals with the | owest probability of having an idea are placed at the
top of the hierarchy, individuals with the next |owest probability of an idea
are placed next in the hierarchy, and so on. Part (b) (which pretty nuch
follows frompart (a)) says that criss-cross arrangenents are never optimal.
That is, if j is above i on one asset, i wll never be above j on anot her
asset.

Before we state Theorem 1, and two corollaries, it is useful to get
sone intuition from a special case. Suppose there are two assets, al and 2,
and two individuals, 1 and 2 (m = n = 2). Gven our assunption that
individuals are identical, but assets may not be, there are nine distinct
organi zational forms. (In what follows, everything is unique up to the
pernutation of the individuais' names.) To see this, note that there are two
organi zational forns where both individuals | ook after both assets (2 can be
senior to 1 on both, or senior on one and junior on the other); four forms
where 2 |ooks after two assets and 1 |ooks after one (2 can be senior or
junior on the asset 1 looks after; and 1 can look after al or azh and three
forms where 1 and2 both | ook after one asset (they can look after different
assets or the same asset, which may be a; or a,).

Sone of these forms are illustrated in Figure 2. (W leave out the
symetric version of (iii), (iv) and (v}, where assets al and a, are

2
reversed. 1

13



1 2 1 1
N _ - —
| ‘ I
al aZ al a2 a1 az
(1) (ii) (1ii)
! 2
2 2 1 2
L |
al ..2 al 8.2 al a2
(iv) (v) (vi)
Figure 2

Fornms (i), (iii), (v) and (vi) make good econonmic sense. W would
expect form(i) to be desirable if coordination is very inportant; form (iii)
to be desirable if some coordination is inmportant but not too nuch; form (v)
to be desirable if coordination is not valuable and 3, is very productive;
and form (vi) to be desirable if coordination is not valuable and both assets
are conparably productive. (Each of these fornms can be shown to be optinal
for a suitable choice of the paraneters.)

However, forns (ii) and (iv) seem strange. Does it nmake sense to have
someone coordinate and yet be junior on some asset, given that this inplies
that he will rarely be able to inplenent his coordination idea?

Fortunately, (ii) is never optimal, and neither is (iv) (under an

14



additional assunption). To see this, note that the expected surpluses

(values) fromforns (i) - (v) (represented by vl,“.,vs.respectively) are
given by

V= 1-0-p)%v, = (2p, - 5,5,

V2 = sz(l-pz)vz,

V3 = PVt (l-pyipyvy,

Vg =P vy {1 - pylp, Voo

V5 = [1—(1—;31)2]v1 = (2p1 - plz)vl,

where v, = vi{a, ), v H.p

1 2 2
understand these formulae, note that in (i) coordination occurs if either 1

= v({al.a 1 = p({al}), P, = p({al, a,)). {To

or 2 (or both) is active, in (ii) coordination occurs if exactly 1 or 2 is
active (but not both); in (iii) coordination occurs if 2 is active whether or
not 1 is active; and in (iv) coordination occurs if 2 is active but 1is
not . )

It is immediate that v, <V, and so (ii) is not optimal. To see

whet her (iv) can be optimal, note that, if it is, we nust have \/lev1 and V4
= Ve, The first inplies PV, E Py Yy (1 + Py - pZL whil e the second inplies
P,V, Z PyVy- These cannot both be true, as long as we are prepared to assune
P2 < p;-

This exanple illustrates the theorem (and corollaries) stated bel ow
(a) If individual 2's task is such that he has a | ower probability of an idea
than individual 1, then it is not optimal to put 1 above20n any asset ((iv)
is not optimal). (b) Criss-cross arrangements are not optimal, i.e., it
cannot be the case that 2 is above 1 on one asset and 1 is above 2 on anot her
((ii) is not optimal).

Wthout the nonotonicity assunption on probabilities, P, < py,We cannot

15



rule out organi zationai forms like (iv). In the above exanple, |et v, = 10,

v, = 8, Py = 174, p, = 1. Then direct caliculation shows that (iv) is

optirml.5

Let us return to the » asset. 2 individual case. Recal | frem Section 2

that A, is the set of assets over which i can exercise authority and Lk is
the list (chain of command) associated with asset a, .- V& now state the main

t heorem

Theorem 1. Consider an optimal organizational form

a)  Suppose p(A.) > p(A‘:). Then, for ail assets a, EA. nA., j appears

above i on |ist L.(.
(b)  COriss-cross arrangenments are not cotimal, i.e., if j appears above i on

l'ist L for asset a_, then there does not exist k' such that i appears

kv

above j on list Lys for asset a,.

Proof: See append ix.

Notice that, when pla ) = p(Aj), part (o) of the theorem follows
immediately from part (a). The heart of part (b), therefore, lies in show ng
that criss-cross arrangements are aiso not optimal when pA,) = p(Aj).

O course, the leading case where p(A) = p(Aj) IS when A = A'j part

5AIthough (iv) may be optinal when p, > p,, We can rule out (iii)in this
case. It follows fromdirect calculation that P, > Py 3 ei t her vy <V or v,
<V This finding provides another illustration of part (a) of Theorem 1:

If a specialist has a | ower probability of an idea than a coordi nator (p, >
Py then it is not optimal to put a coordinator above a specialist on any

asset ((iii) is not optimal).

16



(b) of the theoremthen says that, given two people with the same remt, one
shoul d be senior to the other on all the assets they work on. Below we state
a corollary that deals with the nore interesting case where A, C AJ. A, # A.J
i.e., j's renmt is broader than i's.

First, we make an observation about Theorem 1. Part (a) at first |ooks
a little suspicious. It would appear that the decision about who to put on
top of a hierarchy is determned solely by the probability of the success of
an idea and not at all by the value of an idea. For exanple, suppose p(Aj)
and v(Aj) are very low  Then putting j at the top of the hierarchy is very
inefficient, and yet the theorem suggests that this is optimal. The reason
there is no contradiction is that the theorem says nothing about which tasks
should be carried out. Gven that j has a |ow probability of success and is
unproductive even when he has an idea, j is clearly doing the wong task.
That is, in an optimal organizational formno-one will be doing task t(Aj)'

Thi s observation about unproductive individuals with |ow probabilities
having the wong tasks gives the clue to how part (a) of the Theoremis
proved. Take an asset 3, and suppose that agent i is senior to agent j on
l'ist Lo but p(A.]) > p(AJ.). in broad terms, we show that expected surplus
can be increased by making one of two changes to the organizational form
Either i is relatively unproductive (v(a,) is relatively low), in which case
expected surplus can be increased by switching i to task t(Aj) and pl aci ng
himjust under j in seniority on all assets in Aj--akin to changing from
hierarchy (iv) to hierarchy (i) in Figure 2 (withi =1, A, = {al},j = 2, A.J
a {al’az}’ and a = a,). O j is relatively unproductive (V(Aj) is relative
low), in which case expected surplus can be increased by switching j to task
t(a,) and placing her just under i in seniority on all assets in A,--akin to

changing fromhierarchy (iv) to hierarchy (v). The nerit of these two kinds

of maneuver is that one can keep track of how overall|l expected surplus

17



changes. By contrast, if we consider a third kind of change to the
organi zational form the ostensibly nore straightforward maneuver of sinply
switching the seniorities of i and j, :ren the people who |ie between i and |
{on |ist L) are affected in subtle ways and so the overall change to
expected surplus is conplicated. ‘In terns of our earlier two-person
analysis, this third maneuver amounts to switching the seniorities of 1 and 2
on asset al;i.e., changing fromhierarchy (iv) to hierarchy (iii). This
met hod happens to work when there are just two people, but not if there are
others in between them)

Corollary 1 follows directly from Theorem 1, given a further

assunption
Monotonicitv (M). p(A) > p(B) ii Ac B A=zB

Corollary 1. Assune (M). Consider an optinal organizational form  Suppose

AL C A, A ? Aj, where i, j e{1,....n}. Then, for each asset a_such that

J’ k

a,_ €A, j will appear above i on |ist S

Corollary 1 says that, under the assunption that the probability of an
idea is decreasing in an individual's span of control, it is optimal for
someone with a broad remt to be senior to sonmeone with a narrow remt.

Assunption (M) warrants further discussion. W would argue that this
assunption is plausible. Consider the two functions p(A) and v(A) as the set
A increases. It would be surprising if p and v moved in the sane direction
If p and v both increase, this would say that coordinators are supermen,
while if p and v both decrease, it would say that specialists are supernen.
It is nmore likely that p and v nove in opposite directions, i.e., p falls and

v rises, or prises and v falls. The first of these seens nore reasonable

18



than the second: that is, it seens to accord with commn sense that a
coordinator can (on average) achieve a sizable efficiency gain if he has an
idea, but that he is not that likely to have an idea. (Note, however, that
(M) requires only that p is decreasing in A, it does not require that v is
increasing in A.)

Corollary 1 covers only the case where the renits of individuals can be
ranked. To this extent, the corollary |eaves open the possibility that
soneone can have two bosses (a non-pyranidal hierarchical structure). That
i's, person i may be senior to person j on one asset; while personi' is
senior to person j on another asset, whereas i is not. This can happen if
the remts of persons i. ;and i’ cannot be ranked.

For exanple, consider the situation illustrated in Figure 3. There are
three individuals and six assets, and synergies exist only between assets ay

a,, ag, assets a4, ag, a, and assets Az a,.

1 1 2 2
3 3
] ] ] [ ] ]
a1 a2 a3 a4 as a6
Figure 3

Assune v({al,az,aB}) = v({a4,a5.a6}) = 14, v({a3,a4}) = 8, p({al,az,aB}) =
p({a4,a5,a6}) = 1/4, p({a3,a4}) =~ 1. Then it is straightforward to show that

it is optimal to put individual 1 in charge of a a,a3,individual 2in

1'72

435035 and to make individual 3 a subordinate on a,,a,.

charge of a 313y

I ndividual 3 then has different bosses on a, and a,.

19



In order to rule out this kind of situation, we need a further

assunption.
Let us define a set of assets A to be synergistic if v(a)> 0.

Nest ednedness (N). Synergies are nested i given two synergistic sets A B,

either Ac B, or Bc A or AAB = a.

In other words, (N) says that if there is a synergy between a set of
assets, then any synergy involving one cl the set and a new asset requires
the presence of the other assets in the set too. If synergies are nested,
the situation in Figure 3 cannot arise, since if {ag, a,} IS a synergistic

set (which is why 3 is working on these assets), then {a,, a4} s not a

az,
synergistic set (and so 1 will not work on these assets).
(N) is quite strong. Note, however, that it is trivially satisfied in

the two asset case.

Corollary 2. Assume (M) and (N). Consider an optinal
organi zational form If j appears above : on |ist L for some asset Ay t hen

j appears above i on every list on which i appears.

The proof of Corollary 2 is direct. Suppose i |ooks after the set

of assets A and j looks after the set of assets A.J. Ay and AJ. nust be

synergistic since otherwise one of the individuals creates zero value and
expected surplus could be increased by assigning this individual to a single
asset (any onel and making him the nost junior person on this asset. It
follows from (N) that A, c 6\ Aj C A, or AinA.J = e. The last is

I mpossi bl e since j appears above i on some asset. |f A, C A.J, A # A.J, t he
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conclusion of Corollary 2 follows from Corollary 1. If A, = A.J, t he
conclusion follows from Theorem 1, part (a). Finally, Aj C A, Aj * A, S
inconsistent with Corollary 1 since we know that i does not appear above | on
li st L,

At this point it is worth returning to the two asset-two individual
exanple.  Theorem 1 and Corollary 1 inply--and we have al so observed this
fromdirect calculation-- that the organizational forms (ii) and (iv) in
Figure 2 cannot be optimal (assuning P, < Py In fact, if we are prepared
to make the additional assunption of symetry (v({al}) = v({a,}), p{a,}) =
p((az})). (iii) and (v) can also be ruled out. To see this, note that the

expected sSUrplus from organi zational form(vi) is given by
Vo = 2P1Vy

which is obviously greater than v (This is just an inplication of

.
dininishing returns.) Inaddition, it is easy to showthat either V. >V, or

ViV, (so (iii) is not optinal).

So in the two asset-two individual exanple, the optimal arrangenment is
symmetric: either there should be two coordinators (as in (i)) or no
coordinators (as in (vi)).

In the next section, we will show that symetry always holds in the two
asset case when the nunber of individuals (n) is even. This has an
interesting inplication for Figure 1. In Figure 1 we illustrated three
possi bl e organizational fornms for the two asset-four individual case. It
turns out that, under symetry, these are the only candidates for optimality
(as the next section will show). Moreover, the trade-off between themis as

one woul d expect (at least if Py > P,, Py NOt 10O close to py). Form (i) is

optimal if the gains to coordination are |arge enough; (ii) is optimal if the
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gains to coordination are noderate; and (iii) is optimal if the gains to

coordination are small.
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4. The Symmetric Two Asset Case

In this section we analyze in detail the case of n individuals and two
synmmetric assets (m = 2). W refer to an individual who |ooks after both
assets as a cordinator and an individual who |ooks after one asset as a
specialist. The values they generate if they have an idea and exercise

authority over the appropriate assets are given by Vo v respectively

1'
(i.e., v, = v({al,az}),v1 = v({al}) = v({az})). The probabilities of having
an idea are given by Py Py respectively (i.e., p, = p({al,az}), p, =
p({al}) = p({az})).

W\ assune P, > P Hence, from the Theorem coordinators wll be

5
senior to specialists and, given any two coordinators, one will be senior to
the other on each asset. Thus we can represent an optinal organization as

foll ows:

2 2
r r
r +1 r + s+ 1
r+s n
! %2
Figure 4
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In Figure 4 there are r coordinators and (n - r) specialists. Note that the
optimal organization nmay not be symetric, i.e., the nunber of specialists,

s, on asset a, need not be the sane as the number of specialists, n-r-s,

1

on asset a,
In fact it turns out that the optinal organization is symmetric, i.e.,

S=n-r-s, except in the case where n is odd and there are no

coordinators at all.

Result 1. Assune m= 2; the assets are symetric, i.e., v({al}) = v({az})

=v,, p{a;}) = p({a,}) = p,; and p, > p Consi der an optimai

5
organi zational formin which individuals t,...,r ook after both assets (A, =
{al,az} for i =1,...,r),individuals r = 1,...,r + s look after asset all(A.l
= {a;} for i =r+1,...,r+s)and individuals r + s +1,...,n look after

asset a, (A.1 = {az} for i =r+s +1,...,n). Then, unless nis odd and r =

0, S=n-r-5S =(n-r)/2.

Proof: See appendix.

The key step in proving Resuit 1 is to show that if there is some
coordination (r > 0) and, say, one more specialist working on asset a, t han

on asset a, (S=n-r-s + 1),thenit would be better either for the nost

5 (

junior coordinator to switch to specializing on a,, or for the "extra"

21
speci alist on asset 2, to switch to coordination. Either way, the nunber of

specialists on a, and a, should be equalized: an asymetric conpronise is

2
never optinal. And if there are no coordinators (r = 0), the nunber of
specialists on each asset should be as equal as possible--i.e., the sane when
nis even.

From now on, to sinplify mtters, we will assume that n is even, in
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whi ch case the optimal organization is symretric even if there are no
coordinators. As above, wite the nunber of specialists on each asset as s.
Since n is even, the nunber of coordinators nmust also be even: r = n - 2s.

W now consider the optinmal choice of s. Before we get into the

details, let us note a sinple way of thinking about this. Imagine that
everyone is a specialist, i.e., 2s = n. Then the value of the organization
is 2(1-(1 -~ pl)n/z)vl. which is a strictly concave function of n. In other

words, not surprisingly, there are dimnishing returns to having nore
specialists. As we will see, this has the following inplication: in a class
of cases (nmore precisely, when the surplus maximzation problem is convex
and the solution to the problemis interior), then, after s has reached a
certain value, it is better not to have further specialists, but rather to
make any additional people in the organization (i.e., those at the top)
coordinators. That is, for large enough n, the optimal value of s is

i ndependent of n.

However, this is not the only possibility. There is another class of
cases (when the surplus maxim zation problemis nonconvex) where the optimm
is a corner solution: s =0 or s =n.

Now to the details. Denote by V the expected surplus (value) of an
organi zational formin which there are s specialists on each asset and n - 2s
coordinators. Suppose s =n/2 - 1. Let 8 be the probability that at |east
one of the first (n- 2s - 2) coordinators is active (i.e., has an idea).
Then we can wite

~

(4.1) VS =ev2+(1-9) Vs’

wher e ﬁg is the value of the organizational form(call it "hat") consisting

of everyone but the first (n - 2s - 2) coordinators, i.e., the organizationa
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form consisting of 2 coordinators and s specialists below them on each asset.
The justification for (4.1) is that if one of the first (n - 2s - 2)
coordinators is active, which happens with probability e, v, is realized,
while, if not, Ve is realized.

[n turn we can wite

S _ 2 _ 2
(4.21 Vo= (2p, - Py v, + (1 - 2 )7 (2W),
wher e V\/S is the value of the organizational form consisting of s specialists
wor ki ng on asset a, (or a,). The justification for (4.21 is that in the
organi zational form "hat," the probability that at |east one of

2

the coordinators is active is (1 -(1-1p,)

’ ), in which case vy is realized:;

ot herw se AR is realized.
Now increase s by 1. Since there are now 2 nore specialists
altogether, the nunber of coordinators falls to n -2s - 2. Using the sane

| ogic as above, we can wite

-~

(4.3 Vv =6v, - (1 -8)V

S+ s+1’

where \A/S+I is the value of an organizational formconsisting of (s + 1)

specialists on each asset and no coordinators. In turn,

~

(4.41 Vaer = 2lpv, + (1 -pl)ws].

Def i ne q = 1 - Py» 4y = (1 - p2)2. Conbi ning (4.1) - (4.4), carrying

out sone mani pul ation, and using the fact that WS:(l-qls)vl,weobtain

(4.51 V .2V eV .2V
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)

S

(4.5) provides us with important (marginal) information; it tells us when
total value can be raised by increasing the nunber of specialists on each
asset froms to s + 1 (and correspondingly reduci ng the nunmber of
coordinators by 2).

In what follows, it is helpful to consider separately the cases q =4,

and q, < q,. (The first is likely to occur when Py =P and the second when

2
p1 > >p2.)

Case 1. q = q,

From (4.51, the crucial inequality is:
v
, 2
(4.6) (q, - ql)qls = {1 - q,) [7\,— - 1}.
1

Now i f q 29 the left-hand side (LHS) is nonpositive and increasing in s.

2
The right-hand side (RHS) nay be positive or negative, but it is constant.
It follows that if (4.61 holds at a particular vaiue of s, it also holds at s

+1, i.e.,
(4.7) V =V =2V =V
S

(4.7) tells us that the problem of maxim zing \éin Case 1 is
nonconvex. An inplication is that an interior value of s is never (uniquely)

and so, from(a.6), V

optimal (if 0 <s < n/2 maximzes Vg t hen Vi = Ve 2

s-1
= Vg, which is a contradiction). Hence, in Case 1, we have a corner
solution: s =0 or s = n/2.

To see which corner is better, we conpare
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. . n/2
Vo= [1- (1= pyd%lvy= (1 - 7,7 vy

and

n/2] v, = (1- qln/z)Zvl.

V., =2[1- (1-p)

It follows that, iif v, =z2v,, s = 0 is ortimal (Since qlzqz);\/\hile, if v

2 1
. . . n/2 n/2
<2vy s=nw2is optimal for |arge enough a (since q, 9 >0asn-

2

).

The results for Case 1 are summarized in Result 2.

Result 2. Assume m= 2; the assets are symmetric; n i s even, P> Py and q,
z q,, wher e q = 1 - Py and a, = (1-p,.7 Then if v,z 2vy, it s opti nal

to have n coordinators on the two assets .a conpletely centralized firm. On
the other hand, if v, <2v., then, for iarge enough n, it is optinal to have

n/2 specialists on each asset (two independent firmns).

The intuition behind Result 2 is straightforward. [If v, =z 2v,,
coordination adds value. Since g, z4q, l.e., P, is not much smaller than
Py the expected return from coordination is also quite large. It is
therefore not surprising that all indivicuais Will be assigned to the task of
coordination. On the other hand, if v, <2, two specialists create nore
val ue than one coordinator, conditional cn all of them having ideas..
Moreover, when n is large, the probability that at |east one of n
coordinators is active, or that at |east cne of n/2 specialists is active, is
close to 1. So value, conditional on having an idea, is the only thing that
matters. It follows that specialization is better when v, <2V,

We turn next to the case q, < q,.
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Case 2: q < a,

In Case 2 the LHS of (4.6) is positive and decreasing in s, while the

RHS is constant. It follows that, if (4.6) fails to hold for s =0, it fails

)

to hold for all s. Hence (q2 - ql) £ (1 - qZ) [727 - 1] is a sufficient
1

condition for Vs+1 =V everywhere. In other words, if

(4.8) v, ZZV1 [ .

t hen vS is mximzed at s = 0.

At the other extrene, if v, = 2v,, the RHS of (4.6) is nonpositive and

so the LHS > RHS for all s. In this situation Vs+ svsfor all s, i.e., s =

1
nf2 is optinal.

The interesting paraneter range in Case 2 is where

v 1 - qg
(4.9) z<7?_<2[1-_ 1].
1 E?)

In this range, Vo

preci se, when (4.9) holds, the problemof nmaximzing Vis convex and there is

>Vv_for small s, and v__, <Vv_for large s. To be nore
] s+l s

an interior solution (for large enough n) characterized by the "first order

condition": v__, =V _>V_.. Wite the optimal value as s. From (4.51, s

is given by the smallest integer greater than or equal to the solution x of

= -1 .
2V1 1

y (1 - qz)[v2
= oy - al

(4.10) q,
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