
Appendix

Contains proofs for “Moment Inequalities and Their Application” by Pakes, Porter, Ho,

and Ishii

Let l denote a vector of ones.

Proofs

Proof of Theorem 1:

Let θ̂ ∈ Θ̂. Given ε > 0, show that Pr(‖θ̂− θ‖ < ε) −→ 1. By Lemma A2, there exists

0 < δ < ε such that {θ ∈ Θ0 : |θ1 − θ1| < δ} ⊂ {θ ∈ Θ0 : ‖θ − θ‖ < ε/2}. Consider θ ∈
Θ

δ/2
0 ∩ {θ′ ∈ Θ : θ′1 < θ1 + δ/2}. There exists θ′ ∈ Θ0 such that ‖θ − θ′‖ ≤ δ/2. But for

θ′ ∈ Θ0, we must have θ′1 ≥ θ1. Hence

θ1 ≤ θ′1 ≤ θ1 + δ/2 < θ1 + δ.

So ‖θ′1 − θ1‖ < δ. Since θ′ ∈ Θ0, it follows by the definition of δ that ‖θ′ − θ‖ < ε/2. So,

‖θ − θ‖ ≤ ‖θ − θ′‖+ ‖θ′ − θ‖ < δ/2 + ε/2 < ε.

Hence, Θ
δ/2
0 ∩ {θ′ ∈ Θ : θ′1 < θ1 + δ/2} ⊂ {θ : ‖θ − θ‖ < ε} and

Pr(‖θ̂ − θ‖ < ε) ≥ Pr({θ̂1 ≤ θ1 + δ/2} ∩ {θ̂ ∈ Θ
δ/2
0 }).

It then remains to show this last probability approaches one.

By Assumption A3, there exists δ′ > 0 such that inf
θ∈(Θ

δ/2
0 )c ‖Pm(z, θ)−‖ > δ′. Then,

by Lemma A1 and Assumption A5, Pr
(
inf

θ∈(Θ
δ/2
0 )c ‖PJm(z, θ)−‖ ≥ δ′/2

)
−→ 1. And, for

any θ′ ∈ Θ0, Pr (‖PJm(z, θ′)−‖ ≤ δ′/2) −→ 1. Hence, Pr(θ̂ ∈ Θ
δ/2
0 ) −→ 1.

By Assumption A4, there exists θ′ with ‖θ′− θ‖ < δ/4 such that Pm(z, θ′) > 0. Since

θ′ ∈ Θ0, θ1 ≤ θ1
′ ≤ θ1 + δ/4. By Assumption A5, Pr(θ′ ∈ Θ̂) ≥ Pr(PJm(z, θ′) ≥ 0) −→ 1.
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Hence, with probability approaching one, θ̂1 ≤ θ1
′ + δ/4 ≤ θ1 + δ/2.

The result follows as argued above. 2

For the proof of Theorem 2, define θ∗1 by θ∗1 = min{ θ1 : Γ0(θ − θ) +PJm0(z, θ) ≥ 0}
and take θ∗ to be any vector satisfying Γ0(θ

∗ − θ) + PJm0(z, θ) ≥ 0 with first element θ∗1.

If the binding moments are unknown, then θ∗ is infeasible.

Lemma 1
√

J(θ̂ − θ) = Op(1).

Proof:

First, we will show that PJm(z, θ + cλ/
√

J) ≥ 0 with probability approaching one.

Then, θ̂1 ≤ θ1 + cλ1/
√

J + op(1/
√

J) yields
√

J(θ̂1− θ1) ≤ cλ1 + op(1/
√

J). Second, show

Pm(z, θ̂ + cλ/
√

J) ≥ 0 with probability approaching one. Third, note that the second

finding implies that θ̂ + cλ/
√

J ∈ Θ0 with probability approaching one, so by Lemma A4,

‖θ̂ − θ + cλ/
√

J‖δ̄ ≤ θ̂1 − θ1 + cλ1/
√

J

≤ 2cλ1/
√

J + op(1/
√

J)

So,

‖
√

J(θ̂ − θ)‖ ≤ ‖
√

J(θ̂ − θ) + cλ‖+ ‖ − cλ‖ ≤ 2cλ/δ̄ + ‖cλ‖+ op(1/
√

J).

By Assumption A7, we can choose c such that cΓ0λ − ‖
√

JPJm0(z, θ)‖l > 0 with

probability as close to one as desired for large enough J .

PJm1(z, θ + cλ/
√

J) ≥ Pm1(z, θ)− ‖Pm1(z, θ + cλ/
√

J)− Pm1(z, θ)‖l

−‖PJm1(z, θ + cλ/
√

J)− Pm1(z, θ + cλ/
√

J)‖l

Then, by Assumptions A5 and A6(b), Pr(PJm1(z, θ + cλ/
√

J) > 0) −→ 1. Also,

√
JPJm0(z, θ + cλ/

√
J) = cΓ0λ +

√
JPJm0(z, θ)

+
√

J [Pm0(z, θ + cλ/
√

J)− Pm0(z, θ)]− cΓ0λ

+
√

J [PJm0(z, θ + cλ/
√

J)− Pm0(z, θ + cλ/
√

J)− (PJm0(z, θ)− Pm0(z, θ))]
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So by choice of c and Assumptions A6(a) and A8, Pr(
√

JPJm0(z, θ + cλ/
√

J) ≥ 0) can

be as close to one as desired for large enough J . The same conclusion then follows

for Pr(
√

JPJm(z, θ + cλ/
√

J) ≥ 0), and note that
√

JPJm(z, θ + cλ/
√

J) ≥ 0 implies

θ̂1 ≤ θ1 + cλ1/
√

J + op(1/
√

J).

By continuity of Pm1(z, θ) at θ and consistency of θ̂, Pr(Pm1(z, θ̂+cλ/
√

J) > 0) −→ 1.

Also,

√
JPm0(z, θ̂ + cλ/

√
J) ≥

√
JPJm0(z, θ̂) + cΓ0λ− ‖

√
JPJm0(z, θ)‖l

−‖
[

∂

∂θ
Pm0(z, θ̂)−

∂

∂θ
Pm0(z, θ)

]
cλ‖l

−‖
√

J(Pm0(z, θ̂ + cλ/
√

J)− Pm0(z, θ̂))−
∂

∂θ
Pm0(z, θ̂)cλ‖l

−
√

J‖PJm0(z, θ̂)− Pm0(z, θ̂)− (PJm0(z, θ)− Pm0(z, θ))‖l.

From the proof of Theorem 1, Pr(PJm0(z, θ̂) ≥ 0) −→ 1. By the choice of c, Assump-

tion A6(a) and A8, Pr(Pm0(z, θ̂ + cλ/
√

J) ≥ 0) can be as close to one as desired for large

enough J , and the same conclusion then follows for Pr(Pm(z, θ̂ + cλ/
√

J) ≥ 0).

Note that Pm(z, θ̂ + cλ/
√

J) ≥ 0 implies that θ̂ + cλ/
√

J ∈ Θ0. The latter event, by

Lemma A4, implies ‖θ̂ − θ + cλ/
√

J‖δ̄ ≤ θ̂1 − θ1 + cλ1/
√

J . The result follows by the

triangle inequality as described above. 2

Lemma 2
√

J(θ∗ − θ) = Op(1).

Proof:

It is straightforward to show that θ∗ exists a.s. by Assumption A9. Recall the choice of

c from the proof of Lemma 1. Note that cΓ0λ+
√

JPJm0(z, θ)≥ cΓ0λ−‖
√

JPJm0(z, θ)‖l ≥
0 implies that

√
J(θ∗1−θ1) ≤ cλ1. Also, cΓ0λ−

√
JPJm0(z, θ)≥ cΓ0λ−‖

√
JPJm0(z, θ)‖l ≥

0 and Γ0

√
J(θ∗− θ) +

√
JPJm0(z, θ) ≥ 0 imply Γ0[

√
J(θ∗− θ) + cλ] ≥ 0. By Lemma A3,

this last event would imply ‖
√

J(θ∗ − θ) + cλ‖δ̄ ≤
√

J(θ∗1 − θ1) + cλ1. Then using the
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triangle inequality, for large enough J ,

Pr

(
‖
√

J(θ∗ − θ)‖ ≤ 2cλ1

δ̄
+ ‖cλ‖

)
≥ Pr({δ̄‖

√
J(θ∗ − θ) + cλ‖ ≤

√
J(θ∗1 − θ1) + cλ1} ∩ {

√
J(θ∗1 − θ1) ≤ cλ1})

≥ Pr(cΓ0λ− ‖
√

JPJm0(z, θ)‖l ≥ 0)

By choice of c, the result follows. 2

Lemma 3
√

J(θ̂1 − θ∗1) = op(1)

Proof:

Let LJ(θ) = Γ0

√
J(θ − θ) +

√
JPJm0(z, θ).

First, show there exists hJ = o(1) such that LJ(θ̂ + hJλ/
√

J) ≥
√

JPJm0(z, θ̂) with

probability approaching one. Since
√

JPJm0(z, θ̂) ≥ 0 with probability approaching one

(from the proof of consistency), we have θ∗1 ≤ θ̂1 +hJλ1/
√

J with probability approaching

one.

Second, show there exists rJ = o(1) such that
√

JPJm0(z, θ
∗+rJλ/

√
J) ≥ LJ(θ∗) with

probability approaching one. Since LJ(θ∗) ≥ 0 by the definition of θ∗, and PJm1(z, θ
∗ +

rJλ/
√

J) > 0 with probability approaching one by consistency of θ∗, we have θ̂1 ≤
θ∗1 + rJλ1/

√
J + op(1/

√
J) with probability approaching one.

Then, −hJλ1/
√

J ≤ θ̂1−θ∗1 ≤ rJλ1/
√

J +op(1/
√

J) with probability approaching one.

Since rJ = o(1) and hJ = o(1), it follows that
√

J(θ̂1 − θ∗1) = op(1).

By Lemma 1, Lemma A5, and Assumption A8,

LJ(θ̂ + λhJ/
√

J)−
√

JPJm0(z, θ̂) = Γ0λhJ + op(1).

Since
√

JPJm0(z, θ̂) ≥ 0 with probability approaching one, we can choose hJ ↓ 0 such

that LJ(θ̂ + hJλ/
√

J) ≥ 0 and hence θ∗1 ≤ θ̂1 + hJλ1/
√

J with probability approaching

one.

By Lemmas A6 and A7, we can choose rJ ↓ 0 such that

√
JPJm0(z, θ

∗ +
λ√
J

rJ)− LJ(θ∗) = Γ0λrJ + op(1)
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and PJm0(z, θ
∗+ λ√

J
rJ) ≥ 0 with probability approaching one. By Lemma 1, PJm1(z, θ

∗+
λ√
J
rJ) ≥ 0 and hence PJm(z, θ∗ + λ√

J
rJ) ≥ 0 with probability approaching one. It follows

that θ̂1 ≤ θ∗1 + rJλ1/
√

J + op(1) with probability approaching one. The choices of rJ and

hJ then prove the result. 2

Proof of Theorem 2:

By Lemma 3, it remains only to show that
√

J(θ∗1 − θ1)
d−→ τ̂1. Continuity of the

optimal value of the linear program is shown in Lemma A8. The result then follows by

the definition of θ∗1, Assumption A7, and the continuous mapping theorem. 2

For the proof of Theorem 3, we define the following infeasible simulation estimators

τ̃1 = min{τ1 : τ ∈ T̃J} where T̃J = arg min
τ
‖

(
Γ̂0τ + Z∗

0

)
−
‖

and

˜̃τ1 = min{τ1 : τ ∈ ˜̃
TJ} where

˜̃
TJ = arg min

τ
‖

(
Γ̂0τ + Z∗

0 +
√

JPJm0(z, θ̂)
)
−
‖

with corresponding τ̃ and ˜̃τ and quantiles q̃α,J and ˜̃qα,J in analogy to the notation in the

paper. Also, let qα denote the αth quantile of the limit distribution τ̂1.

Also, define τ lp
1 (Γ, Z) = min{ τ1 : 0 ≤ Γτ + Z}. For matrix A and δ > 0, let NA

δ =

{B : ‖B − A‖ < δ}.

Proof of Theorem 3:

First, show that limJ−→∞ Pr(
√

J(θ̂1−θ1) ≤ q̃α,J) = α. Given any ε > 0, by Lemma A9,

Pr(
√

J(θ̂1−θ1) ≤ qα−ε/4) ≥ α−ε/2 for large enough J . Then by the continuity of quantiles

in Lemma A10 and consistency of (Γ̂0, Σ̂0), Pr(qα−ε/4 ≤ q̃α,J) ≥ 1− ε/2 for large enough

J . Hence, Pr(
√

J(θ̂1 − θ1) ≤ q̃α,J) ≥ α − ε for large enough J . We can similarly bound

the probability from above to find that Pr(
√

J(θ̂1 − θ1) ≤ q̃α,J) −→ α.
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Since ma contains m0, the binding moments, τ̃1|PJ stochastically dominates τ ∗∗1 |PJ for

each J . So, in the argument above, we also have Pr(
√

J(θ̂1 − θ1) ≤ q∗∗α,J) ≥ 1 − ε/2 for

large enough J . The first conclusion of the theorem follows.

As an additional result, with an extra assumption we can show that the limit on

the left of the inequality in the first conclusion of the theorem is nontrivial for α ∈
(0, 1). That is, lim infJ−→∞ Pr

(√
J(θ̂1 − θ1) ≤ q∗∗α,J

)
< 1. The extra assumption is an

expansion of Assumption A9: there exists some λ such that Γaλ > 0. Fix α. Also, note

that min{τ1 : Γaτ ≥ 0} ≥ min{τ1 : Γ0τ ≥ 0}, so the uniqueness of the minimum in

Assumption A9 must also hold for Γa in a neighborhood of Γa. The extra assumption

assures existence of a solution to min{τ1 : Γaτ + Z∗
a ≥ 0}. Then, by the argument given

in the proof of Lemma A8, the solutions to this linear program, min{τ1 : Γaτ + Z∗
a ≥ 0},

are uniformly bounded for (Γa, Σa) ∈ N
Γa,Σa
δb

and ‖Z∗
a‖ ≤ Cz for some δb > 0 and any

Cz > 0. Choose δ < δb and Cz such that Pr∗(‖Z∗
a‖ ≤ Cz) ≥ (1+α)/2 for all Z∗

a ∼ N(0, Σ)

and Σ ∈ N
Σa
δ . Let C be the uniform bound on the linear program solution on this set.

So, if (Γa, Σa) ∈ N
Γa,Σa
δ , then Pr∗(τ lp

1 (Γa, Z
∗
a) ≤ C) ≥ Pr∗(‖Z∗

a‖ ≤ Cz) ≥ (1 + α)/2 for

Z∗
a ∼ N(0, Σa). It follows that Pr(q∗∗α,J > C) ≤ Pr((Γ̂a, Σ̂a) 6∈ N

Γa,Σa
δ ).

Now let β > 0 be such that for large enough J , Pr(
√

J(θ̂1− θ1) ≤ C) ≥ 1−β. Take J

large enough that Pr((Γ̂a, Σ̂a) ∈ N
Γa,Σa
δ ) > 1−β/2. So, for J large enough, Pr(

√
J(θ̂1−θ1)

≤ q∗∗α,J) ≤ Pr(
√

J(θ̂1 − θ1) ≤ C) + Pr(q∗∗α,J > C) ≤ (1− β) + β/2 = 1− β/2.

Next, consider τ̃1 and ˜̃τ1. If PJm0(z, θ̂) ≥ 0, then ˜̃τ1|PJ stochastically dominates

τ̃1|PJ . From the proof of Theorem 1, Pr(PJm(z, θ̂) ≥ 0) −→ 1. Hence, for large enough

J , Pr(˜̃qα,J ≤ q̃α,J) ≥ Pr(PJm0(z, θ̂) ≥ 0) ≥ Pr(PJm(z, θ̂) ≥ 0) > 1 − ε. So for J large

enough, Pr(
√

J(θ̂1 − θ1) ≤ Pr(
√

J(θ̂1 − θ1) ≤ q̃α,J) + Pr(˜̃qα,J > q̃α,J) ≤ α + 2ε.

Next, consider ˜̃τ1 and τ ∗1 and show that for given ε > 0, Pr(
√

J(θ̂1−θ1) ≤ q∗α,J) ≤ α+6ε

for large enough J .

Note that

√
JPJm0(z, θ̂) = Γ0

√
J(θ̂ − θ) +

√
JPJm0(z, θ)

+
√

J [Pm0(z, θ̂)− Pm0(z, θ)]− Γ0

√
J(θ̂ − θ)

+
√

J [PJm0(z, θ̂)− Pm0(z, θ̂)− (PJm0(z, θ)− Pm0(z, θ))].

The expressions in the last two lines are op(1) from the proof of Lemma 3. By Assump-
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tion A7 and Lemma 1,
√

JPJm0(z, θ̂) = Op(1). Similarly, using Assumptions A6′-A8′,√
JPJm1(z, θ̂)−

√
JPm1(z, θ) = Op(1).

Take Cz large enough and δΣ > 0 small enough that for all Σ ∈ N
Σ
δΣ

and Z∗ ∼ N(0, Σ),

Pr(‖Z∗‖ ≤ Cz) ≥ 1−ε. Choose Ja,C0, C1 > 0 such that for J ≥ Ja, Pr(‖
√

JPJm0(z, θ̂)‖ ≤
C0) ≥ 1− ε and Pr(‖

√
JPJm1(z, θ̂)−

√
JPm1(z, θ)‖ ≤ C1) ≥ 1− ε.

From the proof of Lemma A8, there exists δΓ > 0 such that the solution τ̄ to the linear

program min{τ1 : 0 ≤ Γ0τ + Z0} is uniformly bounded if Γ0 ∈ N
Γ0
δΓ

and ‖Z0‖ ≤ Cz + C0.

Let Cτ denote that uniform bound on τ̄ and let C2 = sup{‖Γ1τ‖ : ‖τ‖ ≤ Cτ , Γ1 ∈ N
Γ1
δΓ
},

which is finite.

Take Jb large enough that
√

JPm1(z, θ) ≥ (Cz + C1 + C2)l for J ≥ Jb. Take Jc such

that Pr((Γ̂, Σ̂) ∈ N
Γ
δΓ
×N

Σ
δΣ

) ≥ 1−ε for J ≥ Jc. From the argument above, there exists Jd

such that for J ≥ Jd, Pr(
√

J(θ̂1−θ1) ≤ ˜̃qα+ε,J) ≤ α+3ε. Let J̄ = max{Ja, Jb, Jc, Jd}. Also

let A = {‖
√

JPJm0(z, θ̂)‖ ≤ C0} ∩{‖
√

JPJm1(z, θ̂) −
√

JPm1(z, θ)‖ ≤ C1} ∩{(Γ̂, Σ̂) ∈
N

Γ
δΓ
×N

Σ
δΣ
}. Note that Pr(A) ≥ 1− 3ε for J ≥ J̄ .

Suppose A holds and J ≥ J̄ . If ‖Z∗
0‖ ≤ Cz, then ‖˜̃τ‖ ≤ Cτ . If ‖Z∗

1‖ ≤ Cz, then Γ̂1
˜̃τ +

Z∗
1 +

√
JPJm1(z, θ̂) ≥

√
JPm1(z, θ) −(‖Γ̂1

˜̃τ‖+‖Z∗
1‖+‖

√
JPJm1(z, θ̂)−

√
JPm1(z, θ))‖)l

≥ 0. Hence τ ∗1 = ˜̃τ1. Also, if A holds and J ≥ J̄ , then

Pr∗(τ ∗1 ≤ ˜̃qα+ε,J) ≥ Pr∗({τ ∗1 ≤ ˜̃qα+ε,J} ∩ {‖Z∗
0‖ ≤ Cz} ∩ {‖Z∗

1‖ ≤ Cz})

= Pr∗({˜̃τ1 ≤ ˜̃qα+ε,J} ∩ {‖Z∗
0‖ ≤ Cz} ∩ {‖Z∗

1‖ ≤ Cz})

≥ Pr∗({˜̃τ1 ≤ ˜̃qα+ε,J} ∩ {‖Z∗‖ ≤ Cz})

≥ (α + ε) + (1− ε)− 1 = α.

So, ˜̃qα+ε,J ≥ q∗α,J . Finally, for J ≥ J̄ ,

Pr(
√

J(θ̂1 − θ1) ≤ q∗α,J) ≤ Pr({
√

J(θ̂1 − θ1) ≤ ˜̃qα+ε,J}) + Pr(Ac) ≤ α + 6ε.

Result (b) follows. 2

And define infeasible estimators for the linear case,

τ̃L
1 = min{τ1 : τ ∈ T̃L

J } where T̃L
J = arg min

τ
‖

(
w̄1,0 + y∗1,0/

√
J)τ + (y∗1,0θ̂ + y∗2,0)

)
‖
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and

˜̃τL
1 = min{τ1 : τ ∈ ˜̃

TL
J }

where
˜̃
TL

J = arg min
τ
‖

(
(w̄1,0 + y∗1,0/

√
J)τ + (y∗1,0θ̂ + y∗2,0) +

√
J(w̄1,0θ̂ + w̄2,0)

)
−
‖

with quantiles defined analogously to the notation in the paper.

Proof of Theorem 5:

First show that given ε > 0, for large enough J , Pr(
√

J(θ̂1−θ1) ≤ q̃L
α,J) ≥ α−6ε. The

proof is similar to the corresponding nonlinear result. For large enough J , Pr(
√

J(θ̂1 −
θ1) ≤ qα−3ε) ≥ α − 4ε. Also, by continuity of the quantiles as given in Lemma A10

and consistency of (Γ̂0, Σ̂0), for J large enough, Pr(qα−2ε ≤ q̃α−ε,J) ≥ 1 − ε. Now let

η = qα−2ε − qα−3ε > 0. Below we will show that for large enough J ,

Pr(q̃α−ε,J ≤ q̃L
α,J + η) ≥ 1− ε. (1)

The desired first result will then follow, for large enough J ,

Pr(
√

J(θ̂1 − θ1) ≤ q̃L
α,J)

≥ Pr({
√

J(θ̂1 − θ1) ≤ qα−3ε} ∩ {qα−2ε ≤ q̃α−ε,J} ∩ {q̃α−ε,J ≤ q̃L
α,J + η})

≥ (α− 4ε) + (1− ε) + (1− ε)− 2 = α− 6ε.

Now we show that equation (1) holds. Take δΣ > 0 and Cz large enough that

Pr∗(‖Z∗
0‖ ≤ Cz) ≥ 1 − ε/2 for all Z∗

0 ∼ N(0, Σ) with Σ ∈ N
Σ0
δΣ

. Now by Lemma A8

(and its proof), there exists δΓ > 0 such that τ lp(Γ, Z) exists and is uniformly continuous

on Γ ∈ N
Γ0
δΓ

and ‖Z‖ ≤ Cz. By the uniform continuity there exists δτ > 0 such that for

Γ ∈ N
Γ0
δΓ

, ‖Z‖ ≤ Cz, and ‖(Γ, Z) − (Γ̄, Z̄)‖ ≤ δτ , |τ lp
1 (Γ, Z) − τ lp

1 (Γ̄, Z̄)| ≤ η. Now take

δ1 > 0 and C1 such that Pr∗(‖y∗1,0‖ ≤ C1) ≥ 1 − ε/2 for y∗ ∼ N(0, Σ) with Σ ∈ NΣw
δ1

.

Let G = {Σ̂0 ∈ N
Σ0
δΣ
} ∩{Γ̂0 ∈ N

Γ0
δΓ
} ∩{Σ̂w ∈ NΣw

δ1
}. Then take J large enough that

Pr(G) ≥ 1− ε and C1/
√

J ≤ δτ .

Now suppose that J is large, G holds, ‖Z∗
0‖ ≤ Cz, and ‖y∗1,0‖ ≤ C1. Then ‖(w̄1,0, Z

∗
0)−

(w̄1,0 + y∗1,0/
√

J, Z∗
0)‖ ≤ ‖y∗1,0/

√
J‖ ≤ δτ . Hence, |τ̃1 − τ̃L

1 | ≤ η. Then, if G holds and J is
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large enough,

Pr∗(|τ̃1 − τ̃L
1 | ≤ η) ≥ Pr∗({‖Z∗

0‖ ≤ Cz} ∩ {‖y∗1,0‖ ≤ C1}) ≥ 1− ε.

Further,

Pr∗(τ̃L
1 ≤ q̃α−ε,J − η) ≤ Pr∗({τ̃L

1 + η ≤ q̃α−ε,J} ∩ {|τ̃1 − τ̃L
1 | ≤ η}) + Pr∗(|τ̃1 − τ̃L

1 | > η)

≤ Pr∗({τ̃L
1 + η ≤ q̃α−ε,J} ∩ {τ̃1 ≤ τ̃L

1 + η}) + ε

≤ Pr∗(τ̃1 ≤ q̃α−ε,J) + ε

≤ α− ε + ε = α,

so that q̃L
α,J ≥ q̃α−ε,J − η. Finally, then, for J large enough, Pr(q̃α−ε,J ≤ q̃L

α,J + η) ≥
Pr(G) ≥ 1− ε.

Now using the same argument as in the analogous nonlinear case, if ma contains m0,

the binding moments, then τ̃L
1 |PJ stochastically dominates τO

1 |PJ . So, in the argument

above, we can substitute Pr(qα−3ε ≤ qO
α,J) ≥ 1− 2ε, and the first conclusion of the result

follows.

Using the same argument that compared τ̃1 and ˜̃τ1 in the general nonlinear case,

we can compare τ̃L
1 and ˜̃τL

1 , yielding the analogous conclusions. For large enough J ,

Pr(˜̃qL
α,J ≤ q̃L

α,J) > 1− ε, and hence Pr(
√

J(θ̂1 − θ1) ≤ ˜̃qL
α,J) ≤ α + 2ε.

Next, consider ˜̃τL
1 and τ I

1 . With some modification, this part of the proof follows the

analogous result for the nonlinear case. We show that for given ε > 0, Pr(
√

J(θ̂1 − θ1) ≤
qI
α,J) ≤ α + 7ε for large enough J .

Note that
√

JPJm0(w, θ̂) =
√

J(w̄1θ̂ + w̄2). So,
√

J(w̄1,0θ̂ + w̄2,0) = Op(1) and√
J [(w̄1,1θ̂ + w̄2,1) −(Pw1,1θ + Pw2,1)] = Op(1) follow as in the nonlinear case, but with-

out need for the stochastic equicontinuity and differentiability assumptions (due to the

linearity).

Take Cz large enough and δΣ > 0 small enough that for all Σ ∈ N
Σ
δΣ

and Z∗ ∼ N(0, Σ),

Pr(‖Z∗‖ ≤ Cz) ≥ 1 − ε/2. Then, take Ja,C0, C1, δΓ > 0, Cτ , and C2 as defined in the

analogous nonlinear proof. Also take δy > 0 and Cy such that Pr∗(‖y∗1‖ ≤ Cy) ≥ 1− ε/2

for y∗ ∼ N(0, Σ) with Σ ∈ NΣw
δy

.

Take Jb large enough that
√

JPm1(w, θ) ≥ (Cz+C1+C2)l for J ≥ Jb. Take Jc such that

9



Pr((Γ̂, Σ̂) ∈ N
Γ
δΓ/2×N

Σ
δΣ

) ≥ 1−ε for J ≥ Jc. Take Jd such that Cy/
√

Jd ≤ δΓ/2. From the

argument above, there exists Je such that for J ≥ Je, Pr(
√

J(θ̂1− θ1) ≤ ˜̃qL
α+ε,J) ≤ α + 3ε.

Let J̄ = max{Ja, Jb, Jc, Jd, Je}. Also let A = {‖
√

JPJm0(w, θ̂)‖ ≤ C0} ∩{‖
√

JPJm1(w, θ̂)−√
JQm1(w, θ)‖ ≤ C1} ∩{(Γ̂, Σ̂) ∈ N

Γ
δΓ/2×N

Σ
δΣ
} ∩{Σ̂w ∈ NΣw

δy
}. Note that Pr(A) ≥ 1− 4ε

for J ≥ J̄ .

Suppose A holds and J ≥ J̄ . If ‖Z∗
0‖ ≤ Cz and ‖y∗1,0/

√
J‖ ≤ δΓ/2, then w̄1,0 +

y∗1,0/
√

J ∈ N
Γ0
δΓ

and so ‖˜̃τL‖ ≤ Cτ . If ‖Z∗
1‖ ≤ Cz and ‖y∗1,1/

√
J‖ ≤ δΓ/2, then

(w̄1,1 + y∗1,1/
√

J)˜̃τL + (y∗1,1θ̂ + y∗2,1) +
√

J(w̄1,1θ̂ + w̄2,1)

≥
√

J(Pw1,1θ + Pw2,1)

−(‖(w̄1,1 + y∗1,1/
√

J)˜̃τL‖+ ‖Z∗
1‖+ ‖

√
J [(w̄1,1θ̂ + w̄2,1)− (Pw1,1θ + Pw2,1)]‖)l

≥ 0

Hence τ I
1 = ˜̃τL

1 . Also, if A holds and J ≥ J̄ , then

Pr∗(τ I
1 ≤ ˜̃qL

α+ε,J)

≥ Pr∗({τ I
1 ≤ ˜̃qL

α+ε,J} ∩ {‖Z∗
0‖ ≤ Cz} ∩ {‖y∗1,0/

√
J‖ ≤ δΓ/2} ∩ {‖Z∗

1‖ ≤ Cz} ∩ {‖y∗1,1/
√

J‖ ≤ δΓ/2})

= Pr∗({˜̃τL
1 ≤ ˜̃qL

α+ε,J} ∩ {‖Z∗
0‖ ≤ Cz} ∩ {‖y∗1,0/

√
J‖ ≤ δΓ/2} ∩ {‖Z∗

1‖ ≤ Cz} ∩ {‖y∗1,1/
√

J‖ ≤ δΓ/2})

≥ Pr∗({˜̃τ1 ≤ ˜̃qL
α+ε,J} ∩ {‖Z∗‖ ≤ Cz} ∩ {‖y∗1/

√
J‖ ≤ δΓ/2})

≥ α + ε + (1− ε/2) + (1− ε/2)− 2 = α.

So, ˜̃qL
α+ε,J ≥ qI

α,J .

Finally, for J ≥ J̄ ,

Pr(
√

J(θ̂1 − θ1) ≤ qI
α,J) ≤ Pr({

√
J(θ̂1 − θ1) ≤ ˜̃qL

α+ε,J}) + Pr(Ac) ≤ α + 7ε.

Result (b) follows. 2

Proof of Theorem 4:
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Define cα/2 by Pr∗(‖Z∗
J(θ0)−‖ ≥ cα/2) = α/2. Now note that

Pr(inf
θ
‖(
√

JPJm(z, θ))−‖ ≥ z̄α,J)

≤ Pr(‖(
√

J [PJm(z, θ0)− Pm(z, θ0)])−‖ ≥ z̄α,J)

≤ Pr(‖(
√

J [PJm(z, θ0)− Pm(z, θ0)])−‖ ≥ cα/2) + Pr(z̄α,J < cα/2)

≤ Pr(‖(
√

J [PJm(z, θ0)− Pm(z, θ0)])−‖ ≥ cα/2) + Pr(θ0 6∈ CI1−α/2,J)

By assumption (c), limJ−→∞ Pr(θ0 6∈ CI1−α/2,J) ≤ α/2. Also, it is straightforward to

show that F (s) is continuous at s > 0.

Let sβ be such that F (sβ) = 1 − β for β < 1 − F (0). Given ε > 0, choose δ > 0

small enough that F (sα/2)−F (sα/2−δ) ≤ ε. So, for J large enough, Pr(‖(
√

J [PJm(z, θ0)−
Pm(z, θ0)])−‖ ≥ sα/2−δ) < α/2 + 2ε.

Let B = {z : ‖z−‖ ≥ sα/2−δ‖}. For Z∗ ∼ N(0, Σ(θ0)), Pr∗(Z∗ ∈ B) = α/2− δ. Choose

η > 0 small enough that for any Σ ∈ N
η
Σ(θ0) and Z∗ ∼ N(0, Σ), Pr∗(‖Z∗−‖ ≥ sα/2−δ) ≤ α/2.

For large enough J , Pr(Σ̂ ∈ N
η
Σ(θ0)) ≥ 1 − ε. If Σ̂ ∈ N

η
Σ(θ0) and Z∗ ∼ N(0, Σ̂), then

Pr∗(‖Z∗−‖ ≥ sα/2−δ) ≤ α/2 and so cα/2 ≥ sα/2−δ. Hence for large enough J , Pr(cα/2 ≥
sα/2−δ) ≥ 1− ε.

Hence, for large enough J ,

Pr(‖(
√

J [PJm(z, θ0)− Pm(z, θ0)])−‖ ≥ cα/2)

≤ Pr(‖(
√

J [PJm(z, θ0)− Pm(z, θ0)])−‖ ≥ sα/2−δ) + Pr(sα/2−δ ≥ cα/2)

≤ α/2 + 2ε + ε = α/2 + 3ε.

So, limJ−→∞ Pr(‖(
√

J [PJm(z, θ0)− Pm(z, θ0)])−‖ ≥ cα/2) ≤ α/2. The result follows. 2

Lemmas

Lemma A1 ‖a−‖ ≥ ‖b−‖ − ‖a− b‖.

Lemma A2 For any ε > 0, there exists δ > 0 such that {θ ∈ Θ0 : |θ1 − θ1| < δ} ⊂ {θ ∈
Θ0 : ‖θ − θ‖ < ε}.
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PROOF: Suppose not. Then there exists a sequence δn > 0 such that δn −→ 0 and

some θn ∈ Θ0 such that |θn,1 − θ1| < δn but ‖θn − θ‖ ≥ ε. Clearly, θn,1 −→ θ1. By

Assumption A1, there exists a convergent subsequence θn′ −→ θs ∈ Θ0. Now, θn′,1 −→ θ1

and θn′,1 −→ θs,1, so we must have θs,1 = θ1. Since θ is the unique minimizing point of

minθ∈Θ0θ1, we must have θs = θ, which contradicts the supposition. 2

Lemma A3 There exists δ̄ > 0 such that for any τ with Γ0τ ≥ 0, τ1 ≥ δ̄‖τ‖.

PROOF: Let T = {τ : ‖τ‖ = 1, Γ0τ ≥ 0}, and δ̄ = inf{τ1 : τ ∈ T}. By Assumption A9,

there exists λ 6= 0 such that Γ0
λ
‖λ‖ > 0. So T is non-empty and the infimum, δ̄, exists.

Moreover, since zero is the unique solution to min{τ1 : Γ0τ ≥ 0}, τ ∈ T implies τ1 > 0.

Hence, δ̄ ≥ 0. Suppose δ̄ = 0. Then there exists τn ∈ T such that τn,1 ↓ 0. The set

{τ : ‖τ‖ = 1} is compact so there exists a convergent subsequence τn′ with τn′ −→ τ0

where τn′,1 ↓ 0, so τ0,1 = 0 and ‖τ0‖ = 1, i.e. τ0 6= 0. But Γ0τn′ ≥ 0, so Γ0τ0 ≥ 0, which

contradicts the uniqueness of zero as a solution minτ :Γ0τ≥0 τ1. It follows that δ̄ > 0. Now

take any τ 6= 0 with Γ0τ ≥ 0. Then τ1 > 0 and so ‖τ‖ > 0. Hence Γ0
τ
‖τ‖ ≥ 0, which

implies τ
‖τ‖ ≥ δ̄, ie τ1 ≥ δ̄‖τ‖. Since this inequality also holds for τ = 0, the lemma

follows. 2

Lemma A4 For δ̄ from Lemma A3, there exists η̄ such that if θ ∈ Θ0 and ‖θ − θ‖ ≤ η̄,

then θ1 − θ1 ≥ δ̄
2
‖θ − θ‖.

PROOF: Suppose not. Then, there exists a sequence θn −→ θ such that θn ∈ Θ0 and

θn,1 − θ1 < δ̄
2
‖θn − θ‖. Let τn = θn−θ

‖θn−θ‖ , so ‖τn‖ = 1. {τ : ‖τ‖ = 1} is compact so τn has a

convergent subsequence τn′ −→ τ0 and ‖τ0‖ = 1.

Γ0τ0 = limn′−→∞Γ0

θn′ − θ

‖θn′ − θ‖
= limn′−→∞

1

‖θn′ − θ‖
[Pm0(z, θn′)− Pm0(z, θ)]

= limn′−→∞
1

‖θn′ − θ‖
Pm0(z, θn′) ≥ 0

where Pm0(z, θn′) ≥ 0 and Pm0(z, θ) = 0. Hence, Γ0τ0 ≥ 0, and by Lemma A3, τ0,1 ≥

12



δ̄‖τ0‖ = δ̄. But, θn′,1 − θ ≤ δ̄
2
‖θn′ − θ‖, i.e.

δ̄

2
≥ θn′,1 − θ

‖θn′ − θ‖
= τn′,1 −→ τ0,1

which yields a contradiction and the lemma follows. 2

Lemma A5 If Pm0(z, θ) is continuously differentiable in an open neighborhood of θ and

C > 0, then for large enough J and some sequence ζJ ↓ 0,

sup
θ:‖θ−θ‖≤ C√

J

∥∥∥∥Γ0(θ − θ)− [Pm0(z, θ)− Pm0(z, θ)]

∥∥∥∥ ≤ ζJ
C√
J

.

PROOF: By continuous differentiability,

sup
θ:‖θ−θ‖≤ C√

J

∥∥∥∥Γ0

(
θ − θ

‖θ − θ‖

)
− Pm0(z, θ)− Pm0(z, θ)

‖θ − θ‖

∥∥∥∥ −→ 0.

So, there exists ζJ ↓ 0 such that supθ:‖θ−θ‖≤ C√
J

∥∥∥∥Γ0

(
θ−θ
‖θ−θ‖

)
−Pm0(z,θ)−Pm0(z,θ)

‖θ−θ‖

∥∥∥∥≤ ζJ . Hence,

supθ:‖θ−θ‖≤ C√
J

∥∥∥∥Γ0(θ − θ)− [Pm0(z, θ)− Pm0(z, θ)]

∥∥∥∥ ≤ ζJ
C√
J

for J large enough. 2

Lemma A6

sup
ω∈[0,1]

∥∥∥∥Γ0

(
θ∗ +

λ√
J

ω − θ

)
− [Pm0

(
Z, θ∗ +

λ√
J

ω

)
− Pm0(z, θ)]

∥∥∥∥ = op(1/
√

J)

PROOF: Since
√

J(θ∗− θ) = Op(1), by choosing C ′ large enough, supω∈[0,1] ‖θ∗+ λ√
J
ω−

θ‖ ≤ C′+‖λ‖√
J

with probability as close to one as desired. The result then follows by

Lemma A5 setting C = C ′ + ‖λ‖. 2
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Lemma A7

sup
ω∈[0,1]

‖PJm0(z, θ
∗ +

λ√
J

ω)−Pm0(z, θ
∗ +

λ√
J

ω)− (PJm0(z, θ)−Pm0(z, θ))‖ = op(1/
√

J)

PROOF: Note that supω∈[0,1] ‖θ∗ + λ√
J
ω − θ‖ = op(1) implies there exists δJ ↓ 0 such

that supω∈[0,1] ‖θ∗ + λ√
J
ω − θ‖ ≤ δJ with probability approaching one. The result then

follows by Assumption A8. 2

Lemma A8 There exists η > 0 such that τ lp
1 (Γ, Z) is continuous at each Γ ∈ N

Γ0
η and

Z ∈ Rm.

PROOF: Find η > 0 such that given Γ̄ ∈ N
Γ0
η , any Z̄, and ε > 0, we can find a δ > 0

such that |τ lp
1 (Γ, Z)− τ lp

1 (Γ̄, Z̄)| < ε for all (Γ, Z) ∈ N
Γ̄,Z̄
δ .

There exists δa > 0 such that N
Γ0
δa

is contained in the neighborhood given in Assump-

tion A9 and Γλ > 0 for all Γ ∈ N
Γ0
δa

.

We first note that by Kall (1970) Theorem 4, for all Γ ∈ N
Γ0
δa

and any Z, τ lp
1 (Γ, Z) is

well defined and a solution to the corresponding linear program exists.

Next show (uniform) boundedness of the solutions of the linear programs on some

neighborhood contained in N
Γ0,Z̄
δa

, following the approach in the proof of Bereanu (1976)

Lemma 2.1. In fact, it will be useful (for other results in the paper) to show a stronger

result. Take any constant Cz > 0 we will show uniform boundedness for (Γ, Z) ∈ N
Γ0
δ ×

{Z : ‖Z‖ ≤ Cz}, for some δ ≤ δa (take Cz large enough that ‖Z̄‖ + δa ≤ Cz). If

solutions are not bounded on any such set, then there exists a sequence δn −→ 0 and

(Γn, Zn) ∈ N
Γ0
δn
× {Z : ‖Z‖ ≤ Cz} such that for some solution τ ∗n to the linear program

min{τ1 : Γnτ +Zn ≥ 0}, ‖τ ∗n‖ −→ ∞. By the Duality Theorem (of Linear Programming),

for any solution τ ∗n to the primal linear program, there exists a corresponding solution

β∗n to the dual linear program. The compactness of {Z : ‖Z‖ ≤ Cz} implies that there

exists a convergent subsequence {n′} such that Zn′ −→ Z̃ ∈ {Z : ‖Z‖ ≤ Cz}. Let

An = [Γn − Γn], A0 = [Γ0 − Γ0], e1
′ = (1, 0, . . . , 0), c′ = (e1

′,−e1
′), and

Bn =

 An 0

0 −An
′

−c′ Zn
′

 , B0 =

 A0 0

0 −A0
′

−c′ Z̃ ′

 dn =

 −Zn

−c

0

 .
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Then there is u∗n = (τ+
n , τ−n , β∗n) ≥ 0 such that Bnu

∗
n ≥ dn and τ ∗n = τ+

n − τ−n . Also,

Bn
u∗n
‖u∗n‖

≥ 1
‖u∗n‖

dn (and ‖u∗n‖ −→ ∞). Since u∗n′/‖u∗n′‖ is a sequence on the compact unit

ball, it has a convergent subsequence {n′′} such that u∗n′′/‖u∗n′′‖ −→ u∗ = (τ ∗+, τ ∗−, β∗),

‖u∗‖ = 1, u∗ ≥ 0 and B0u
∗ ≥ 0. The last conclusion implies Γ′0β

∗ = 0. Note that if β∗ 6= 0

(recalling β∗ ≥ 0), then β∗′Γ0λ > 0 and hence β∗′Γ0 6= 0. So, β∗ = 0. So we have Γ0τ
∗ ≥ 0

and τ ∗1 ≤ 0 (with τ ∗ 6= 0), which contradicts Assumption A9. Hence, for some δb ≤ δa,

there exists C such that for any solution, τ̄ , of the linear program min{τ1 : Γτ + Z ≥ 0}
with (Γ, Z) ∈ N

Γ0
δb
× {Z : ‖Z‖ ≤ Cz}, ‖τ̄‖ ≤ C.

Let γ = min
Γ∈N

Γ0
δb

minj[Γλ]j > 0. Take any Γ̄ ∈ N
Γ0

δb/2. Choose ρ > 0 small enough

that ρλ1 < ε. And take δ > 0 such that δ ≤ δb/2 and ‖(Γ̄− Γ)τ‖ +‖Z̄ − Z‖ ≤ ργ for all

‖τ‖ ≤ C and (Γ, Z) ∈ N
Γ̄,Z̄
δ .

Take any (Γ, Z) ∈ N
Γ̄,Z̄
δ and let τ̄ be any solution to the linear program min{τ1 :

Γτ + Z ≥ 0}. Then,

Γ̄(τ̄ + ρλ) + Z̄ = (Γ̄− Γ)τ̄ + (Z̄ − Z) + Γ̄ρλ + (Γτ̄ + Z) ≥ 0,

so τ lp
1 (Γ, Z) + ε ≥ τ lp

1 (Γ̄, Z̄).

Take any (Γ, Z) ∈ N
Γ̄,Z̄
δ and let τ̄0 be any solution to the linear program min{τ1 :

Γ̄τ + Z̄ ≥ 0}. Then,

Γ(τ̄0 + ρλ) + Z = (Γ− Γ̄)τ̄0 + (Z − Z̄) + Γρλ + (Γ̄τ̄0 + Z̄) ≥ 0,

so τ lp
1 (Γ̄, Z̄) + ε ≥ τ lp

1 (Γ, Z).

Hence, |τ lp
1 (Γ, Z)− τ lp

1 (Γ̄, Z̄)| ≤ ε, and the result follows with η = δb/2. 2

Lemma A9 τ̂1 = min{τ1 : Γ0τ+Z} where Z ∼ N(0, Σ0). τ̂1 has a continuous distribution

(continuous c.d.f.). Also, R is the support of τ̂1; in particular, for any q ∈ R, Pr(τ̂1 ≤
q) ∈ (0, 1).

PROOF: Let F denote the c.d.f. of τ̂1. Suppose F is discontinuous at some t. Let

ε = Pr(τ̂1 = t). Then ε > 0. Let At = {Z : τ lp
1 (Γ1, Z) = τ̂1}. Then, ε = Pr(Z ∈ At). For

c > 0, define Ac = {Z : Z = Z ′+Γ0cλ for Z ′ ∈ At}. For c small enough, Pr(Z ∈ Ac) ≥ ε/2.

Take any Z ∈ At. Let τ̄ be a solution to min{τ1 : Γ0τ + Z ≥ 0}, so t = τ̄1. Let ¯̄τ be a

solution to min{τ1 : Γ0τ +(Z +Γ0cλ) ≥ 0}. Since 0 ≤ Γ0τ̄ +Z = Γ0(τ̄ − cλ)+(Z +Γ0cλ),
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¯̄τ1 ≤ τ̄1 − cλ1. Also, 0 ≤ Γ0
¯̄τ + (Z + Γ0cλ) = Γ0(¯̄τ + cλ) + Z, so τ̄1 ≤ ¯̄τ1 + cλ1. Hence,

¯̄τ1 = t− cλ1. So, Pr(τ̂1 = t− cλ1) ≥ Pr(Z ∈ Ac) ≥ ε/2. We can pick an infinite number of

small c yielding such mass points, which yields a contradiction. Hence, F is continuous

everywhere.

Now take q ∈ R. Choose c such that cλ1 = q. Then,

0 < Pr(Z ≥ −Γ0cλ) = Pr(Γ0cλ + Z ≥ 0) ≤ Pr(τ̂1 ≤ cλ1) = Pr(τ̂1 ≤ q).

Now, take c such that cλ1 = −q. Take the solution τ lp(Γ0, Z) to min{τ1 : Γ0τ +Z ≥ 0}
for Z < Γ0cλ. Then,

Γ0(τ
lp(Γ0, Z) + cλ) > Γ0τ

lp(Γ0, Z) + Z ≥ 0.

So, τ lp
1 (Γ0, Z) + cλ1 ≥ 0, ie τ lp

1 (Γ0, Z) ≥ q. Hence,

0 < Pr(Z < Γ0cλ) ≤ Pr(q ≤ τ̂1).

2

Define qΓ,Σ
α = inf{q : Pr∗(τ lp

1 (Γ, Z∗) ≤ q) ≥ α} where Z∗ ∼ N(0, Σ).

Lemma A10 Given α ∈ (0, 1), qΓ,Σ
α is continuous in (Γ, Σ) at (Γ0, Σ0).

PROOF: Given η > 0, show that there exists δ > 0 such that |qΣ,Γ
α − q

Γ0,Σ0
α | ≤ η for

(Γ, Σ) ∈ N
Γ0,Σ0
δ (defined analogously to the neighborhoods defined prior to Lemma A8).

Take ηa > 0 such that ηa ≤ η/2, min{qΓ0,Σ0
α+2ηa

− q
Γ0,Σ0
α , q

Γ0,Σ0
α − q

Γ0,Σ0
α−2ηa

} ≤ η/2, and

α ∈ (2ηa, 1− 2ηa).

Take δa > 0 to be the “η” in the statement of Lemma A8. Choose Cz such that

Pr∗(‖Z∗‖ ≤ Cz) ≥ 1 − ηa for all Σ ∈ N
Σ0
δa

and Z∗ ∼ N(0, Σ). Then τ lp
1 is uniformly

continuous on N
Γ0
δa
× {Z : ‖Z‖ ≤ Cz}. Choose δb such that ‖τ lp

1 (Γ, Z)− τ lp
1 (Γ0, Z)‖ ≤ ηa

for all Γ ∈ N
Γ0
δb

and all ‖Z‖ ≤ Cz.

Define Aβ = {Z : τ lp
1 (Γ0, Z) ≤ q

Γ0,Σ0
β }. Now take 0 < δ ≤ δb such that min{|Pr∗(Z∗ ∈

Aα+2ηa) − Pr(Z0 ∈ Aα+2ηa)|, |Pr∗(Z∗ ∈ Ac
α−2ηa

) − Pr(Z0 ∈ Aα−2ηa)|} ≤ ηa for Z0 ∼
N(0, Σ0), Z∗ ∼ N(0, Σ), and all Σ ∈ N

Σ0
δ .
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Then, for Z0 ∼ N(0, Σ0) and Z∗ ∼ N(0, Σ) with (Γ, Σ) ∈ N
Γ0,Σ0
δ ,

Pr∗(τ lp
1 (Γ, Z∗) ≤ q

Γ0,Σ0
α+2ηa

+ ηa) ≥ Pr∗({Z∗ ∈ Aα+2ηa} ∩ {‖Z∗‖ ≤ Cz})

≥ Pr∗(Z∗ ∈ Aα+2ηa) + Pr∗(‖Z∗‖ ≤ Cz)− 1

≥ (α + 2ηa)− ηa + (1− ηa)− 1 = α.

Similarly, Pr∗(τ lp
1 (Γ, Z∗) ≥ q

Γ0,Σ0
α−2ηa

+ ηa) ≥ 1−α, so Pr∗(τ lp
1 (Γ, Z∗) < q

Γ0,Σ0
α−2ηa

+ ηa) ≤ α. So,

qΣ,Γ
α ≤ q

Σ0,Γ0
α+2ηa

+ ηa ≤ q
Σ0,Γ0
α + η by the definition of ηa. Similarly, qΣ,Γ

α ≥ q
Σ0,Γ0
α − η. The

result follows. 2
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