Appendix

Contains proofs for “Moment Inequalities and Their Application” by Pakes, Porter, Ho,
and Ishui

Let [ denote a vector of ones.
Proofs

PROOF OF THEOREM 1:

Let € ©. Given € > 0, show that Pr(||0 — || < €) — 1. By Lemma A2, there exists
0 <0 < esuchthat {# € ©g: [0, —6,| <} C {0 €Oy:]0—0| <e¢/2}. Consider 6 €
@3/2 N{# €O :6¢, <8, +0/2}. There exists § € Oy such that ||§ — ¢'|| < /2. But for

0’ € Oy, we must have 6’y > 6,. Hence
0, <01 <6,+6/2<06,+59.
So |61 — 6,]| < 6. Since &' € Oy, it follows by the definition of § that ||#' — 8| < €/2. So,
10— Oll <110 = &'l + 116" = 0]l <5/2+¢€/2 <e.
Hence, 93/2 N{ecO:01<0,+/2} C{0:]0—0| <€} and
Pr([|6 — 0] < €) > Pr({f, <6, +0/2} N {0 € 63/*}).
It then remains to show this last probability approaches one.

By Assumption A3, there exists 0’ > 0 such that infy_ ooz |Pm(z,8)_| > o’". Then,
0

by Lemma A1l and Assumption A5, Pr (infee(@g/Q)c Pym(z,0)_| > 5’/2) — 1. And, for
any 0 € O, Pr(||Pym(z,0')_| < & /2) — 1. Hence, Pr(d € 63/2) — 1.

By Assumption A4, there exists ' with ||¢’ — 6| < 6/4 such that Pm(z,0") > 0. Since
0 € Oy, 0, <6, <0,+08/4. By Assumption A5, Pr(¢' € ©) > Pr(Pym(z,0') > 0) — 1.




Hence, with probability approaching one, 8, < 6, +6/4 < 6, + 6/2.

The result follows as argued above. O

For the proof of Theorem 2, define 6} by 67 = ming 6, : Iy(6 — 0) +Pymo(z,0) > 0}
and take 6* to be any vector satisfying [';(0* — @) + Pymg(z,0) > 0 with first element 6.

If the binding moments are unknown, then 6* is infeasible.
Lemma 1 v/.J(6 — 6) = O,(1).

PROOF:

First, we will show that Pym(z,6 + ¢\/+v/J) > 0 with probability approaching one.
Then, 8, < 6, + c\i /v T+ 0,(1/V/J) yields VIO, —0,) < e + 0p(1/+/J). Second, show
Pm(z, 0+ cA\/V/J) > 0 with probability approaching one. Third, note that the second
finding implies that Q +cA/ VJ € O, with probability approaching one, so by Lemma A4,

16— 0+ cA/NVI|IS < 8, — 6, +chi/VI
< 2e\/VT + 0,(1/VT)

So,
VIO = 0)|| < VIO = 0) + cAll + || = eAll < 2eA/8 + [[eA]l + 0,(1/VT).

By Assumption A7, we can choose ¢ such that cCy\ — ||V JJPymg(z,0)||l > 0 with

probability as close to one as desired for large enough J.

Pymi(z,0 +cA/VI) > Pmy(z,0) — |Pma(z, 0+ cA/VI) — Pma(z,0)|
—||Pymq(z,8 + c)\/\/j) — Pmy(z,0 + c)\/\/j)Hl

Then, by Assumptions A5 and A6(b), Pr(Pym,(z,60 + cA/v/J) > 0) — 1. Also,

\/jPJmO(Z,Q + c)\/\/j) =cLoA + ﬁPng(z,Q)
+VI[Pmg(z,0 + cAJVT) — Pmg(z,0)] — cCyA
+VI[Pymo(2,0 + AV T) — Pmo(z,0 + cAJVT) — (Pymo(z,0) — Pmo(z, 0))]
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So by choice of ¢ and Assumptions A6(a) and A8, Pr(v/JPymg(z,0 + c\/v/J) > 0) can
be as close to one as desired for large enough J. The same conclusion then follows
for Pr(v/JPym(z,0 + cA\/+v/J) > 0), and note that v/ JPym(z,0 + cA/v/J) > 0 implies
0, <0, +chi/VT +0,(1/VT).

By continuity of Pmy (z, 6) at § and consistency of 8, Pr(Pm1(z, 0+cA/v/'J) > 0) — 1.
Also,

VIPmo(z,0 + eA/V ) > NV IPymo(z,0) + Lok — ||V I Pymo(z,0) ||l

5, .0
—| %Tmo(z,ﬁ) — %ﬂ’mo(z,ﬁ) el
— IV T (Pmo(z, 0 + cAJVT) — Pmg(z,0)) — %‘Pmo(z,@c/\Hl

—VJ||Pymo(z,0) — Pmo(z,0) — (Pymo(z,0) — Pmo(z,0))||L.

From the proof of Theorem 1, Pr(PJmo(z,Q) > 0) — 1. By the choice of ¢, Assump-
tion A6(a) and A8, Pr(Pmg(z,0+ cA/v/J) > 0) can be as close to one as desired for large
enough J, and the same conclusion then follows for Pr(Pm(z,0 + cA/v/J) > 0).

Note that Pm(z, 0 + cA/v/J) > 0 implies that 0 + cA\/v/J € ©,. The latter event, by
Lemma A4, implies |0 — 6 + cA/VJ||6 < 6, — 0, + cA\/V/J. The result follows by the

triangle inequality as described above. |

Lemma 2 /J(0* —0) = O,(1).

PROOF:

It is straightforward to show that 6* exists a.s. by Assumption A9. Recall the choice of
¢ from the proof of Lemma 1. Note that cCoA+v/'J Pymo(z,0) > cLoA— ||V J Pymo(z, )|l >
0 implies that v/J (81 —8,) < cAy. Also, cLoA—V/JPymg(z,8) > cCoA— ||/ JPymo(z, 8) || >
0 and LoV J(0F — ) + v/ JPymg(2,6) > 0 imply Ly[v/J(0* — 8) + cA] > 0. By Lemma A3,
this last event would imply ||V J(6* — 8) + cAl|d < vV J(0F — 0,) + cAy. Then using the



triangle inequality, for large enough J,

Pr (Hﬁw* o)< 21 Au)

Pr({5]|V/ (6" )+ch V(07 = 0y) + e} N {VI(0F — 0,) < cMi})
> Pr(cCyA — ||V JPymg(z,0)||1 > 0)

By choice of ¢, the result follows. O

Lemma 3 v/.J(6, — 6%) = 0,(1)

PROOF:

Let L;(0) = TyV/J(0 — 0) + v/ JPymo(z,0).

First, show there exists h; = o(1) such that L;(6 + hyA/vV/J) > V/JPymyg(z,0) with
probability approaching one. Since v/.J Pymy(z, Q) > 0 with probability approaching one
(from the proof of consistency), we have 87 < 8, +hy\;/v/J with probability approaching
one.

Second, show there exists r; = o(1) such that \/7ij0(z, 9*+7"J)\/\/7) > L;(0%) with
probability approaching one. Since L;(0*) > 0 by the definition of 6*, and Pym4(z,0* +
1A/ J) > 0 with probability approaching one by consistency of 6*, we have 0, <
05 4 rs\1 /v J + 0,(1/+/J) with probability approaching one.

Then, —hyh /VJ < 0, —07 <71\ /VJ+ 0,(1/+/J) with probability approaching one.
Since r; = o(1) and hy = o(1), it follows that v/.J(8, — 8}) = 0,(1).

By Lemma 1, Lemma A5, and Assumption AS,
L0+ My /N T) = VIPymo(z,0) = Tohhy + 0,(1).

Since ﬂPJmo(z,é) > 0 with probability approaching one, we can choose h; | 0 such
that L;(0 + hy\/+v/J) > 0 and hence 07 < 0, + hy i /v/J with probability approaching

one.

By Lemmas A6 and A7, we can choose r; | 0 such that

A
VIPrmo(z,0° + —=r;) — L;y(0") = ToAry + 0,(1
710 \/7J) 1(07) = LoAry + 0p(1)



and Pymy(z, 0*+ \%TJ) > 0 with probability approaching one. By Lemma 1, P;m;(z, 0"+
\/ijr s) > 0 and hence Pym(z,0* + \/ijr 7) > 0 with probability approaching one. It follows
that Ql < 0 4+ 17\ /VJ + 0,(1) with probability approaching one. The choices of 7; and
hj then prove the result. O

PROOF OF THEOREM 2:

By Lemma 3, it remains only to show that v/J(6% — 6,) L 3. Continuity of the
optimal value of the linear program is shown in Lemma A8. The result then follows by

the definition of 67, Assumption A7, and the continuous mapping theorem. O

For the proof of Theorem 3, we define the following infeasible simulation estimators

7 =min{r : 7 € T;} where T, = argmin | (ﬁOT + Zg) |

and
7= min{7r : 7 € ‘j'J} where ‘S'J = arg min || (EOT + 75 + \/jPJmO(Z,Q)> |

with corresponding 7 and 7 and quantiles Jo,s and cfa, s in analogy to the notation in the
paper. Also, let g, denote the o quantile of the limit distribution 7.

Also, define 77(T', Z) = ming7; : 0 < 't + Z}. For matrix A and § > 0, let N§' =
{B:||B—A| <}

ProOoOF OF THEOREM 3:

First, show that lim;__., Pr(v/J(0,—0,) < {o,s) = a. Given any € > 0, by Lemma A9,
Pr(v/J(0,—0,) < Ja—c/a) > a—e/2 for large enough .J. Then by the continuity of quantiles
in Lemma A10 and consistency of (I'y, %), Pr(ga—c/a < Ga,s) > 1 — /2 for large enough
J. Hence, Pr(v/J(8;, — 0,) < Gay) > a — ¢ for large enough J. We can similarly bound
the probability from above to find that Pr(v/J (0, — 0,) < Ga.;) — a.



Since m, contains myg, the binding moments, 71| P; stochastically dominates 71*|P; for
each .J. So, in the argument above, we also have Pr(vJ(6, — 0,) < qy) > 1—¢/2 for

large enough J. The first conclusion of the theorem follows.

As an additional result, with an extra assumption we can show that the limit on
the left of the inequality in the first conclusion of the theorem is nontrivial for a €
(0,1). That is, liminf, . Pr (\/7@1 —9,) < q;fj) < 1. The extra assumption is an
expansion of Assumption A9: there exists some A such that ', A\ > 0. Fix a. Also, note
that min{r, : ,7 > 0} > min{n : ;7 > 0}, so the uniqueness of the minimum in
Assumption A9 must also hold for I', in a neighborhood of I',. The extra assumption
assures existence of a solution to min{r : I';7 + Z* > 0}. Then, by the argument given
in the proof of Lemma A8, the solutions to this linear program, min{r : I',7 + ZF > 0},
are uniformly bounded for (T'y,%,) € Ngb“’z‘l and || ZF]] < C, for some ¢, > 0 and any
C, > 0. Choose ¢ <, and C, such that Pr*(|| Z|| < C,) > (1+«)/2 for all ZF ~ N(0,%)
and X € N?“. Let C' be the uniform bound on the linear program solution on this set.
So, if (T, 5,) € N3==, then Pr*(ri(T,, Z3) < C) > Pri(|Z:]| < C.) > (1 + )/2 for
Z: ~ N(0,%,). It follows that Pr(q®*, > C) < Pr((Fa, ) & Ng==).

Now let 8 > 0 be such that for large enough .J, Pr(v/J(0, —6,) < C) > 1 — 3. Take J
large enough that Pr((I',, 3,) € N%’;“) > 1—03/2. So, for .J large enough, Pr(v/J (6, —6,)
<) <Pr(VJ(0, —0,) <C) +Pr(gy, > C) < (1-B) +B/2=1- /2.

Next, consider 7 and 7. If PJmo(z,Q) > 0, then 71|P; stochastically dominates
#|P;. From the proof of Theorem 1, Pr(P;m(z,6) > 0) — 1. Hence, for large enough
J, Pr(Gay < Gas) > Pr(Pymg(z,60) > 0) > Pr(Pym(z,0) > 0) > 1 —¢. So for J large
enough, Pr(\/j@1 —0) < Pr<\/7<é1 —01) < Ga,s) —i—Pr(QZﬂ; > Go,g) < o+ 26

Next, consider 7; and 77 and show that for given e > 0, Pr(v/J (6, —0,) < QG y) < atbe
for large enough J.
Note that

VIPimg(z,0) = ToVJ (0 —0) +VIPym(z,0)
VI [Pmo(z,0) — Pmo(z,0)] — T,V I (0 — 6)
+\/7[PJm0(z,é) — iPmo(z,Q) — (Pymo(z,0) — Pmyg(z,0))].

The expressions in the last two lines are 0,(1) from the proof of Lemma 3. By Assump-



tion A7 and Lemma 1, v/ JPymq(z,0) = O,(1). Similarly, using Assumptions A6-Ag’,
VIPymy(z,0) — VJIPmy(z,0) = O,(1).

Take C', large enough and dy, > 0 small enough that for all ¥ € N?E and Z* ~ N(0,%),
Pr(||Z*|| < C.) > 1—e. Choose J,,Co, Cy > 0 such that for J > J,, Pr(||v/JPyme(z,0)|| <
Co) > 1 —e and Pr(||V/JPymy(z,0) — VIPmi(z,0)|| < Cy) > 1 —e.

From the proof of Lemma A8, there exists or > 0 such that the solution 7 to the linear
program min{7 : 0 < I'y7 + Zy} is uniformly bounded if I'y € Ngro and || Zo|| < C, + Cyp.
Let C; denote that uniform bound on 7 and let Cy = sup{||I'17|| : ||7]| < C;, T € Ngrl},
which is finite.

Take J, large enough that ﬁ?ml(z,ﬁ) > (C, + C1 + Cy)l for J > J,. Take J. such
that Pr((T,2) € N(;EF X N(%E) > 1—e¢for J > J.. From the argument above, there exists J,
such that for J > Jg, Pr(VJ(0,—0,) < Gage.s) < a+3e. Let J = max{J,, Jy, Jo, J4}. Also
let A = {[|[VJPymo(z,0)l| < Co} N{IVIPymi(2,8) — VJPmu(z,0)| < Ci} n{([,%) €
N(;EF X N(%E}. Note that Pr(A) > 1 — 3¢ for J > J.

Suppose A holds and J > J. If || Z;|| < C,, then ||7]| < C,. If || Z]|| < C,, then I'17 +
Zi +V TPy (2,0) 2 VTP (2,0) —(|ID3F | + (1 25| + IV T Pyma (2, 8) = VTP (=, 0)) 1)1
> 0. Hence 71 = . Also, if A holds and J > J, then

Pro({m <dat=s} N{IZ5] < C3 0 {[Z5]] < C.})
Pr({71 < Gayes} NH{IIZ5 1 < CF 0 {IIZT] < C.})
Pr*({#i < oy} N{[IZ7] < C.})
(a+e)+(1l—¢)—1=a.

PI'*<TT < §a+E,J)

(AVARR | I AV

vV
+

S0, Gate.s > q;, ;- Finally, for J > J,
Pr(\/j(él —0,) < QZ,J) < Pr({ﬁ(@l —0,) < §a+e,J}) + Pr(A°) < a+ 6e.

Result (b) follows. O

And define infeasible estimators for the linear case,

7l = min{r : 7 € 7L} where T% = arg mTin I <w170 + yio/\/j)T + (?ff,oé+ y;o)) [



and
ZL

L= min{n 7 TL}

where ‘j'f = arg mTin | ((U_)Lo + yio/\/i_])T + (yioé +Y50) + ﬁ(wwé + U_}Q’O)), |

with quantiles defined analogously to the notation in the paper.

PROOF OF THEOREM b5:

First show that given ¢ > 0, for large enough J, Pr(v/J (6, —0,) < Gy ;) > a—06e. The
proof is similar to the corresponding nonlinear result. For large enough J, Pr(ﬁ (Ql —
0,) < Ga—3.) > «a — 4e. Also, by continuity of the quantiles as given in Lemma A10
and consistency of (fo,io), for J large enough, Pr(ga—2: < ga—cy) > 1 —c. Now let
17 = Ga—2¢ — Ga—3c > 0. Below we will show that for large enough J,

Pr(fjoz—a,J < Cj(ij + 77) >1—c. (1)
The desired first result will then follow, for large enough J,

Pr(\/j(é1 —0,) < gg,J)
> Pr({VJ(0 — 0,) < qa—sc} N {Ga2e < Go—e,7} N{Ga—e,g < q~£,] +n})
> (a—4e)+(1—e)+(1—¢)—2=a— 6e.

Now we show that equation (1) holds. Take dy, > 0 and C, large enough that
Pre(|1Z5]| < C,) > 1 —¢/2 for all Z§ ~ N(0,%) with ¥ € N(SZEO. Now by Lemma A8
(and its proof), there exists or > 0 such that 7/7(T, Z) exists and is uniformly continuous
onl € Ngro and || Z]| < C,. By the uniform continuity there exists 6, > 0 such that for
T e N2, ||Z|| < C., and ||[(T,2) — (T, 2)|| < 6., |7V, Z) — "(T, Z)| < n. Now take
61 > 0 and Cy such that Pro([ly7 |l < C1) > 1 —¢/2 for y* ~ N(0,%) with ¥ € N?l“’.
Let § = {3, € N?EO} n{L, € NEFO} N{, € N?lw}. Then take J large enough that
Pr(G) > 1 —¢ and Cy/VJ < 4,

Now suppose that J is large, G holds, || Zg|| < C., and ||y ol| < C1. Then ||(w1,0, Z5) —
(@10 + Yio/VI, Z5)| < lyio/V I < 6, Hence, |71 — 72| <. Then, if § holds and J is



large enough,

Pri(|f =7 <) 2 Pr({lIZs] < Chn{llyill < i) = 1—e.

Further,

Pr(7 < Gaey = 1) < PU({F 40 < Gaeg} N {7 = 7| < 0}) + PrY(17 = 7 > 1)
< Pr*({%lL +1n < (joz—e,J} N {%1 < 7~-1L + 77}) +e
S Pr*(%l S Qa—s,J) + €
< a—cec+e=aq,

so that cjij > Jo—cg — 1. Finally, then, for J large enough, Pr(Ga—.; < cjiJ +1n) >
Pr(§) >1—e.

Now using the same argument as in the analogous nonlinear case, if m, contains my,
the binding moments, then 7| P; stochastically dominates 7°|P;. So, in the argument
above, we can substitute Pr(g,_3. < qg ;) > 1 —2¢, and the first conclusion of the result

follows.

Using the same argument that compared 7, and 7; in the general nonlinear case,
we can compare 7{ and %f, yielding the analogous conclusions. For large enough J,
Pr((faL,J < (jaL?J) > 1 — ¢, and hence Pr(\/j(él -0, < (%J) < o+ 2e.

Next, consider 7:'1L and 7{. With some modification, this part of the proof follows the
analogous result for the nonlinear case. We show that for given e > 0, Pr(v/J (Ql —0,) <
ql. ;) < a+ Te for large enough J.

Note that vJPymo(w,0) = VJ(wnf + ws). So, v/J(w1ef + a9) = O,(1) and
\/7[(11)17@ + we1) —(Pwy 10 + Pwyy)] = Opy(1) follow as in the nonlinear case, but with-
out need for the stochastic equicontinuity and differentiability assumptions (due to the
linearity).

Take C', large enough and dy, > 0 small enough that for all X € N?E and Z* ~ N(0, %),
Pr(||Z*]] < C.) > 1 —¢/2. Then, take J,,Cy, Cy, or > 0, C;, and Cy as defined in the
analogous nonlinear proof. Also take ¢, > 0 and C, such that Pr*(||yj|| < C,) > 1 —¢/2
for y* ~ N(0,%) with ¥ € N?y“’.

Take J, large enough that ﬁ?ml(w,ﬁ) > (C,+C1+Cy)l for J > Jy,. Take J, such that

©



Pr((I, %) e N(SEF/Q X N?Z) > 1—¢for J > J.. Take J; such that C,/+/J; < dr/2. From the
argument above, there exists .J, such that for J > J,, Pr(v/J(0, —6,) < Gt ) < a+3e

Let J = max{Jy, Jy, Je, Jo, J.}. Alsolet A = {||V/JPymo(w,0)|| < Co} N{|IV/J Pyma(w,0)—
VIQmy(w,0)|| < Ci} N{(T', %) € Ny, x N5.} N{%, € Ny }. Note that Pr(A) > 1 —4e
for J > J.

Suppose A holds and J > J. If ||Zf]| < C. and Hyfo/\/jH < 0p/2, then w o +
i o/VT € N5 and so |74 < €, 16 | Z7]) < C. and [l V7| < 6c/2, then

(w11 + Z/il/\/j);L + (yilé +ya1) + \/j(u_fl,lé + W)
> VJ(Pwy 10 + Pwsy)
~([(@11 + g5 /N DF N Z5 1]+ IV T[(01,40 + W21) — (Pwraf + Pwa )]
> 0

Hence 7{ = 7. Also, if A holds and J > J, then

Pr* (7'1[ < §£+6,J)

Pr({rf < ke s} N{IZ51 < G 0 {llyio/ VI < 00/2 0 {11251 < C3 0 {llyia /YT < 6r/23)
= Pr({# <@ 3 n{IZsI < Gy n{llyro/ VI < oe/2d N {IIZ5 1 < Gy n{llyia VTN < 60/2))
Pre({f < @&y {1271 < Cyn{lly; VI < or/23)

> at+e+(1—-¢/2)+(1—-¢/2) —2=q.

Vv

v

SO? q:£+5,J Z qcly,J'
Finally, for J > J,

Pr(\/j(él —0,) < qg,]) < Pr({\/j(él —0,) < §£+5,J}) + Pr(A°) < a+Te.

Result (b) follows. O

PROOF OF THEOREM 4:
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Define cq 2 by Pr*(|[Z5(00)-| > caj2) = /2. Now note that

Pr(inf ||(V'JPym(z,0))-| > Za

7)
< Pr(|(VI[Psm(z,60) = Pm(z,00)])-|| > Za,)
< Pr(|(VI[Pym(z,00) — Pm(z,600)]) | > Caj2) + Pr(Za,; < cay2)
< Pr(|(VI[Pym(z,00) = Pm(z, 00)])-|| = caje) + Pr(fo & Cli-ays,)

By assumption (c), lim;_o Pr(fy & ClLi_a0.5) < a/2. Also, it is straightforward to
show that F'(s) is continuous at s > 0.

Let sz be such that F(sg) =1 — § for § < 1— F(0). Given ¢ > 0, choose § > 0
small enough that F(s,/2) — F(sa/2-5) < €. So, for J large enough, Pr(||(vVJ[Pym(z, 6p) —
Pm(z,00)])=|| > Saje—s) < /2 + 2e.

Let B = {2 : ||2—|| > saj2-s]|}. For Z* ~ N(0,%(6y)), Pr*(Z* € B) = a/2 — 6. Choose
n > 0 small enough that for any ¥ € Ng(e and Z* ~ N(0,%), Pr* (|22 || > sqa/2-5) < /2.
For large enough J, Pr(X € Ny,\) = 1 —c. If ¥ € Ny, and 2% ~ N(0,X), then
Pre(||Z]] > sa/2-5) < @/2 and 50 co/2 > Saj2—s5. Hence for large enough J, Pr(cy/ o >
Sa/2-5) > 1 —¢.

Hence, for large enough J,

Pr([|(vVT[Pym(z,60) — Pm(z,60)])-|| = cay)
< Pr([|(VI[Pym(z,80) = Pz, 00)])-|| = sas2-5) + Pr(sa/2-5 = as2)
< of24+2+e=0a/2+ 3¢

So, limy_ Pr(||(VI[Pym(z,80) — Pm(z,00)])-|| > caja) < /2. The result follows. O

Lemmas

Lemma A1 [la_| > [|o—| — [la — b]].

Lemma A2 For any € > 0, there exists 6 > 0 such that {0 € ©¢ : |0, — 0,| < d} C {0 €
O : |0 — 0| < €}.
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PROOF: Suppose not. Then there exists a sequence 9, > 0 such that 6, — 0 and
some 6, € ©¢ such that |0,,, — 0, < J,, but [|6,, — 8|| > e. Clearly, 6,;, — 6,. By
Assumption Al, there exists a convergent subsequence 0,, — 05 € ©y. Now, 0,/ ; — 0,
and 0,y ;1 — 0,1, so we must have 0, = 6,. Since 0 is the unique minimizing point of

mingeeo,th, we must have 65 = 0, which contradicts the supposition. O
Lemma A3 There exists § > 0 such that for any T with Ty >0, 7y > §||7|.

PROOF: Let T={r:|7|| = 1,Ly7 > 0}, and § = inf{r; : 7 € T}. By Assumption A9,
there exists A # 0 such that Eoﬁ > 0. So T is non-empty and the infimum, 0, exists.
Moreover, since zero is the unique solution to min{r : Iy7 > 0}, 7 € T implies 71 > 0.
Hence, § > 0. Suppose 6 = 0. Then there exists 7,, € T such that o1 | 0. The set
{T :||7]| = 1} is compact so there exists a convergent subsequence 7, with 7, — 7
where 7,,1 | 0, s0 701 = 0 and ||| = 1, i.e. 790 # 0. But Ly7,v > 0, so [y7p > 0, which
contradicts the uniqueness of zero as a solution min,.r ;> 71. It follows that 5 > 0. Now
take any 7 # 0 with Iy7 > 0. Then 7 > 0 and so [[7]| > 0. Hence I'y7p > 0, which

implies 7 > §, ie 71 > §||7||. Since this inequality also holds for 7 = 0, the lemma

follows. U

Lemma A4 For § from Lemma A3, there exists ij such that if § € ©q and ||0 — 0| < 7,
then 6, — 0, > 2110 — 4.

PROOF: Suppose not. Then, there exists a sequence 6,, — 6 such that ,, € Oy and

01— 0, < gHGn —0||. Let 7, = ﬁ, so |||l = 1. {7 : ||7|| = 1} is compact so 7,, has a
convergent subsequence 7,, — 7y and ||7p|| = 1.

r I p =8 _y; L Pz, 00) — Prmo(z, 0)]

LoTo = WMy —ool o7 = UMy —co7y o L TT0\R, U ) — J (2, U

’ 16, — 16 — 8
1
= limpy oo Pmgy(2,0,/) >0
16 — 8

where Pmg(z,0,/) > 0 and Pmg(z,0) = 0. Hence, y79 > 0, and by Lemma A3, 75, >

12



8|70l = 0. But, Oy — 0 < 3|6, — 0], ie.
en/,l _Q
=T/l — 70,1

5
— Z =
A |

O

which yields a contradiction and the lemma follows.

Lemma A5 If Pmq(z,0) is continuously differentiable in an open neighborhood of 6 and

C > 0, then for large enough J and some sequence (y | 0,
C

&w—@%—ﬁmdzﬂ—?mJAQMSQQﬁ-

sup
0:]0—0||<-%
=7

PROOF: By continuous differentiability,
r 0—40 Pmo(z,0) — Pmy(z,0) 0
su — — 0.
Joojee |O\T6=0] ]
0:10-0l1< 75

0—0 Pmo(z,0)—Pmo(z,0)
Lo (ot )~ el | < ¢ Hence,
O

So, there exists (; | 0 such that sup9:||9_9”<%
= VJ
L0 —68) — [Pmo(z,0) — ‘J’mo(z,Q)]H < Q\% for J large enough.

SUPg.i1g9_ C_
Po:o-01<-&

Lemma A6
e+ ) (e ) -] -

A
L0+ —w—40
—0< Naa

a

PROOF: Since vJ(6* —0) = O,(1), by choosing C” large enough, SUDe(0.1] 107 + \%w —
ol < CUF—W with probability as close to one as desired. The result then follows by

Lemma A5 setting C' = C" + ||A||.
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Lemma A7

A A
sup ||Pymo(z, 0F + —=w) — Pmo(z, 0" + ——=w) — (Pymo(z, 0) — Pmo(z,0)| = 0,(1/VJ
we[orfu\l o ( 77 ) o 77 ) — (Pymo(z,0) 0(z,0))[| = 0p(1/VJ)

PROOF: Note that sup,cq[/6" + \/ljw — 0|l = 0,(1) implies there exists §; | 0 such
that sup,eqq [0 + \%w — 0|l < 6, with probability approaching one. The result then

follows by Assumption AS8. O

Lemma A8 There exists n > 0 such that T{p (I, Z) is continuous at each I' € N%O and
Z e R™.

PROOF: Find n > 0 such that given I' € N%O, any Z, and € > 0, we can find a § > 0
such that |7?(I', Z) — 7(T', Z)| < ¢ for all (I', Z) € NIZ.

There exists d, > 0 such that Ngf is contained in the neighborhood given in Assump-
tion A9 and [\ > 0 for all I' € N;°.

We first note that by Kall (1970) Theorem 4, for all I' € Ngf and any Z, 7i*(T', Z) is
well defined and a solution to the corresponding linear program exists.

Next show (uniform) boundedness of the solutions of the linear programs on some
neighborhood contained in Ngf’z, following the approach in the proof of Bereanu (1976)
Lemma 2.1. In fact, it will be useful (for other results in the paper) to show a stronger
result. Take any constant C, > 0 we will show uniform boundedness for (I', Z) € Ngo X
{Z . ||Z]| < C.}, for some § < §, (take C, large enough that ||Z| + d, < C,). If
solutions are not bounded on any such set, then there exists a sequence 4, — 0 and
(T, Zn) € Ngf x{Z : || Z|| £ C,} such that for some solution 7' to the linear program
min{r : [, 7+ Z, > 0}, ||7]]| — oo. By the Duality Theorem (of Linear Programming),
for any solution 77 to the primal linear program, there exists a corresponding solution
B to the dual linear program. The compactness of {Z : || Z]| < C.} implies that there
exists a convergent subsequence {n'} such that Z, — Z € {Z : |Z|| < C.}. Let
A, =, =T, A=, —L, e =(1,0,...,0),d = (e, —e1’), and

A, 0 Ap 0 —Zn
B,.=| 0 =A,) |, By=| 0 =A) d, = —c
- Z) —d 7 0



Then there is uf = (7,7,7,,0%) > 0 such that B,u® > d, and 77 = 7,7 — 7,7. Also,
B, ”Zf” ”ul rdn (and ||ul|| — o0). Since u,/||uf/|| is a sequence on the compact unit
ball, it has a convergent subsequence {n”} such that u*,/||ul,|| — u* = (7°F, 7%, 5*),
|u*|| =1, w* > 0 and Byu* > 0. The last conclusion implies [',3* = 0. Note that if 3* # 0
(recalling 3* > 0), then 3*'TyA > 0 and hence 5*'T, # 0. So, 5* = 0. So we have [y;7* > 0
and 71 < 0 (with 7* # 0), which contradicts Assumption A9. Hence, for some d, < d,,
there exists C' such that for any solution, 7, of the linear program min{r : I't + Z > 0}
with (I, Z) € N5° x {Z : || Z|| < C.}, ||7]| < C.

Let v = minrewio min;[I'A; > 0. Take any I' € Ngbo/Q. Choose p > 0 small enough
that pA; < e. And take 0 > 0 such that § < §,/2 and ||[(I' = I')7|| +[|Z — Z|| < py for all
7] < C and (T, Z) € NS-Z.

Take any (I',Z) € NE’Z and let 7 be any solution to the linear program min{r :
I'r +Z > 0}. Then,

TF+pN+Z2=0C-D)7+(Z-2Z)+TpA+ (I7+2) >0,

so TiP(T, Z) + ¢ > 7P (T, Z)
Take any (I',Z2) € N§ and let 7y be any solution to the linear program min{rn :
[T+ Z > 0}. Then,

D(To+pN)+Z=C =D+ (Z—-2Z)+Tpr+ T+ 2Z) >0,

so TP([,Z) +¢ > mP(T, Z)
Hence, |71P(T', Z) — 7iP(T', Z)| < ¢, and the result follows with 1 = 8,/2. O

Lemma A9 71 = min{r : Iy7+Z} where Z ~ N(0,%,). 71 has a continuous distribution

(continuous c.d.f.). Also, R is the support of 71; in particular, for any ¢ € R, Pr(7; <

q) € (0,1).

PROOF: Let F denote the c.d.f. of 71. Suppose F' is discontinuous at some t. Let
€ = Pr(7, = t). Then e > 0. Let A, = {Z : 7/°(L';, Z) = #1}. Then, ¢ = Pr(Z € A,). For
c>0,define A, ={Z: Z = Z'+LjcA for Z' € A;}. For ¢ small enough, Pr(Z € A.) > ¢/2.

Take any Z € A;. Let 7 be a solution to min{r : I'y7+ Z >0}, sot =7,. Let T be a
solution to min{r : Ly7+ (Z +LycA) > 0}. Since 0 < LTy7+Z =Ly(T—cA)+(Z+LyeN),
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1 <71 —cA. Also, 0 < TyT+ (Z+Lged) =Lo(T+ X))+ Z,s0 71 <71+ cA. Hence,
t—cAy. So, Pr(7y =t—c\) > Pr(Z € A.) > €/2. We can pick an infinite number of

small ¢ yielding such mass points, which yields a contradiction. Hence, F' is continuous

Sl

1

everywhere.
Now take ¢ € R. Choose ¢ such that cA\; = ¢q. Then,

0<Pr(Z>-Lyer) =Pr(Lyeh+ 7 >0) < Pr(fy <ch\) =Pr(n <gq).

Now, take ¢ such that c\; = —q. Take the solution 77(I'y, Z) to min{r, : [y7+2Z > 0}
for Z < LyeA. Then,

Ly(7"P(Cy, Z) + eX) > Ly (Lo, Z) + Z > 0.
So, Tllp@m Z)4ch >0, ie T{p(EO, Z) > q. Hence,

0 <Pr(Z <Lyeh) <Pr(qg<).

Define ¢&” = inf{q : Pr*(7}*(T', Z*) < q) > o} where Z* ~ N(0,%).

Lemma A10 Given o € (0,1), ¢1'¥ is continuous in (I, %) at (Ly, %,).

PROOF: Given n > 0, show that there exists § > 0 such that [¢=F — ¢a®=| < 5 for
(IY) € NEO’ZO (defined analogously to the neighborhoods defined prior to Lemma AS).

Take 7, > 0 such that n, < n/2, min{qgi’%;]a — O a0 — qg(l%?a} < n/2, and
o € (21q,1 = 21,).

Take 6, > 0 to be the “n” in the statement of Lemma AS8. Choose C, such that
Pre(|Z*|| < C,) > 1 —n, for all ¥ € N?ao and Z* ~ N(0,%). Then 7 is uniformly
continuous on N(;Ef x {Z :||Z| < C.}. Choose 8, such that ||71*(T, Z) — 7i*(Ly, Z)|| < 1a
for all T € Ng° and all || Z]| < C..

Define Az = {Z : 7"(L,y, Z) < qg(”zo}. Now take 0 < 6 < d; such that min{|Pr*(Z* €
Aavan,) — Pr(Zy € Aayoy )|, [P (27 € AL _y,) — Pr(Zy € Aq2q,)|} < ma for Zy ~
N(0,%,), Z* ~ N(0,%), and all & € N°.
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Then, for Z ~ N(0,5,) and Z* ~ N(0,%) with (I', ) € Nj*=,

Pr(r{"(D, Z*) < 42950 + 11a)

v

Pri({Z" € Aayan t NI Z7| < C.})
> Pri(Z" € Apjon,) +Pr(| 27 < C) —
> (O‘+277a)_77a+(1_77a)_1:a‘

Simﬂarly, Pr* (7P (T, Z*) > %027;; +14) > 1—a, so Pr*(ri(D, Z*) < ngQO —i—na) < a. So,

> q;_‘)@;]a + e < q oo 4 n by the definition of 7,. Similarly, ¢>* > q*o Lo _ 1. The

result follows. O
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