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Abstract

I investigate the impact of memory limitations on economic behavior with a model that is
motivated by research in biology and psychology. Memory (along with access to some recorded
information) is used by an agent who applies Bayes’ rule to the recalled history as if it were
the true one. The resulting behavior matches previously found experimental evidence on deci-
sion making biases. Applications to consumption and asset pricing produce results consistent
with “anomalous” empirical findings: (i) consumption changes are negatively correlated with
lagged income changes at the micro-level, but positively correlated at the macro-level; (ii) the
marginal propensities to consume permanent income differs across income streams; (iii) stock
prices exhibit excess volatility; (iv) price-earnings ratios forecast future stock returns; and (v)
conditional on a single earnings surprise, prices under-react but conditional on a sequence of
earnings surprises, all in the same direction, prices over-react. The model also predicts novel
empirical relationships by tying the magnitude of these phenomena to measurable aspects of
the labor income or firm earnings process.
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1 Introduction

Can memory imperfections help explain observed economic behavior? Casual observation suggests
that recollections do shape beliefs. An individual forecasting her income uses not only aggregate
unemployment data, but also specific information drawn from more personal experiences. She may
hear the anecdotes of a recently unemployed friend (whose skills closely mirror hers) or read about
a foreign firm’s plans to enter her industry. In fact, knowledge of these detailed events is exactly
what separates an individual’s forecast of her income from an econometrician’s who must settle for
only the statistical series.! Memory influences beliefs by shaping knowledge of these events, which
by nature are qualitative and ephemeral. In this paper, I investigate whether the physiological
limitations of human memory shed light on biases in the inference process.?

An advantage of focusing on memory is that scientific research on it is far more advanced than
research on higher-order cognitive functions—such as problem solving techniques—and this permits
a more grounded model. Accordingly, I use two stylized facts from biology and psychology research
to model the memory technology. The first fact, termed rehearsal, states that remembering an
event once makes it easier to remember that event again. Most students studying for an exam,
by reading their lecture notes and repeatedly attempting to recall the material, take advantage of
rehearsal. The second fact, termed associativeness, states that similarity of the memory to current
events facilitates recall. Cues in today’s events trigger memories that contain similar cues. Hearing
your friend lament about how his Fiat has turned out to be a lemon may remind you of other Fiat
horror stories. These two facts, which represent the core findings from memory research, form the
basis of my model.

Two polar extremes mark the ways in which people may use this memory technology. They may
be naive and apply Bayes’ rule to the recalled history as if it were the true history. Alternatively,

they may be sophisticated, by possessing complete knowledge of the recall technology and correct

!The formal model developed in this paper allows individuals to access both recorded and recollected information.

?See Conlisk (1996) for a general survey of previous work on bounded rationality. Dow (1991) also presents a
model of memory limitations, which examines optimal storage of information (in the context of search) given limited
capacity.



for distortions in recall when forming forecasts. Each of these decision rules—as well as “partial
adjustment” rules—has its appeal and undoubtedly a characterization of both is necessary. This
paper takes the first step in this investigation by drawing out the implications of the naive model.?

Associativeness in recall generates a central property of beliefs: an event affects beliefs not
only through the information it conveys but also through the memories it evokes. The friend’s
lamentations about his Fiat influence perceptions not just because they provide one extra data
point, but because they conjure memories that cast doubt on the reliability of Fiats. Recollections of
a recent television expose may be jogged. This property implies that even completely uninformative
signals can influence beliefs by altering the set of recalled memories. Even if one disregards these
signals as noise, they have an indirect effect by altering perceptions of the past. Consider a political
ad that contains a testimonial by a recently laid-off blue collar worker facing difficulties finding a
decent job. Though the ad conveys little information, it may trigger other, more informative signals
that suggest a recession. More generally, current events trigger memories with (on average) similar
information. The added weight of these triggered memories leads to an over-reaction to news. For
example, good news cultivates enthusiasm by producing a rosier view of the past. News draws forth
reinforcing memories causing beliefs to respond “too much”.

Rehearsal generates another feature through the persistence of evoked memories. Even if the
information in the original event has been discredited, the memories it triggered continue to be
more memorable and hence continue to influence beliefs. A smear campaign can have lingering
effects even after all the “facts” it proclaimed have been thoroughly debunked. The unflattering
memories brought to mind stay, casting a negative shadow on the target. As another example,
consider a judge instructing the jury to disregard the testimony they just heard. Even a well-

intentioned jury would find it hard to fully comply with such a request. Even were they to ignore

3 chose to examine the naive rule first since experimental evidence suggests that individuals have neither accurate
models of memory, nor correct for their memory mistakes in laboratory settings, making the naive model a natural
first model to study. Of course, in cases with repetition and room for learning, sophistication may come to have
more descriptive power. This makes it the next natural model to study and work in progress is examining it. This
first pass also abstracts from recall effort. Individuals may work harder to remember certain events in the past over
others. Such effort may take the form of mental exertion or the use of diaries to keep track of important information.
Section 5 discusses these and other extensions to be pursued in future work.



the actual information, they must correct for the memories that it evoked as well. More generally,
individuals under-react to news that invalidates or revises old information.

These results—and others derived through similar reasoning—match many of the experimen-
tally found biases in human inference. For example, it has often been found that more salient
information—a famous actress describing her battle with breast cancer as opposed to statistics—
can have larger effects. The model generates this salience effect in two ways: (i) salient information
may be more memorable and (ii) may be more effective at triggering supportive memories. As
another example, several experiments have demonstrate the curse of knowledge: individuals find
it hard to discount their private information in forming forecasts of how others will behave. I
argue that one reason for this curse is that even if individuals disregard the direct effect of private
information, the memories evoked by it still influence beliefs. In Section 3, T discuss the experi-
mental evidence for these and several other psychological phenomena that can be interpreted in
the current model. The model further relates the extent of such phenomena to a parameter of
the stochastic process individuals are forecasting. This parameter measures (roughly) the ratio of
transitory to permanent shocks. When it is large, the present value is a very noisy indicator of the
permanent value, and inferences must rely heavily on past values. A greater reliance on history in
turn means that memory distortions will be magnified. Thus increases in this parameter should
magnify the behavioral biases. I argue in Section 3.9 that this relationship generates meaningful
out of sample tests because in most economic applications, the relevant parameter can be measured
using standard data sets.

This model also has implications for a wide range of economic behavior. In this paper, I sketch
some implications for consumption and asset pricing. In a standard Permanent Income (PTH) model
of consumption, memory distortions generate violations of the orthogonality predictions standard
in such models: consumption changes can be predicted using lagged information. Moreover, under
certain assumptions, the pattern of predictability resembles that found in existing empirical work.
At the micro level, changes in consumption are negatively correlated with lagged income changes,

while at the macro level they are positively correlated. While these two predictions have been



tested, the model provides a further prediction that has not: the correlation at the micro level
should be more severe (roughly) as the ratio of transitory to permanent income shocks increases.
The model also predicts that when there are multiple income sources, the marginal propensity to
consume permanent income changes will be different for each stream. Moreover, the larger the
MPC out of an income stream, the more negative the correlation between consumption and lagged
income changes in that stream. Section 4.1 discusses these predictions, the intuition behind them,
and related empirical evidence more carefully.

The second application focuses on asset pricing. I find that that while in the long run prices equal
the net present value of the dividend stream, in the short run, memory distortions can generate
mispricings. As noted before, beliefs respond to non-information or over-respond to intangible
information. This produces one explanation for why prices seem to move with little apparent
reason, or exhibit excess volatility. While this captures the response to intangible information, the
response to more tangible information—earnings announcements—is more subtle. Under certain
conditions, prices under-respond to a single earnings surprise, while over-responding to a sequence
of earnings surprises all in the same direction. Following a single unexpectedly positive earnings
shock, future returns will be predictably high. But, following a sequence of positive earnings
shocks, future returns will be predictably low. As these results suggest, the model does not in
general produce mean reversion since a price change may reflect either an over or under-reaction
to news. It does, however, produce conditional mean reversion: price earnings ratios predict future
returns. Finally, one can relate the extent of these phenomena to the earnings process of the firm.
For example, firms about which there is less information such as newer firms will experience greater
biases. Section 4.2 discusses these predictions, the intuition behind them, and related empirical
evidence more carefully.

The limitations of human memory seem to provide a fruitful approach to understanding bounded
rationality. Several psychological phenomena can be unified into a single model. Economic applica-
tions to consumption and asset pricing generate results that explain existing empirical anomalies.

The model also generates new predictions that can be tested on standard data sets. Models based



on bounded rationality often invoke fears of post hoc rationalization, fears that with a sufficiently
flexible set of assumptions almost any behavior can be “explained”. The out of sample predictions
are a first step in alleviating such fears. As a whole, the findings suggest that models incorporating

realistic limitations on recall have strong, testable implications about economic behavior.
2 Setup

The basic framework examines an individual who forms expectations about a state variable. I will
take this variable to be synonymous with permanent income in future discussions, but it can be
many other things; a firms’ earning power, macroeconomic conditions, or an employee’s abilities
are just a few examples. Forecasts of income clearly influence many decisions—savings, job search,
or portfolio choice—and in Section 4.1, I explicitly study the consumption decision. Labor income
moves for a variety of reasons, such as macroeconomic shocks, technological innovations, or changes
in expectations about an individual’s ability. As these examples indicate, forming forecasts requires
combining a diverse set of information. Some of this information is, loosely speaking, “hard” or
readily available in records: income in prior months, unemployment or GDP. Other information is
“soft” or harder to capture in records: a friend in a similar position being fired or a boss telling
you that you are one of the best employees he has seen. This disjunction between hard and soft
will be useful for the model that follows. Knowledge of soft information depends on memory, while
knowledge of hard information typically does not. The remainder of this section formalizes the

setup.

2.1 Environment

Let y; be income at time ¢, which follows the stochastic process:

t
Yt = Z Vg + € (1)
k=1

where ¢; is a transitory shock distributed N(0,02) and v} is a permanent shock, whose structure I

will describe shortly. v; is observed by the individual and represents the hard information.



Each period with probability p an event e; occurs, which will be the “soft” information. Each
event e; has two components: an informative component, z;, and an uninformative one, n;. An
example of an event is hearing about a friend describing his recent unemployment experience. The
length of his unemployment spell would be informative, while the fact that he has a pregnant wife
with medical bills piling up would be uninformative.* The model includes uninformative, or neutral
components, because they will affect recall probabilities.

When there is no event, I will write e; = () and, abusing notation, will generally take z; = n; = 0.

Conditional on an event occurring, they are distributed:
et = (zg,m) ~ F(z1,n1)

where E[z;] = E[n;] = 0. The covariance, o, = cov(z,n), measures whether the neutral compo-
nent typically appears with positive or negative information. In the above example, the neutral
component would measures the dollar value of the wife’s medical bills. Since these will be high
when the unemployment spell is long and the signal is indicative of a negative income shock, the

covariance oz, would be negative. The permanent shock at time ¢ will be defined as:
v =x¢+ 2

where z; ~ N(0,02).> Thus, while z; tells her something about the shock that period, its informa-
tiveness is incomplete and depends on o2 /0?.

The process in equation (1) generates a signal extraction problem: the individual must separate
out the permanent shocks to y; from the transitory ones. A 5% income drop may represent a
negative shock to permanent income or may only affect current income. Knowledge of both past
events and y; help to solve this inference problem. Events e; are useful because they allow one

to extract a component of the time k innovation (z) that is for sure permanent. Past income

1Of course, as the example also illustrates, every part of an event will have some information content, and the
dichotomy between z; and n; merely simplifies this spectrum.

A slight awkwardness in this definition should be noted. The variance of z; is higher when there is a shock
than when there is none. In this sense, “signal” may not be a completely accurate word. This assumption does not
drive the results; I use it so that the residual variance of z; conditional on observing z; is constant, allowing a more
transparent analysis.



realizations yj, are useful because they allow one tease out the remainder of the permanent shock
(z) but with less certainty. Repeated observations of high income will suggest a permanent rise.5
Finally, I describe the timing of the game. At the beginning of each period, she sees that period’s

events (if any). She then combines this knowledge with past information to form a forecast. At the

end of the period the true value of y; is observed. The game is then repeated.

2.2 Memory
2.2.1 Formal setup

Memory will be modeled as a stochastic map that transforms true history into perceived history.”

Let history, h, be a vector that includes y; and e for k£ < t:

ht = (yl, o Yt—1,€15 -1 et—l)

Memory maps h; into a random variable ht. I begin by making mathematical assumptions about
the nature of this map and then use experimental evidence to characterize the remainder.

As discussed, past values of income are hard information readily available in records. I,
therefore, assume that gy, will be recalled perfectly. Events, on the other hand, characterize
soft information, and are more prone to be forgotten. Formally, write recalled history as hff =
(el elt . el y1,...,u1-1). Notice that in the recalled history, y; is unaffected, whereas e; is

transformed into a random variable, e/t whose value is governed by:

er with probability 7

eff =
() with probability 1 <ry,

The probability that event ej is recalled at time ¢ is denoted by rx;, where these probabilities are

applied independently across events, though algebraically the probabilities may be linked.® When

6Contrast with the case where y: follows a standard random walk. Then, y:—; is the only information in the past
needed to forecast y;. For the model formulated in this paper, y.—1 is a sufficient statistic for all past information.
This is an artifact, however, of the simplicity of the model. If we complicate it by assuming that different events have
different levels of mean reversion rather than all being permanent, this will no longer be true. Forecasts must then
rely directly on all past y; and ey.

"The recall process readily lends itself to a probabilistic interpretation. Casual conversation consists of phrases
such as “more likely to remember” and experimental work supports this. James(1890) seems to present the first
probabilistic interpretation of memory, though of course he does not use this terminology.

8Formally, conditional on ri¢ and rj-, Ri¢ and R;- are independent.



an event is forgotten, it is exactly as if no event occurred that period. A metaphor may help.
Picture history as a series of boxes, one for every time period. Each box contains the details of
that period’s event. An empty box signifies that no event occurred that period. Memory goes to
each box and flips a coin with weight r;; to determine if the event in that box will be remembered;
if forgotten, the box appears empty to the individual.

Notice some of the implicit assumptions made in this specification. Individuals do not remember
distorted versions of events: they either remember them or not. They also do not “remember”
events that never happened. Finally, a forgotten event matches a non-event, so that there is no
feeling of “I think something happened but I'm not sure what”. Weakening of these assumptions
might all be useful tasks for the future. To complete the model, I need to specify ri;. I turn to the

scientific evidence for motivation on how to specify this.
2.2.2 Evidence on Memory

Research by biologists and psychologists has generated a consensus about two essential features of
memory.? The first, rehearsal, states that recalling a memory increases future recall probabilities.
Students quickly recognize this property: repetition strengthens memories. The second, associa-
tiveness, states that events more similar to current events are easier to recall. For example, hearing
a friend talk about his vacation will invoke memories of one’s own vacations. Associativeness may
arise because events serve as cues that help “find” lost memories.'® The evolutionary advantage
of these two properties are easy to understand. Frequently encountered phenomena and memories
similar to current circumstances are both more relevant.'! As well as being intuitive, these two
properties are also supported by an array of experimental evidence.

In describing the experimental evidence for rehearsal, I begin with the very small and work

Schacter (1996) presents an excellent overview of this literature, one that I draw upon.

0An analogy helps to clarify this point. Remembering an event is like finding a house. The cues provided
associations that help get you in the right block.

U7 have not formally pursued such intuitive notion to get at a more evolutionary or optimizing basis of memory. An
accurate model along these lines seems well beyond our current abilities since it would require a precise understanding
of the constraints on what memory mechanisms are even feasible. Theorizing that omits such constraints runs the
risk of telling empty “just so” stories.



my way up. Biological evidence suggests that memories are “stored” in the synaptic connections
between neurons. Repeated firings across these increases connection strength—both by increasing
their number and their importance—and enhances the memory. In the case of the gill withdrawal
reflex of the marine snail Aplysia, we can map this process. When first presented with a noxious
stimulus (such as an electric shock), the creature withdraws its gill. As the number of such stimuli
increases it responds faster, more frequently, and the persistence of the response across experiments
increases. Dissection reveals an increase in the neural connections between areas controlling gill
withdrawal and areas experiencing the stimulus. Consistent with rehearsal, the strength of these
connections increases with repetition.'? Rehearsal has also been found in experiments with humans,
where two groups of subjects memorize the same list of words. One group then practices recall of
this list periodically, while the other does not.'3 After the same time has elapsed for both groups,
they are asked to recall the list. Typically, one finds that the group that has been periodically
recalling the list shows higher recall. This phenomena can also be observed in more natural settings.
For example, Spanish learned in grade school is more likely to be retained if used than if unused.
That these findings should seem so obvious is a testament to the intuitive appeal of the rehearsal
assumption.
A good example of how associativeness can operate is found in experiments on classical conditioning.'4

In the seminal experiment, Pavlov trained dogs by ringing a bell and then feeding them. Once this
procedure was repeated several times (notice the role of rehearsal), the ringing of the bell alone
would induce salivation: the dogs had come to associate the ringing of the bell with the imminent

meal. Also, notice in the Aplysia gill withdrawal reflex experiments described above, that the

12See Kandel, Schwartz and Jessell (1991). A contrasting effect is habituation, wherein synaptic strength decreases
with frequency. This corresponds to the idea that novel stimulus receives notice which lessens as the novelty wears off.
I ignore this property because it a property of attention rather than of memory. The idea that a repeated stimulus
results in longer term responses also underlies classical conditioning, a point I return to shortly.

13 Both groups look at the true word list only once.

14Gee MacKintosh (1983) summarizes conditioning. Laibson (1997) derives a theory of consumption based on
preferences that exhibit a form of conditioning. Our papers differ because I focus on expectations rather than
preferences. The similarity is interesting, however, and suggests that a memory model, in which individuals must use
past experience to forecast preferences, potentially provides one microfoundation to the preferences used by Laibson
(1997).

10



neural pathways between the areas controlling gill withdrawal and the areas sensing the stimulus
strengthen, an example of associativeness. The importance of associativeness in every day recall
has been emphasized by Tulving and his colleagues, who study the role of cues in recall. Subjects
learn a list of words in which each target word is paired with a cue word. The subjects are then
asked to remember the target words, and are either provided with the associated cue or not. A
broad set of such experiments finds that recall of the target words is higher when the paired word
is present.!> A related example of this phenomena is subjects who learn the sentence (Anderson

et. al., 1976)
The fish attacked the swimmer

They are more likely to remember this sentence if given the cue “shark” than if given no cue at all.
Notice, however, that “shark” never appears in the sentence, which illustrates that associativeness
likely operates also through conceptual similarity. Yet another example is provided by the impor-
tance of physical environment. In one experiment, subjects either learned word lists under water
or on land, and were asked to recall them either under water or on land. Recall was higher under
water for those who learned the list under water and on land for those who learned the list on land.
Mood has a similar effect: things learned in one mood (e.g. depressed) are better remembered in
that mood.

As these studies demonstrate, both rehearsal and associativeness have a strong experimental
basis. In fact, the most popular models of memory (and neural function generally), Parallel Dis-
tributed Processing Models, possess both features.'® Nevertheless, I do not mean to imply that
these are the only important facts about memory. Let me cite the two most interesting omissions.
First, researchers now believe that certain memories are episodic (the time you tasted caviar), while

others are semantic (you dislike caviar). This distinction is interesting because semantic memories

15These paired words sometimes share a natural connection, such as “brain” and ‘mind” or “brain” and “drain”,
and sometimes are unrelated, such as “brain” and “doughnut”. The findings hold in both cases though the magnitude
of the effect varies.

16See Rumelhart and McClelland (1986). The other key feature of PDP models is their massive parallelism. Recall
(and more generally computation) in these models is not the outcome of a single “smart” unit. Instead it arises from
the interaction of several “dumb” units.

11



may not possess all the episodes that gave rise to them. That these two different memory systems
exist may have interesting implications for the dynamics of learning and the evolution of heuristics.
Second, memory seems to be reconstructive in nature. As Neisser (1967) puts it, memory is like a
paleontologist putting together a dinosaur from bits of old bone.'” The process of reconstruction
uses ¢ priori theories to put together the pieces, so facts that deviate from these theories will more
likely be forgotten. In a seminal experiment, Bartlett (1932) demonstrated how in recalling stories,
subjects often edit out inconsistent parts. These omitted findings may have interesting implications
for economics, and may be the object of future work. I ignore them for the time being, however,
because they lack the mass of evidence that supports the other two assumptions and because they

are analytically more vague.
2.2.3 Formalism

Three parameters appear in the formalism: m (the baseline recall probability), p (which quantifies
rehearsal), and x (which quantifies associativeness). Assume that all are between zero and one and
that m + p + x < 1. Let Ry; denote the random variable which equals 1 iff event k is recalled at

time ¢.!® Note that E[Rj] = 7. With this notation, we can write:
Tet = m + pRy—1) + X0kt (2)

The first term equals the baseline recall probability for all memories, m. The second term captures
rehearsal. Events recalled in the last period get a “boost” of p. This formalism of rehearsal may
seem awkward. Consider two events: e; o which occurred two days ago and e; 99 which occurred
twenty days ago, and suppose neither is remembered yesterday. Then (holding the third term
constant) both have the same recall probability. Recall appears to display sharp, rather than
smooth, decay. This awkwardness is superficial. Proposition 1 demonstrates that in expectation,
recall probabilities do exhibit exponential decay. Alternatively, I could build exponential decay

directly into the dynamics of memorability, so that it occurs not only in expectation but on every

'"This is drawn from Schacter (1996).
18Take R(_1): =1 and r_1y; = 1 for the initial conditions.

12



realization and results would not change.

The third term captures associativeness where ag; measures the similarity of event e; to e;. The
events ex = (xg,ny) and e; = (x4, ny) are two points on a plane. Similarity can then be defined as
a negative function of the distance between the points. Let ¢ : (©00,00) — (0,1) be a closeness

function (that is, an inverse distance function). Then similarity is defined as:

apt = 7 (c(wy Swp) + c(ng ©ny))

1
2
and with the assumption that ag; = 0 if either e or e; is a non-event. I will take the specific function
c(z) = e"”Q, which allows one to write: ay; = % (e_(‘”_’"k)2 + e_(”f_nk)Q). Thus 0 < ag; < 1 and
ap = 1.

Substituting back in to the original equation provides:

1
et =M+ pRi—1) + X5 (c(ze ©zp) + c(ne ©ny)) (3)

and recall that I assume that m + p+ x < 1. It will also be useful to define fr; = 1 <1y to be the
probability of forgetting, and Fj; = 1 <Ry, to be the indicator variable for having forgotten event

k. This probability can be written as:

i = £+ PFiguy 53 (el y) + el &) @

where f =1 <<m <p is the baseline forgetting probability.

Finally, note that unlike the other basic assumptions of the model, the choice of functional
form here is arbitrary. I could well have included an interaction term between associativeness and
rehearsal or higher order terms. As another example, I might have allowed for limited capacity so
that only a finite set of memories can be recalled at any time, which would generate crowd out.
The intuition behind the results that follow does not rely on the functional form, though some of

these extensions are clearly worth investigating.
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3 Basic Results

3.1 Some Useful Definitions

Two definitions will help to characterize behavior:

Definition 1 The vividness of an episode e; equals

V(er) = Elagile]

An event is vivid if it is very similar to a randomly drawn event. Intuitively, if an event shares
many cues with commonly encountered events, it will be more vivid.'® A related property will be
evocativeness.

Definition 2 The evocativeness of event e; is:

E(et) = Elzpage;]

An event’s evocativeness measures the information content of the memories triggered by that event.
If today’s event is e;, then ay; measures the strength of its association with event (memory) e,
while z; measures the information content of that past event. The expectation of this product,
therefore, measures the average information content of memories brought forth by associativeness.
To illustrate evocativeness, consider the event e; = (z4,n;) = (1,1). The evocativeness of this event
has two parts. First, z; = 1 implies positive evocativeness. Other x; close to 1 will be evoked,
leading to an oversampling of positive memories and positive evocativeness. Second, n; = 1 can
have a positive or negative impact on evocativeness depending on o.,. Since ny = 1, other events
with positive ny are triggered, but the information content of these events clearly depends on oyy,.
When o, is zero, knowing that ng > 0 says nothing about zj, so that the effect on evocativeness
is zero. If o,y is positive, knowing nj > 0 tells us that z; > 0: positive events are selectively
triggered causing a positive effect on evocativeness. Finally, when o, is negative, ny > 0 tells us
that z; < 0 generating a negative effect on evocativeness. Summarizing, the marginal impact of a

change in n; on evocativeness is proportional to ogy,.

9This has the unfortunate feature that very unusual events are labeled as less vivid. For more on this, see footnote
21.
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3.2 Dynamics of Recall
Proposition 1 Let k < t. Forgetting probabilities then satisfy:

t—k
Elfriler] = (i@XV(ek))% (5)

%
Jim Efriler] = iﬁxi@pfek) (6)

Proof: Notice that

Elfriler] = f exV(ek) + pE[fr@—1)lex]

Recursive substitution yields:

t—k

(F V@149 4+ 57 = ([ oxVen) S L

Taking limits produces the second part of the proposition. [ |

This proposition provides two facts about this model of memory. First, recall probabilities decay
exponentially over time: further back memories have higher chances of being forgotten. Experi-
mental evidence on recall probabilities indicate that exponential decay of memories fits the data
rather well.?? Second, vividness raises memorability. More vivid memories share more cues with
commonly encountered events. This makes it more likely that they will be triggered through asso-

ciativeness. The increased recall probability will be useful when thinking about the notion of how

k)

t.21

“salient” information is, and why more salient information may have greater impac

3.3 Structure of Expectations

3.3.1 Perfect Memory Forecasts

The perfect memory forecast will serve as a useful base case against which one can compare the
forgetful forecast. Recall that zp and €, are normally distributed, and all the z; relevant for

forecasting y; are known with certainty. This implies that the residual uncertainty is normal.

20See Crovitz and Schiffman (1974). A power function, however, seems to fit better.

21 This result, however, has the unfortunate property that outliers, very unusual events, have lower recall probability,
contrary to one’s intuition. One resolution to this problem may be found in allowing for the possibility that unusual
events may receive greater attention, and that attention may increase memorability.
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Assuming that prior distributions are normal, what remains is a normal learning model. Let
o and 62 be the prior distribution over vy. Let the (normal) posterior distribution over y; be
summarized by the mean §;(hy, e;) and variance 62 (hy, e;) where T'll typically drop the dependence
on h; and e; for simplicity.

In steady state beliefs satisfy (see Lemma 1 in the appendix):

t—1
gilhee)) = m+ Yy [At_kxk +(1 @At_k)A?/k] (7)
k=1
&7 (hiyer) = o2 (8)
where Ay, = yr <Y1 and
R/
02+ o2

Here A measures the signal-to-noise ratio in y;.

Understanding the marginal impact of different variables will improve intuition about the fore-
cast rule. First, z; influences forecasts one-for-one. Its impact is the sum of two terms. There
is a direct effect which contributes \~*z; and an indirect effect from Ay, because Ay, =
T + 2k + €x < €1, that contributes (1 @At*k)xk. Summing shows that the total coefficient
on zj, is unity. Second, Ay, enters forecasts with weight 1 < ™% < 1 as is clear from the formula.
Third, g influences forecasts at A\’ *~1(1 & \) < 1 because it enters in Ay, and in Ay,,1. Both
yr and Ay, have a less than one-for-one impact because both are noisy estimates of permanent
income (or permanent income changes). That x; has greater impact reiterates the importance of
events in separating signal from noise. They show the individual a portion of the income change
that for sure is permanent. Fourth, nj has zero impact as expected: neutral components convey
no information. Finally, A measures the importance of history in forecasts. As A increases, older

Y. receive greater weight.

3.3.2 The Limited Memory case

To calculate the posteriors of a forgetful individual, I make a key behavioral assumption. I assume

that in making forecasts, the forgetful individual applies the forecasting rule in equation 7 to the
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recalled history. In other words, she takes the the recalled history as the true history. Let *(hf, e;)
denote the mean and 677 (hf, e;) denote the variance of a (naive) forgetful Bayesian’s posteriors.

This assumption can then be stated formally.

Assumption 1 The forgetful forecast applies the optimal forecasting rule to the recalled history:
g (hite) = G e)
it (hi'er) = 67 (hi'ser)
I have referred to this as the naive decision maker, in contrast to the sophisticated decision maker,
who completely knows the model of memory and corrects his forecast rule accordingly.?? Deciding
between these two polar models will be an important task, and one that requires a complete
characterization of behavior in both cases.

I have chosen to investigate the naive case first because experimental evidence suggests that
it describes behavior at least in the laboratory. Studies of individual’s judgements of their own
memories reveal inaccuracy in understanding their memory process.?? Similarly, experiments have
manipulated the memorability of information and tested whether individuals’ decisions correct
for this manipulation. Supportive of the naivete assumption, decisions are insensitive to this
manipulation.?* Of course, repetition and room for learning, may dramatically alter these findings.
Nonetheless, the findings suggest that characterizing the naive decision maker would be a useful
first step.?’

Simple substitution gives the formula for the forgetful forecast:

t—1

G e) = w3 R\ o+ (LX) Ay (9)
k=1

ot (hi'yer) = ol (10)

22Results in the sophisticated model depend on whether or not past forecasts are recalled.

?3See the literature on meta-memory as in Reder (1996).

?4Gee, for example, Trope (1978). This also resembles findings by Kahneman and Tversky (1982) on the availability
heuristic, that individuals take more easily remembered events to also be more probable.

25Preliminary results suggest that even more nuanced results may arise in the sophisticated model. For example,
suppose that forecasts are not remembered but that zero-one decisions which condition on forecasts are remembered
with certainty. Then, a herding problem akin to Banerjee (1992) arises. Consider an individual who remembers
choosing 1 several times but currently faces information that suggests 0 is the best choice. For certain histories and
parameter values, the weight of having chosen 1 in the past (?I must have had some reason to do it”) will dominate
and he will choose 1 again. But this implies that the 0 signal that he received this period will be jammed and he will
be stuck in a herding equilibrium.
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In words, forgetful forecasts look just like perfect recall forecasts except that forgotten events
(Ryt = 0) are excluded. Note that ¢ is a random variable. Taking expectations over this random

variable implies that events are weighted by their recall probability.

3.4 Forecast Errors and Bias

Define
erry = Y U
R R
err,. = Yy U
N R
erry’ = U U,

to be the forecast error for the perfect recall forecast, the forecast error for the forgetful forecast

and the memory error respectively. Note that:
errft = erry 4 err

so that the memory error measures how much of the forgetful forecast error is due to memory

distortions. The following proposition establishes when the forgetful forecast is unbiased.

Proposition 2 The forgetful forecast is unbiased if and only if average evocativeness is zero:
Elerrf] =0 < E[E(e)] =0

Similarly, conditioning on history the forecast error tends to zero in the long run if and only if
average evocativeness is zero:

(Vht)jli)rgo E[errﬁﬂht] =0< E[€(e)] =0

Symmetry of the x; and ny distribution guarantees zero average evocativeness.

Proof: Break apart errff = err; + err!® and notice that Elerr;] = Elerry|h] = 0.

Therefore:

Elerrl] = Elerr™] = Z A\~ kE [fetzk)
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Suppose average evocativeness is positive.

negative events.

This equals <y E[E (e)])‘(l%‘fl) which equals zero if and only if E[€(e)] = 0. For the

second part, using the same logic:

t—1 t+5—1
Elerrf ;| = N > NP Bl frgipl] + > N TFE[frg o]
k=1 et

The first part of this equation tends to zero as j — oo since A} — 0. The second part
tends to: <xE[€(e)]25. Therefore, this equals zero if and only if average evocativeness

is zero.

Finally, suppose that z and n are symmetrically distributed, that is F'(z,n) = F (<, <n).
Note that 2E[E(e;)] equals: Elc(zy <m)zk] + Ele(ng <ny)zk]. The first part of this

can be written as:
/ / c(xp ©xt)zpdF (o) dF (x) =

([ +/ / [ / +/ 7)) clon camdr@)ir e

Perform the transformation z to <z and z; to <4 in the second and fourth integrals.

By symmetry of dF(-) and ¢(-), this allows one to write

</ / ‘i’/ / +/ / @/ / ) (z <) zkdF (z)dF (7,) = 0

A similar trick applies for E[zc(ng <ny)]. [

that are too large. Zero evocativeness guarantees that the set of sampled memories fairly repre-
sents (on average) both good and negative memories. The second part shows that even when one

conditions on h; biases eventually disappear. This demonstrates a “long-run correctness” property

of the model.26

Then, positive events are triggered more often than

Memories, therefore, over-represent positive information and generate forecasts

Under symmetry of the distributions, the lack of bias is no surprise: nothing in the model

distinguishes positive from negative. When the symmetry condition is weakened, however, biases

?6See Section 3.9 for a careful discussion of this long run learning and why it occurs.
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can arise. An intuitive example can be had in the discrete case. Ignore the neutral component,
and assume that z; is one of {+g, <b,0} where g,b > 0 with probabilities, py, p, and 1 ©p, <py
respectively. Finally, to guarantee E[z;] = 0, assume that p;g = ppb. In this case, the forecast
errors will be biased if and only if p, # py. Moreover, forecasts will be too high when p, > p,
and too low when p, > p,. The intuition is simple. Suppose p, > p,. Good events are more
probable and more likely to be triggered by future associations. Their vividness will, therefore, be
high as will their recall probabilities. But, of course, this will lead to a forecast that is too large.
To abstract from such situations, I will impose a symmetry assumption.

Assumption 2 Assume e; is normally distributed (conditional on there being an event):

2
— ~ .y [ 9z Ozn
er = (z1,ne) ~ N(0,X); 2 ( Oum ag )

3.5 Vividness, Evocativeness and Beliefs

With these definitions in hand, I now examine the determinants of beliefs.

Proposition 3 The impact of event e; on time t beliefs does not depend on its vividness, but does
depend (positively) on its evocativeness. On the other hand, its impact on time t+ j beliefs depends
on both vividness and evocativeness.

Proof: From Lemma 3

A1 e

E[QtR|€t] =z + xE(er) Lo

showing the dependence of evocativeness, and the absence of a vividness effect. The
intuition here is simple. Evocativeness influences what memories are triggered and,
therefore, has a direct effect on beliefs. Vividness only operates through increased

memorability, which of course cannot have an impact on contemporaneous beliefs.

For the impact on future beliefs, Lemma 4 in the appendix shows that:

fexVie)
JIR=

E[§ jled] = a4 (1 & (1 <=>pj)>\j> + (pA)chS'(et)l ;(1 el
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where we see as before the dependence on evocativeness. This is because the memories
triggered at time ¢t were rehearsed and, therefore, continue to have higher recall proba-
bility even at time ¢+ j. Consistent with this, note that as p — 0, the effect disappears.
We also see here that vividness now plays a role. As we saw in Proposition 1, vividness
increases memorability. Thus it increases the marginal impact of z; by making it more
likely to be recalled and used in forming beliefs. One implication is that when z; = 0,
changes in vividness have no impact: whether or not the event is recalled, it does not

influence beliefs. ]

This proposition and its proof makes several points that are worth reiterating. Vividness plays no
role in how an event influences beliefs at the time it occurs. It only matters as time passes and
a chance to forget the event appears. By increasing memorability, vividness influences whether or
not an event is remembered and thereby whether or not the information it conveys is used in the
future.

Evocativeness measures the information content of the memories triggered by an event and,
therefore, influences beliefs even at the time the event is occurring. An event with positive evoca-
tiveness, for example, disproportionately draws forth positive memories leading to a more positive
forecast. Moreover, since these triggered memories persist (by rehearsal), evocativeness also influ-
ences future beliefs, though its effect diminishes over time (the p/ exponent). Summarizing, the
current model decomposes the intuitive notion of “salience” into two components: vividness, which
captures increased memorability, and evocativeness, which captures the ability of events to trigger
supporting evidence. Both affect an event’s impact on beliefs but do so in different ways.

Finally, note that even if x; = 0, an event can influence beliefs as long as evocativeness is
positive. This is the heart of the next proposition, which deals with the impact of uninformative
components.

Proposition 4 Let e, = (0,n¢) be an uninformative event but with non-zero neutral component
(ny #0). This event influences beliefs if and only if o4, # 0. The sign of this influence equals:

sign(E[g}ﬂet]) = sign(ognny)
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For a general event, changes in n; influence beliefs if and only if o, # 0.

Proof: Appealing to Lemma 3, uninformative events can influence beliefs only if their

evocativeness is non-zero. The evocativeness of an uninformative event equals
1 1
Blzyarder = (0,m)] = 5 Elzgc(0 Sap)led] + 5 Elzpc(ng Sn)led]

The first term is zero by symmetry of ¢(-) and the symmetry of the zj, distribution. To
evaluate the second term, apply the law of iterated expectations and condition on ny

and ny:
Elzic(ng ©ny)|e]) = E[E[zk|ne, nglc(ng <ng)le] = ognElngce(ng <ng)|ed

As Lemma 5 shows, this is non-zero whenever n; # 0, and the sign of this term (and
hence the event’s evocativeness) is sign(oz,n) which establishes the first part. For more
general events, the proof is the same: simply note that changes in n; affect evocativeness

whenever o4, 7# 0. [ |

Even though individuals disregard these events as uninformative, they still influence beliefs by
selectively triggering memories. The mediator in this process is 0y,, which determines whether
the neutral cue tends to appear with positive or negative information. Take a zero-information
but positive n; event. It recruits other positive n events. The information content of such events
depends on o,,. When oy, is zero, this tells us nothing about the information content (z) of the
triggered memories. Therefore, beliefs will not respond to this noise at all. On the other hand,
when o, is positive, positive n are associated with positive x, implying that uninformative events
with positive n; trigger memories that convey positive information and lead to larger forecasts.
Similarly for negative ogy,.

Let me describe an example that illustrates the effects in Propositions 3 and 4. Consider a
political candidate wanting to discredit the incumbent by convincing the electorate that permanent

income has dropped. Suppose he begins armed with new, but relatively dull statistics to this end.
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How might he transmit this information? He might begin by placing an ad with the statistic
alone—“Statistic has gone up...”—and repeat it often. This repetition induces rehearsal which
raises memorability. To increase the vividness, he might place the same ad but give the statistic a
catchy name (e.g. the misery index). The catchy name provides a cue that makes it more likely
to be accessed, thereby increasing vividness. This makes the information contained in the ad more
likely to be remembered and influence voters’ beliefs. Alternatively, he might couch the statistic in a
heart-wrenching testimonial. An unemployed worker with a strong work ethic paints his difficulties
finding work after being laid off from a seemingly secure job. Full of details, this ad will likely
trigger the constituency’s own memories of similar stories: “That reminds me of my friend Bob
who...” Such an ad alters perceptions of the past and corresponds to having negative evocativeness
(it triggers memories which convey negative information about permanent income). Moreover, the
next time one hears similar stories, the ad along with the statistic will likely be recalled. Thus, its
vividness has also gone up. Finally, he might decide to abandon the statistic completely and simply
use the testimony. Even though this would provide little information, it may still influence beliefs
by altering which memories are recalled and rehearsed. As before, the ad may remind individuals
of other (more informative) stories. In the absence of the statistic, however, future recall of the ad
has little effect: it will be discarded as uninformative. This example illustrates how beliefs may
respond to vividness, evocativeness and non-information. Experimental work has fleshed out each

of these parts as well.
3.5.1 Relation to Experimental Findings: Salience

Many anecdotes suggest the heightened impact of salient information, for which several reasons
can be marshaled. The current model simply identifies and formalizes two reasons. I present two
canonical experiments that illustrate each of these reasons—vividness and evocativeness.
Thompson, Reyes and Bower (1979) place subjects into the role of jurors, who are asked to
read defense and prosecution witness testimony about a drunk driving case. One side’s case was

manipulated to be salient while the other’s was manipulated to be pallid. The salience manipulation
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was performed through adding inconsequential details to one side’s testimony. For example, in
describing the defendant about to leave a party and drive home, the pallid version states that he
bumped into a table, and knocked a bowl to the floor. The salient version, on the other hand,
states that he knocked a bowl of guacamole dip off a table and onto a white carpet. After reading
the two sides, subjects rate the guilt of the defendant and are asked to return the next day. When
they return, they are asked to perform the rating again (they do not read the testimony again).
Thompson et. al. find that the salience manipulation has no effect on the first days’ ratings. The
lack of an immediate impact is comforting since it suggests that the salience manipulation did
not also manipulate perceived informativeness. For example, we can rule out the possibility that
subjects felt that a witness whose testimony contains more details was more reliable. The salience
manipulation did, however, affect the second days’ judgements of guilt: when the prosecution’s
(defense’s) case was more salient, judgements of guilt rose (fell). One interpretation of these results
is that the presence of additional cues (guacamole on white carpet) facilitates recall by marshaling
associativeness.?” Vividness, as I have defined it, increases because these (irrelevant) cues—for
example, spilling something on a carpet—are commonly encountered ones. The increased vividness
of one side’s case means that memories over-represent evidence supporting that side.

Hamill, Wilson, and Nisbett (1979) present another experiment, one that resembles evocative-
ness more than vividness, by demonstrating a heightened impact of information contemporaneously.
One set of subjects is presented with a description of a welfare recipient. As Nisbett and Ross (1980,
p.b7) summarize: “The central figure was an obese, friendly, emotional, and irresponsible Puerto
Rican woman who had been on welfare for many years. Middle-aged now, she had lived with a suc-
cession of ‘husbands,’ typically also unemployed, and had borne children by each of them. Her home
was a nightmare of dirty and dilapidated plastic furniture bought on time at outrageous prices,

filthy kitchen appliances, and cockroaches walking about in the daylight. Her children...attended

2T A weakness of the current model of the experiment should be pointed out. The guacamole on white carpet cue
is effective not because it associates with current events but because it associates with past events. In other words,
the model needs to allow not only for current events to form associations that facilitate recall, but also memories
themselves should form associations that further facilitate recall. I expand on this when I discuss future extensions
in Section 5.
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school off and on and had begun to run afoul of the law in their early teens, with the older children
now thoroughly enmeshed in a life of heroin, numbers-running and welfare.” Another treatment
group was given summary statistics on welfare recipients documenting the short median stay (two
years) and the small proportion that are on welfare rolls for long periods of time (only 10% for
longer than four years). These statistics contrasted sharply with the priors of control subjects.
Both treatment groups and a control group are then asked to state their attitudes about wel-
fare recipients. Treatment subjects receiving the story expressed far more unfavorable attitudes
than control subjects, whereas treatment subjects receiving the pallid statistics showed no differ-
ence. HEvocativeness provide one interpretation of these findings. The story that subjects read is
overflowing with cues commonly found in evidence that paints welfare recipients in a poor light—
drug use by children, immigrant, obese—whereas the statistics lack such evocative cues. The story
thereby triggers evidence from the past that also contain these cues, evidence that will generally
be negative. It, therefore, prompts more negative attitudes towards welfare recipients. In this
interpretation, it is not that the single case study is taken as informative. Queried, subjects should
state that of course they recognize that one story (especially a manufactured one) proves nothing,
but that it reminds them of other previously encountered evidence. Of course, the pallid statistics
do not possess such cues and, therefore, have lower evocativeness.?® Further, the description of
the welfare mother can hardly be considered informative. It, thereby, also illustrates how non-
informative signals can have an impact. One implication of this interpretation is that the effect
of the manipulation (seeing the story) should disappear over time. If subjects were brought in at
later dates, the difference between treatment and control should diminish and eventually vanish.
Contrasting these experiments is a useful way of seeing the difference between vividness and
evocativeness. In the guacamole experiment, we added neutral cues that aided recall and thereby
saw an impact on beliefs only in the future. This is vividness. In the welfare mom experiment, we

added cues that were typically found in negative information and thereby saw a contemporaneous

2 That they have no effect, however, indicates either that individuals do not put much faith in the statistics(numbers
can be manipulated) or that other factors are at play there.
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negative impact. This is evocativeness.
3.6 Evocativeness and Over-reaction

The previous propositions illustrate how information content alone does not determine an event’s
impact; the memories it triggers also matters. Associativeness implies that events trigger memories
that convey similar information. Such an effect causes an over-reaction to news: today’s events
causes similar evidence to be over-represented in memory. The following proposition formalizes this
idea.

Proposition 5 Forecast errors are negatively correlated with the information in the latest event:

Cov(y; <9, x1) = Cov(errlt, ;) < 0
The extent of this over-reaction increases with x and A:

OCov(errft, ;)

By < 0 (11)
OCov(errft, ;)

Proof: Note that errlfz = err; + err}” and that err; is independent of z;. Therefore,

Cov(errf, z;) = Cov(err, x;). Calculating this:
t—1
Elerri*z,] = Z MR B ]
k=1
Using the fact that zj and z; are independent, we can write the summand as: SxE[ziziag].
Intuitively, E[zixiar] is positive because ap; measures similarity. See Lemma 6. This

implies that the overall covariance is negative. To get the comparative statics, let’s

complete the calculation:

A1 et
Elerrz;] = exElzpriag](A + X2 4+ A1) = ﬁxE[xkxtakt]%
Partial differentiation shows that this decreases with x and A. The effect of A is in-
teresting. It happens because when X is large, the selective sampling of past memories

becomes more important, since these memories enter with greater weight into the fore-

cast rule. []
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For example, good information leads to a rosier view of the past, which leads to forecasts that are
too large, which leads to a negative forecast error. Over-reaction increases as x rises because y
quantifies the importance of associativeness. Finally, the effect of A\ arises because it measures the
importance of history and thereby the importance of selective recall. See Section 3.9.

I have illustrated over-reaction in the politician example described before. The testimony by
itself should have no impact but it does. Similarly, the welfare mother experiment suggests over-
reaction. Other evidence can be found in studies of the representativeness heuristic by Kahneman
and Tversky (1972,1973), Tversky and Kahneman (1971) and Grether (1980). These studies find
that in forming assessments individuals place too little weight on base rate evidence and too much
weight on the latest piece of information. A similar phenomenon arises in the form of perceptions
of a “hot hand”: individuals seeing a streak expect it to continue. While this model does not
provide compelling evidence of all the actual experimental evidence (in many of these, the relevant
information is directly available and memory plays no role), it generates behavior in real settings

that resembles the findings.
3.7 Slow Adjustment

The previous section paints a picture of individuals over-reacting to information. Rehearsal, how-
ever, generates under-reaction. To see this, consider an individual who faces an uninformative event
e; = (0,n;) at time ¢. Suppose that this event evokes positive memories so that £(e;) > 0. The
results in Prop 4 illustrate how beliefs over-react to this non-information: the positive memories
it triggers results in forecasts that are too large. Since these memories are rehearsed, they will
experience higher recall probabilities in future periods, meaning that forecasts will continue to be
too large. As time goes on, they will decay towards the true value as the effect of the rehearsal on
recall probabilities diminishes. To an outsider, the belief changes in later periods will seem as if
they were under-reaction. At both times ¢ + 5 and ¢ + j + 1, she will see a downward adjustment,
as the memories decay in each of those periods. The observer, therefore, sees a negative change

followed by another predictable negative change, an apparent under-reaction to the first negative
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change. Formally, note from Lemma 4, that:

. A )
E[yﬁ_ﬂet = (0,n¢)] = X@g(et)(kp)]

Notice that if p were zero, this term would be zero, emphasizing the role of rehearsal. If we difference

this over time, we find:

N A ;
E[A?/ﬁﬁﬂet = (0,n¢)] = Xmg(et)(AP)J(AP &1)

which illustrates the negative “drift” in beliefs that follows an over-reaction. In other words, all
future belief revisions are negatively proportional to the initial evocativeness. Beliefs will, therefore,
appear to drift towards some equilibrium. The intuition behind this finding is that there is more

information in her forecast errors than the individual realizes:
errlt = erry 4 erri™

As with the perfect recall individual, the forecast error tells the forgetful individual that some
change has occurred in the permanent component (err;). But, it also tells the individual the
way in which their memory is systematically biased (erry®). If she is positively surprised, the
forgetful individual should both infer that there probably has been a positive shock and that she
is systematically under-sampling positive memories. I discuss this further in Section 3.9.

Slow adjustment arises even more intuitively in a slightly modified version of the model. Suppose
that before observing the true event e;, there is a period where the individual observes a noisy event
e} (perhaps a rumor). Abstracting away from n, for now, suppose that z} equals z; plus noise. An
example might be the announcement of a government statistic followed by a revision. In this setup,
once z; is revealed the individual should pay no attention to z;. But rehearsal combined with
associativeness will imply that beliefs will still depend partly on z} even after z; is revealed. Why?
Because, even though the individual discards the information contained in z}, the set of memories
it evoked have been rehearsed and they continue to have an impact in later periods.

Finally, the following proposition shows that forecast errors can be positively auto-correlated.
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Proposition 6 Let T > t. When events are very memorable (f low, x and p large), then

COU[@’T”T’tR, err{il] >0

Proof: (Sketch) I will present a proof for the case where ¢ — oo to abstract from
details. The proof for the finite ¢ case is exactly the same but with more constants
(that tend to zero as t gets large) involved. The general strategy of the proof is as
follows: (1) Use the fact that err{}; can be written as a function of err;” plus some
terms; (2) Substitute into Elerr{’t erri"] to get a Elerr{"err{"] plus some terms that
resemble E[zierri]; (3) these generate opposing signs so that the variance term tends

to dominate whenever the probability of forgetting is small.

For the first step in the proof, see Lemma 7 which shows that:
t—1

erryy = pierr(” + Z Tr(f ©Xapi11))
k=1

Substitution into Elerr{} err("] gives (step 2):

t
pAVar(erri®) + Z )xt'i'l_kE[:L“k(i <:>Xak(t+1))err;n]

k=1
Substitution for the latter gives:
t—1t—1
pAVar(err”) + AE[(f € xay+1))Trerry] + Z Z )\ZtH*k*jE[xkxj (f ©xar@+1)) fil
k=1j=1
The third term can be written as:
t—1 t—1 k-1
>N BL (fexargin) frl+ Y, D N ) Blapr (f exares) (FSxaje)]
k=1 k=1j=1

where since x; and z; are independent this can be written as:

t—1 t—1 k-1
SONTER B (f exapn) fe] & > N F I E Blrgai (f exages)) xaie)]
k=1 k=1j5=1

Putting these terms together gives:

t—1

pAVar(err) + Y NH2E[LE(f Sxagrrn) ]
k=1

+ AE[(f <:>Xat(t+1))$ter7‘;n]
t—1 k—1

& N O NHEI )R Blaa (f SXae) X))
k=1j=1
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Now the first and second terms are clearly positive, where as the third and fourth
term are clearly negative. The key insight is that the negative terms tend to zero as
memorability gets large (as f — 0) since these predicate on having forgotten z; or zy.

Therefore, when memorability is sufficiently high, the overall expression is positive. ®

Positive covariance can be understood as overlapping samples. Forgetting is analogous to sampling
events from history. Since the samples at times ¢ and T draw from overlapping histories, correlations
arise. Moreover, rehearsal implies that memories that were forgotten will be forgotten again,
increasing the autocorrelation in forecast errors. The condition that f must be sufficiently low
occurs for the following reason. Suppose that f is very large. Then, the x; from the past will
likely be forgotten and hence z; shows up with large weight in err{il. We know from Proposition 5
that z; is negatively correlated to errft. This implies a negative auto-correlation. The next section

summarizes on the difficulty of correcting memory errors.

3.7.1 Relation to Experimental Findings:
Belief Perseverance and The Curse of Knowledge

The idea that beliefs persevere even after the original evidence has been discredited, or that beliefs
adjust slowly also receives much experimental support. Ross, Lepper and Hubbard (1975) provide
an interesting experiment along these lines. Subjects are asked to assess the authenticity of suicide
notes, where some are real and others manufactured.?® They read these notes one by one, make
an assessment of authenticity and then after each one are told whether their assessment is correct.
What they do not know, however, is that the feedback is random, completely unrelated to their
actual performance. At the end of the task, subjects are asked to evaluate their ability on this
task. The first finding is that subjects do indeed respond to the performance information: those
who were told that they performed well also perceived themselves to be more able. After this,
subjects are told about the complete randomness of the feedback. They are then given a post-

experiment questionnaire, where one question on it asks them to reassess their ability on the task.

29Many other experiments have been performed of this type, some using more standard judgement tasks such as
logic puzazles.
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Ross and his colleagues find that even after the debriefing, even after being told that the feedback
was completely random, the performance information continues to have impact. Subjects in high
(low) performance conditions continue to believe that they are more (less) capable. The current
model interprets these findings as the result of rehearsal. As subjects receive positive feedback they
come to remember all the qualities that make them good at the task. ‘I am a very empathetic
person’, they might think. Events like ‘Just the other day, I helped my best friend through a tough
problem’ might occur to them. These memories have been freshly rehearsed and, therefore, even
after the initial evidence has been discredited, it continues to have an impact.?’

A similar phenomena is found by Camerer, Loewenstein and Weber (1990) who find that sub-
jects are unable to discount superior information when forming forecasts of others’ forecasts. In
their experiment, one group of subjects is asked to predict a firm’s dividends. Another, the treat-
ment, is asked to predict this group’s predictions. The treatment group is divided into two, with one
having superior information—they know the true value of dividends—while the other group has no
extra information. They find that the group with the same information as the individuals they are
predicting is fairly accurate in forecasting the forecasts. The group with the superior information,
however, does poorly. They expect forecasts that are systematically too close to the true value,
which they know. A memory interpretation is that even though individuals discount the true value,
their memories still oversample events supportive of the true value. In other words, the associations
formed by the information are not undone.?! Notice the similarity to belief perseverance. Both

point at the inability of the individual to discard information.
3.8 Opposing forces in Belief Dynamics

The previous sections illustrate two conflicting experimental findings, both of which show up in the

model. On the one hand, individuals respond too much to new information, and on the other, their

30Nisbett and Ross (1980) also informally suggest this interpretation. An alternative reading is that individuals do
not believe the debriefing. Verbal reports would allow one to easily separate these two interpretations.

31When individuals are asked to backcast what their forecasts were or would have been, a similar phenomenon
arises. Once the outcome is known, individuals over-estimate their propensity to have forecasted it. The interpretation
in this model is the same as with the curse of knowledge. Once the true value is known, it is hard to discount it. See
Fischoff (1982).
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forecast errors may be positively autocorrelated. One advantage of a model such as this is that it
allows us to trade off such effects and figure out when we expect one to arise over the other. To
this end, I examine how belief changes depend on lagged information. This would require that we
compute: Cov[AjE, Ayy] = Cov[§ft <4, Ay,] A positive coefficient implies an “under-reaction” of
sorts: a positive value in the past means that individuals are revising their beliefs upwards today.
On the other hand, a negative coefficient implies an “over-reaction” of sorts: a positive piece of

information in the past means that individuals are revising their beliefs downwards today.

Proposition 7 Suppose that forgetting probabilities are small, so that f is high and p and x are
low. Then:

Cov[AGE |, Ay, 1] < 0 (13)
When these probabilities are large, however:

Cov[AGE |, Ay, 1] > 0 (14)
When the covariance is negative, then a change in A\ makes it more negative:

6COU[A@£H, Ayp_1]
o\

< 0 (15)

Proof: Now,
AR = Ag serr™, + err)
and g; is independent of all lagged information. Therefore, the covariance equals:

Elerr" Ay, & Elerr{} Ay;_1]

From Lemma 7, we can write erry}; in terms of erry". Substituting for this gives:

t
(1 eXp)Elzi—1err]] @Z )\t_kHE[(i EXOh(t41)) Tk Tt—1]

k=1
Reapplying Lemma 7 to err;® gives:
t—1 t
(1eAp) ApE[zi_1err™ ]+ (1<Ap) Z At_kE[wkxt,l(iﬁxakt)]ﬁz )\t_kHE[(i@X@k(tH))kat,l]
k=1 k=1

Note that x; and x;—; are independent in the summations for k # ¢ <1, leaving:
(L eAp)ApE[z—1erriZ ] + (1 @AP)AE[QU%AQ ESXa-1)t)] @AQE[QU%—l(i Exa-1))]

32



correlation.

Define C to be E[z}_,(f ©xay_1):)] which also equals E[z7_ (f <xa(_1)¢+1))]- This
gives:

(1 ©Ap)A\pE[zi—rerr™ | + CA(1 ©A(1 + p))
Substituting for the first part from the proof of Proposition 5 gives:

A1 e

&
X 1M

E[aktxkxt] + C)\(l <=>)\(1 + p)) (16)

Suppose events are very memorable, so that the forgetting probability, f is low and x
and p are high. Then (A(L &A(1+p))C = (AL SX(L+p))Elzi_ (f <xap_1))] is small
or even negative. The first term is already negative, so that in this case the correlation
is negative. Suppose, on the other hand, that events are easy to forget so that f is high
and x and p are low. Then, the first term tends to zero, while the second term implying

a positive correlation.

Differentiating with respect to A gives:

1 et

=X

which is the same as equation (16) except (i) it has been divided through by A and (ii)
1A (14 p) has been replaced by 12X(1+p). The first has no result on the sign and the
second only makes it more negative since C' is positive and 1 <A(1+ p) > 1 <2A(1 4 p).
Consequently if equation (16) is negative the derivative with respect to A is also negative.

The intuition behind this proposition is that there are two effects that govern belief dynamics:
forgetting and over-reaction. On the one hand, yesterday’s information may have been forgotten,
which means that the individual must learn it again. This induces a positive correlation between
beliefs and lagged information. On the other, over-reaction means that the individual responded too

much to z; when it occurred, meaning that beliefs must correct for this. This induces a negative
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When events are readily forgotten, the individual must relearn old information. The dependency
on A reflects the discussion in Section 3.9. A greater emphasis on history implies over-reaction is

larger and takes a longer time to undo.
3.9 The Role of A

Recall that A measures the weight put on past values in the forecast. In this section I will examine
how A mediates over-reaction and slow learning. I will argue that A can be measured easily and
therefore the empirical tests involving A can actually be implemented.

Let’s begin by considering the impact of forgetting an event. The memory error equals:

t—1 1
errf’ = Gy &9 =Y N1 SRy)me =Y AT (Fiy)my
k=1 k=1

If Fj,; = 1, so that event ey, is forgotten, the memory error would go up by A~*z,. This shows
that the impact of forgetting an event declines as time passes (t <k gets large). Moreover, the
rate of decline depends on A. The larger is A, the larger is the effect of forgetting an event in the
distant past. Why does this happen? As time proceeds, the information lost due to forgetting
z, is slowly re-learned through the y;. Events provide perfect signals of the permanent shocks, so
forgetting them means that this perfect signal is lost. In the absence of this signal, the individual
still learns about the permanent shock but this time through y;. Since y; is noisy, however, this
learning is slow. The more distant the memory, the more time there has been to learn about the
event thorough observations of y; instead. This establishes who there will be slow learning. This
learning occurs at rate A because A measures the noise-signal ratio in y;. When it is large, y is
a very noisy signal of permanent income and forgotten events are learned about very slowly. To
summarize, A captures who quickly a forgotten event can relearned through the y, and hence how
quickly errors in memory are corrected.

Let’s now return to rederiving how beliefs respond to an event e;:

t—1

E[jfle)] = $t@ZAt_kE[$kfkt|€t]
k=1
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t—1

T + Z AR (Y Elzrag|e])
k=1

zi + xE(er) (A+>\2 1+ A3 +---+>\H)
To get the second equation, we exploit the fact that fzy is independent of x; as is fy;—1)zg. The
third equation comes from the definition of £(e;). To interpret this equation, notice that at time
k, associativeness results in a selective sampling that has effect equal to the evocativeness, E(e;).
But as we’ve seen the impact of recall mistakes on beliefs depends on A. In the formula, we see
that selectively recalling the events at time & has impact A\*"*&(e;). Taking ¢t — oo for simplicity,
the impact of selective recall is:

A

XE(er) (A X+ 2% +--2) = xE(er)

Therefore, as A increases, the importance of selective recall increases. Intuitively, when X is large,
the triggering of certain types of memories over others has bigger impacts because the past matters
more.

We, therefore, see two basic properties of A. It both measures extent of over-reaction and how
slowly individuals adjust their memory mistakes. These two observations are especially interesting
since A can be measured in standard data sets. Carroll and Samwick (1995) present a technique

that basically allows us to estimate . First, notice that
Alyy =y ey a=m+v 1+ +v-g+eaSa_g

So that:

Var(A%y,) = do? + 202

Therefore, one can compute Agy; in the data for many different d. A regression on d then allows
one to back both variances out. Formally let s;; be the variance for firm or individual ¢ at horizon
d. Let’s focus on all firms in an industry or individuals in an industry or occupation and assume

that A is common within this cell. Then we can form s;4 and run the OLS regression:
Sig=a+pBxd
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Then § = 02 and 8 = 02 which allows us to compute \. Since we can run this regression cell by
cell we can get a different A\ for each group (industry or occupation).

Of course, in practice, several difficulties may arise. Suppose y; represents individual earnings.
Effective estimation of A may require panel data of longer time periods or higher quality than
currently available, though Carroll and Samwick (1995) perform a related exercise on the PSID with
some success. Even were this data available, several other problems remain. The true stochastic
process for y; may not match the AR(1) plus white noise process assumed. For example, normality
of the error terms may fail due to outliers (measurement error), or fat tails. Such problems may be
less severe in other applications—such as with firm earnings—where measurement error is less of a
problem, though of course they still remain. One should keep in mind that tests of the proposition,

while feasible, will require some care.
3.10 Ignoring One’s Memory

We have so far discussed the many biases that can arise from the faultiness of memory. This raises
the natural question, what if the individual were simply to ignore his memories and rely solely on
the hard data? He might say, I know my memory is faulty, so I pay no attention to it. Moreover, an
answer to this question may give us some guidance on when we would want to use expert systems,
more mechanical decision rules, to replace or augment boundedly rational decision makers.

To answer this question, consider a decision rule, 9/, one that simply ignores all memories:

1
g =z + (LA Ay,
k=1

This rule is equivalent to a naive individual who forgets everything (all R;; = 0).3? The forecast

32This rule naturally extends the naive forecast to the memory ignorance case. It should be noted, however, that
this rule is not the optimal one when ignoring memory. Optimality would require that individuals recognize that
there is more signal in the Ay; now that events are not known. An intuitive way of seeing this is that the effective A
should be lower. Further complications, however, make analysis of the optimal rule a great deal more complicated.
The allowance of forgotten events means that the information being learned is no longer normal (events have a
discrete component—they occur with probability p). Non-normality in turn complicates the forecasting rule, making
it non-linear in Ay;. The simple rule studied in this section can be thought of as accompanying the naive case, the
focus of this paper. The more complex one may also be worthy of study and would most correctly accompany study
of the sophisticated case.
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error in this case can again be written as:

t—1
errtl =err; + Z T
k=1

Define erri = Z';c;ll x, as the analogue of err;”. Thus, while the naive individual experiences a
distortion in their forecast error of err;”, the one who ignores memory experiences a distortion
equal to erry.

Let’s now measure the relative performance of these rules (naive forecasts that use memory
against those that ignore memory all together) on two dimensions: bias and variance of the forecast

errors. To assess bias, consider the expected forecast error conditioning on today’s event e;:

Elerr]le ] = 0

ElerrEle)] = ex&(x) (1 e h

L&A
The naive individual is biased because of associativeness. By discarding his memories, however,

the ignorant one has no bias. Associativeness has no chance to operate. Let’s now consider the

variances:
t—1 2
Varlerr]|e] = Var[erry|es] + Var[kz::l AFgL] = Varlerr] + po? Ton? (1 &X2t0)

The ignorant individual suffers a large loss in terms of variance because a lot of information is

omitted from the forecast. The variance of the naive individual is:
Varlerrftle)] = Varlerrye] + Var[erri|e]

By using more information, the naive individual should intuitively have lower variance. While
this is true for many parameters, it is possible that using memory results in greater variance.
Associativeness tends to recall information all of the same kind. Therefore, reliance on memories
can result in a very volatile estimator. See Lemma 8. To summarize, ignoring information results
in less bias and possibly greater variance.

Suppose that x is very small. Then the naive individual is close to being unbiased. Moreover,

according to Lemma 8 in the appendix, we see that she has lower variance than if she were to
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ignore her memories. Therefore, for small x she is better off using her memories. As x increases,
both the bias and variance increase for the naive individual (see Lemma 8). Therefore, the larger
X, the more likely it is that ignoring information will be optimal.

We can also perform comparative statics on the relative importance of bias and variance. Let’s
focus on the case of moderate y, so that the naive forecast is better in terms of variance, but is
worse in terms of bias. Therefore, the optimality of using one’s memory will increase with the

relative costs of large variance versus large bias.
3.11 Summary of Results

The main results of the model are:
1. On average and in the long run, forecasts are unbiased under a symmetry assumption;
2. Events with greater vividness have higher steady state recall probabilities;
3. Both increased vividness and evocativeness increase an event’s impact on beliefs;
4. Neutral components can affect beliefs;
5. Individuals over-respond to news;
6. Beliefs adjust slowly;

7. X measures (roughly) the proportion of transitory to permanent shocks. As XA increases (i)

over-reaction increases and (ii) beliefs adjust more slowly;

8. When events are (on average) very memorable, changes in beliefs are negatively correlated
with lagged information. When they are not, changes in beliefs are positively correlated with

lagged information.

9. Even with a faulty memory, it makes sense to use it as long as x is small. As the cost of
being biased increases, however, one may do better by ignoring memories and focusing on

hard data.
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4 Applications

4.1 The Consumption Decision

Let 7 index individuals, and y;; represent and income, c¢;; denote consumption and u(c) be the
instantaneous utility function taken to be the same across individuals. Suppose the individual
maximizes discounted (subjective) expected utility, where the discount rate is . Assume that
she faces no borrowing or savings constraints and can borrow or save risklessly at a rate r, and
that § = 1_41rr Further, impose a no-Ponzi game condition so that there is no infinite borrowing.
Under these conditions, marginal utility of consumption will be equated: u'(¢;) = u/(cr) for all
t,T. Taking a quadratic or log-utility function implies that consumption will be equalized across
time. We can write time ¢ consumption, therefore, as a function of time ¢ assets and the expected
income in future periods. In the current model, an individual’s forecast of time ¢ + k income at

time ¢ is the same for all k. This allows us to write consumption as:

r “R
Cit = mAit + Yit

where Ag = 0 and A;y1) = (1 +7)(Ait + yir ©cir) is the assets. Differencing across time gives:

I R R
Acy = ﬁAyit + Yig—1) SYig—1)

In other words, the change in consumption is proportional to the change in income expectations plus
the time ¢ <1 forecast error. This is intuitive since permanent income considerations completely
determine consumption in this model. Substituting for the forecast error gives:

1

Aciy =
Cit 1+r

R R
Agit + erri_qy

Now, suppose that the income process is the sum of two components: one specific to the
individual and an aggregate component. Letting §; be the aggregate component, and 3% be the
individual specific one, we write:

Yit = y?t + ;i
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where «; measures how much the aggregate shock influences the individual. Both the aggregate
and individual income components follow processes described so far and the individual income
components are iid across people.?> Events are observed for both processes. Let & be aggregate
consumption.

In this simple Permanent Income setup, consumption changes should be unpredictable. Since
they essentially represent belief changes, one should not be able to predict them on the basis of
lagged information available to consumers. In contrast, the errors of the forgetful forecaster lead to
consumption predictability, and the pattern of this predictability can be pinned down under certain

conditions.

Prediction 1 Suppose:
1. Personal events are highly memorable and aggregate events are not very memorable ; and
2. «y; is small

then at the micro level:

COU(ACi(t+k)7Ayit) < 0
aCOU(ACZ’(H_k;) y Ayzt)

o\ 0
oCov (Aci(t+k) y Ayzt)
0
6a,~

while at the aggregate level:
Cov(Acyrk, Ayy) > 0

To see how this prediction works, note that:
Cov(Aci(i4k), Ayit) = E[Ag§t+k)Ayit] + Elerri{ p—1)Ayit
Taking the first term, we can break it into the components due to the aggregate shock and the

parts due to the idiosyncratic component:

~ ~ ~R
E[A?/}(zt-rk)A?/it] = E[A?/?(I;rk)Ay?t] + O‘?E[A?/z‘(tJrk)A?J?t]

)

33There is a slight oddness in the results here. Income is normally distributed meaning that it might well be
negative. Using a log-normal distribution would generate all the results here but with added technical complications.
The goal here is simply to illustrate the kinds of results that arise rather than to flesh out a structural model.
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where because of independence, I have dropped terms such as E[Ag;41)Ay:]. Applying Proposition
7, we know that the first term here is negative (we have assumed that personal events are very
memorable), and that the second term is positive (we have assume that aggregate events are easily
forgotten). Therefore, if a; is small, the whole expression is negative. The second term in the
expression is:

E[err?(T_i_k_l)Ay?t] + a?E[eFr%_i_k_l)Agjit]

where err%™ is the memory error for the idiosyncratic income component and err? is the memory

error for the aggregate component. Just as in the proof of Proposition 7, these correlations are
negative when events are memorable and positive when events are easy to forget. Therefore, the
first term here is negative and the second term is positive with the smallness of «; generating a
negative sign for the sum. Putting this all together gives that, under the assumptions we have
made,

Cov(Aci(i4r), Ayit) <0

The partial with respect to A; come clearly from Proposition 7, whereas the partial with respect to
«; comes from the fact that the aggregate contribution to the covariance is positive.
Suppose now that we aggregate up consumption and income. Since the idiosyncratic components

of income and its forecasts are iid across people, aggregation produces zero for these. This gives:
_ _ _ ~R _ _ _ _
Cov(Ac(ip), Ayr) = azE[Ay(H_k)Ayt] + 042E[err;?t+k71)Ayt]

where & is the average of ;. Reapplying Proposition 7 as before tells us that this term will be
positive. This establishes the aggregate results.

Intuitively, over-reaction dominates for the idiosyncratic components of income since these are
memorable. The dominant effect is that individuals over-react to their private information. Their
boss calls them in, tells them that they have a bright future, and this causes them to selectively
recall other information that makes them think they have high ability, and hence, high permanent
income. At the micro level, the smallness of «; guarantees that the reaction to the aggregate

information does not matter. As one aggregates up, the idiosyncratic over-reactions cancel out.
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Macro-covariances, therefore, depend on recall of the aggregate component. Because aggregate
information is forgotten, there is under-reaction to it. This leads to a positive covariance at the
aggregate level.

The first assumption of differential memorability can be justified only by appeal to intuition
(or perhaps through surveys): personal events may hold more memorability for consumers because
they deal with many more everyday events than aggregate events. The second assumption receives
some support in the data, as Pischke (1995) and others have argued that the aggregate component
of individual income is small.

At the micro level, the first part of this prediction resembles “rule of thumb” consumers, ones
who consume more of their income than permanent income considerations would justify. The
prediction has generally found support in the literature. In their seminal study, Hall and Mishkin
(1982) found compelling evidence in the PSID for a negative correlation between consumption
changes and lagged income changes. Later work by Mariger and Shaw (1990), also with the PSID,
but including later years, fails to find it. Of course, given the noisiness of this data, statistical
significance always remains a problem. Results from other data sets and other countries do generate
results consistent with a negative correlation, such as Hayashi (1985a,1985b) and Jappelli and
Pagano (1988). An alternative interpretation of this finding, of course, is liquidity constraints.
The second and third predictions, however, have not been tested as far as I know. Finally, the
macro prediction has received support, as seen in Campbell and Mankiw (1989). Deaton (1992)
summarizes this evidence.

Now, suppose that we go back to a single individual, set «; = 0, and allow for several income
streams. The marginal propensity to consume out of these different income streams will depend
on the extent of the that stream’s evocativeness. Note, from Proposition 3, that the stronger the
recruitment effect the larger the forecast error and hence stronger the mean reversion. Define yg;

to be income stream s and M PC; to be marginal propensity to consume out of stream s. Then:

Prediction 2 In general MPCs # M PCy. Moreover,

MPCs > MPCy = Cov(Act, Ays—1y) < Cov(Acy, Ayg_1y)
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To see, how this works note that:
MPC, = Cov(Acy, Ayst) = E[AGEAyg] + Elerr{(,_1)Aysi)

Since errg(btfl) is independent of Ay, we can drop the second term. This leaves us with the first

term, which we can write as:

E[Ags Ay S E[Aerriy Ayg)

The first term here is the appropriate MPC in the absence of any memory mistakes. The second

term represents the distortion:

A

Elerrli Ays) = XE[S(e)x]l =X

This will in general be different for different income streams especially since E[€(e)z]| will vary. In
other words, streams that have high evocativeness, where information about earnings in that stream
relies heavily on soft information that has many cues, will have larger MPCs. The implication for
greater negative lagged correlation comes directly from the discussion to date. The greater E[€(e)x],
the greater the over-reaction and hence the greater the correlation to lagged income changes.
Intuitively, the prediction follows because changes in different income streams invoke different
“visceral” reactions. Empirically, differences in MPC has received some support (Thaler, 1990).
Serious empirical difficulties arise, however. Empirical differences in MPCs may represent true
differences in propensities to consume permanent income. Alternatively, they may represent differ-
ences in the informativeness of income changes. Yet another possibility is that they may represent
differences in information between the econometrician and the individual due either to measure-
ment error or private information. This makes testing such predictions heavily reliant on structural
assumptions about the income process. On the other hand, the relationship between MPC and
excess sensitivity has not been tested as far as I know, and the empirical difficulties here may be

less severe.
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4.2 Asset Prices

Take d; to be a firm’s earnings, which are paid out as dividends at time ¢. Assume that there are
an infinity of such firms whose earnings are independent so that all risk can be diversified away.
Furthermore, take the stochastic process of d; to be the same as y;. Again, assuming away bubbles,
prices equal the net present value of expected dividends:

dt

r

bt =

The first prediction states that prices are correct on average:

Prediction 3 On average and in the long run, prices equal the net present value of dividends>*

Eldgy | hi]

- (1)

lim Elpyyplhe] =
k—o00

This follows intuitively from the unbiasedness of forecast errors in Proposition 2.
Even though prices are on average correct, they may move around too much. As we have seen
in Propositions 3 and 4, beliefs may react to non-information or over-react to new information.

This generates:

Prediction 4 Stock prices move “too much”, i.e. for no apparent reason. When x is large enough,
Var(pt) > Var(%). The larger X the larger this excess volatility.

The intuition here is simple. Volatility is large for two reasons. First, evocativeness implies that
prices respond too much to new information. For example, a story about a firm having to recall a
product may evoke other memories on the part of traders, such as the time the management had
to cancel an expensive investment, or other run-ins with regulators. These evoked memories lead
to a larger reaction to this news than is merited by the information it conveys. Second, and less

interestingly, the randomness of recall itself produces volatility.?> Both of these imply that prices

34In the model, asset prices are determined solely by forgetful agents’ expectations. In reality, arbitrage conditions
also play a role, as agents who possess better memories or better records will attempt to profit from the mispricings.
Nevertheless, limits on arbitrage may allow such mispricings to persist as argued in papers such as De Long, Shleifer,
Summers and Waldmann (1990) and Shleifer and Vishny (1997). Of course, whether they survive or not is an
empirical question. This paper outlines the nature of mispricings under the joint hypothesis of limited arbitrage and
forgetfulness. Such a well specified model alleviates data snooping worries since it attempts to predict price anomalies
before examination of the data (Lo and MacKinlay, 1990)

35This becomes non-existent when we allow for many individuals trading, since the sheer randomness of recall will
wash out in the aggregate. Of course, recall biases will not since the individuals’ observe the same events.
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will move even on days where there seems no news. Shiller (1989) gives a plethora of evidence of
excess volatility. Cutler, Poterba and Summers (1989) examine stock price movements and argue
that large price movements are often unaccompanied by any significant news. Roll (1984) performs
a similar exercise for orange juice futures and finds that changes in weather forecast account for
little of the variance in price movements, even though this is by far the biggest source of information.
The relationship to A comes from the discussion in Section 3.9 that over-reaction increases with .

With regards to the actual dynamics of prices, Propositions 5, 6 and 7 tells us that prices may
not mean revert. A positive change in prices might either reflect the undoing of a previous memory
error or an over-reaction to new information. In the former case we expect price drift, while in the
latter we expect mean reversion. Notice, however, that in this model prices minus the dividends

(divided by r) equals:

di errf
po— = —
r r

Recall that errft = err; + err® so that when prices are high relative to dividends, the memory
error is likely negative. Consequently, prices must be go up. Finally, we have seen that when X is

large, learning about the memory error is slower.

Prediction 5 Mean reversion does not necessarily hold. But, there is conditional mean reversion,
so that p; <:>% forecasts future returns:

di
Cov(pi+r <Pt Pt @7) <0

for large k. The larger X the slower the mean reversion.

Campbell and Shiller (1988a,1988b) present evidence on mean reversion in the aggregate data.
Lakonishok, Shleifer and Vishny (1994) present evidence at the micro level. Again, the prediction
on A\ is new as far as I know.

Finally, we can ask, how do prices respond to earnings announcements? Karnings announce-
ments in this model correspond to the revelation of d; (y; in the original analysis). Understanding
this process will require a more careful analysis. Currently, we only examine belief revisions around
events and d; announcements jointly. This is appropriate in the consumption context, for exam-

ple, where we use time-aggregated data. With financial market data, however, we can separately
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observe belief revisions around d; announcements. Modeling these revisions requires assumptions
about how recall operates when d; (as opposed to events) is announced. Do these announcements
trigger memories of any events? Suppose as a first pass that there is no associativeness effect. As
we have seen in Section 3.9, d; announcements are times when the individual learns about her
memory error. From there, we know that this learning is slow so that belief revisions on earnings
announcement will be too small. In other words, following earnings announcements, there will be
under-reaction and price drift.

Now, let’s complicate the story and allow for some association effect so that earnings changes
themselves can serve to trigger memories. We then have two opposing effects. From above, if
this association effect is sufficiently small, we will get under-reaction. If the effect is sufficiently
large however, we will get over-reaction through the same logic as before: positive earnings trigger
supporting memories. The model thereby produces an ambiguity. Some headway can be made by
considering sequences of consistent earnings announcements. Consider observation of one positive
earnings innovation. As noted, this may not result in over-reaction if the association effect is small.
But with a sequence, each announcement will trigger and rehearse positive past events. As the
sequence gets large, the cumulated effect of associativeness gets larger and larger. Eventually, this
will lead positive memories to be over-sampled and over-reaction. Consequently, we can compute
an n* such that n* announcements result in under-reaction, but n* + 1 results in over-reaction.
Notice in this prediction that n* might be 0, in which case we will always have over-reaction.
This happens whenever the initial association effect of earnings announcements is sufficiently large.
Alternatively, n* may be infinity if the association effect is sufficiently weak.

Prediction 6 There exists n* > 0 such that: (i) Conditional on n* or less consistent earnings
announcements, prices will exhibit drift or under-reaction; and (i1) Conditional on n* + 1 or more
consistent earnings announcements, prices will exhibit mean reversion or over-reaction. The extent
of drift and mean-reversion is larger as \ increases.

A body of empirical work, summarized in Bernard (1993) and Barberis, Shleifer and Vishny (1997)
indicates that n* > 0. In general, prices exhibit under-reaction to earnings announcements. Con-

ditioning on several earnings announcements generates over-reaction. Again, the relation to A has
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not been tested.

The relation to A that permeates all the financial market predictions is worth discussing as we
conclude this application. What kind of firms do we ez ante expect to have large A7 Taken literally,
these are firms that have a high ratio of transitory to persistent shocks. In practice, however, the
t — oo condition will not hold. In the finite case, the information content of d; (and hence the value
of \) will depend on the priors. For example, large and well-established firms will not use much
information from dj because priors about them are relatively precise. Small or new firms will be
the ones for which dj, information plays a larger role. Earnings information will be more important
in determining value for these firms. Consequently, the above implications can be translated into

saying that mispricings are larger and undone more slowly for small or new firms.

5 Conclusion

To summarize, this paper has built a simple model of memory limitations. The model has been
based on two basic facts drawn from scientific research on the topic: rehearsal and association.
Interestingly, these two facts in combination generate several of the experimentally found biases in
decision making under uncertainty. This suggests that memory limitations might be an important
component for realistic models attempting a unified treatment of bounded rationality. The model
also generate relevant predictions in the economic applications we have examined: consumption and
asset pricing. We have also seen how previously untested predictions arise. Many other applications
are possible that have not been pursued here: advertising, subjective performance evaluation (where
assessments of an individual may depend on intangible aspects of past performance), and bargaining
situations (where opponents may disagree on the past) are a few of the examples. Each of these
has its own subtleties.

Let me conclude by outlining three directions of my current work. First, this paper has focused
on the naive case. What does behavior in the sophisticated case look like? T have already given a
flavor of the kinds of results that might arise in footnote 25. As pointed out there, the deviations

from full rationality become no less interesting. Another point to be made here is that in the
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case of outsiders manipulating memory limitations even if the mean effect is “taken out” due to
sophistication, the possibility for manipulation can still have real effects. For example, if firms
attempt to use advertising to manipulate memories but individuals attempt to undo it, the Nash
Equilibrium can result in positive levels even though there will be no equilibrium distortion in
beliefs. In other words, a standard “signal jamming” argument can be applied when advertising
attempts to manipulate sophisticated players.

Second, associativeness as formulated in this paper has a failing. While current events can
trigger related memories, the memories that one recalls cannot themselves trigger other memories,
an extension I refer to as association chains. Allowing for such chains raises the possibility of
multiple steady states in recall. Consider a world in which there are only two types of events,
good and bad. For a fixed history, one possible steady state is that good events by chance have
had high recall and bad events have had low recall. By rehearsal, good events also have high
current recall probabilities rg;. Such an individual appears optimistic since he systematically over-
recalls good events. Moreover, when he encounters a good event, it will have higher recall in the
future. The existing stock of good events have high recall and will, therefore, trigger this new event
frequently through association chains, generating a great deal rehearsal and raising its steady state
recall probability. Similarly, a bad event, by virtue of its association chains being with low recall
probability bad events will tend towards a low recall steady state. This optimist, therefore, not
only systematically recalls positive information he has already received, he also has a propensity
to better recall any good information he receives in the future. In other words, good information
“sticks” to him while bad information “slides” off him. Symetrically, there would be a pessimistic
steady state. To understand the local dynamics between these steady states, consider an optimist
who encounters a long sequence of negative information. Their recency makes these bad events
very memorable, and they form an association chain that can raise the recall probabilities of all
bad events. Thus, a sequence of such events may push the individual to a pessimistic steady state.
This sketch illustrates the possibilities of this approach.

Third, are the empirical predictions true in the data? The predictions with respect to A espe-
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cially permit out of sample tests, a point have repeatedly emphasized. Carrying out these tests is
a natural next step, one that would begin the process of evaluating the practical relevance of the

naive model outlined in this paper.
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Appendix

Lemma 1 The optimal forecast satisfies:

t—1
Ji(he,er) = @+ Z [wi sz + (1 Swk ) (Ye Syk-1)]
k=1
2
(he) = o2 +60 | g
Y Gy +o?

where nsy is the error to truth ratio: and define: wy; = Ht-f%) NSk4;. In the limit,

1=

1
. ~2 2
lms? = o =§(a,,+\/a,%(a,%+4az>)

: K
Hm wyp ) = A

_0c
62+027

[\

*

_ o
where A o

Proof: Computing the optimal forecast is a straightforward application of the Kalman

filter; see ch. 4, Harvey (1993).3¢ Given the forecast rule, computing the steady requires

2.
o
2
2 __ 2 2 O¢
o, =0, +0; 3 5
UE+UV

Solving the resulting quadratic provides:
o_LY( o [55 2
Ox = 5 o, + UV(UV+4UE)
2

As t — 00, np — # meaning that wy, — A\ F. [ ]

setting 67 = 67,1 =0

Lemma 2 Forgetting probabilities satisfy:

0 ifk >t
E[fk(t+j)$k|€t] = if%ﬁ”(l splxy ifk=t
SpIxE(er) ifk <t

Proof: When k > ¢, fi 1)z, depends only on events at time greater than ¢. Indepen-
dence across time, therefore, shows that E[fy ;) zk|e]] = 0 in this case. When k = t,
E[fra+j)mrled = v E[fy1j)le:]. Breaking this apart:

Elfirpled = Elf ©xayiyyled + pE[f ©xayirjvled +---+ P E(f SX(r+1)let]

36 A derivation for the steady state can be found in Muth (1960).
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This equals %( f ©xV(e)). Finally, when k& < ¢, note that

Elzpfrarpled = Elzp(f Sxapeyg))led + pElze(f Sxap@yj—1))led +- -
+p Bz (f ©xare)led + -+ o Bl (f ©xap)

By independence, all terms here are zero except p’Elzy(f < xar)|e:]. Even here,
Elzi fle)] = 0. This gives: <xp! Elagizile] = exp’E(er). ]

Lemma 3 Conditioning on e, time t beliefs satisfy:

A
E ~R — 1 t—1
(97" led] fEt+X5(€t)1@>\( A7)

Proof: Notice that 9t = §; <err®. This allows writing:
E[§/|er]) = Elgiles] & Blerry|e,]

Now, El[j:|e;] = z;. The second term can be written as:

t—1
sBlerrfle] = &3 A *Bla fiulel
k=1

By Lemma 2, E[zy frt|e:] = <xE(ey). Substitution provides that:

E[jfle] = o+ xE(e) A+ X2 4 - AT

=z + xE(er) (L&A

A
1A
Lemma 4 Conditioning on e, time t + j beliefs satisfy:

R fexV(er)
E[ytliﬂet] =Tt (1 <Z>_1Tp

(1 ww) + (PN xE (er) { ;(1 e

Proof: Again, notice that gﬁj = g <verryi;. The conditional expectation of the
first term with respect to e; equals ;. The conditional expectation of the second term

equals:
t+j—1

@E[errﬂﬂet] =& Z >\t+j7kE[$kfk(t+j)|et]
k=1
Applying Lemma 2 tells us that the summands in this summation are zero for k > t.

This leaves:
t—1

SNz E[frile]] N Y N FElmg frgled]
k=1
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Again applying Lemma 2 to E[zy fj(;+j)le:] provides:

t—1
: - B : : A B
SNz B[ frile] + Np'xE(er) Y N F = N ay Bl fiyled] + (M) xE () 1 @A(l A
k=1
Putting these together:
. . A B
Shlerr(? jlel = o1 SN Elfypled) + (ol x€ (e) Tz (1€A™

—xV(et)

= (1 <p7). Substitution

Finally, Lemma 2, allows us to write: F[fyle] = L

gives the stated formula:

V(e o ,
Eljijlel] = a1 <1 @iﬁxi@p(t)(l @p’)V> + (PAY XE (er) 7 ;/\(1 SAh)

Lemma 5 The following are true:

sign(Ezgc(z xp)|z]) = sign(x)
sign(E[nge(n ©ng)|n]) = sign(n)

Proof: I will show the first of the two equations, the proof for the second is exactly

the same.
o0

Elzic(z )] = / zrpe(x Sxy)dFy

—00

Breaking the integral at zero and applying symmetry of the z distribution gives:
oo
/ sile(e ©zp) Sclz + o)]dF,
0
Since zj > 0 in this equation, the sign of it equals the sign(c(z ©zy) ©c(x +k)). Now,
c(x ) ec(r+ ) >0

if and only fif z is closer to z; than to <z, which happens if and only if x is positive.
Formally, since ¢(-) measures closeness, c(x <xk) > c(x + ) if and only if |z <] >

|z + x|. Squaring both sides, gives :
(z ox)? S(x+2)? > 0 & (22)(25%) >0
Since z; > 0, this is equivalent to = > 0. This shows that:

sign(E[zpc(z; <xy)]) = sign(x)

o6



Lemma 6 Associativeness implies:
Elzpziak) > 0

Proof: Note that:

Elzrxiak) :/ / xpxic(ry Swy)dFpdF,

oo JOO

Breaking apart the integrals allows us to write:

</0oo /ooo +/Ooo /000 +/0°° /OOO +/000 /000> zpric(xg <) dFRdF;

Perform the integral transformation in the second and third integrals of z; — <z and

xy — <x4. By symmetry of the F' distribution and ¢(-), this becomes:

2 </°° /°°+/°° /0 >$k$t6(:1:k or)dFdF, =

2/ (/ (g Sa)dFy +/ rpe(xg <:>xt)dFk> . dF}

Performing the transformation zj — <z now gives:
o0 o0
2/ / zilc(ry ©w) ©c(xg + o) | dFy
o Jo

which as we saw in the previous proof is positive since for positive z;, c(zy S xy) >
c(zg + o). ]

Lemma 7 Forecast errors satisfy:

t
erryi, = plerr{” + Z )\t“_kxk(i @Xak(tﬂ))
k=1

Proof: Write: .

m t+1—k
erryy, = Z A Trfr(t+1)
k=1

Using the fact that fr41) = pfee + [ <xag@s1), we get:

t—1
errity=p > AN fi + Z AR (F oxagy))
k=1 k=1

Substituting in for err;” in the first term gives:

t
errii; = pierr;" Z )\Hl*k(i EXU(141))
k=1

completing the proof. [ |
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Lemma 8 The variance, Var[err[®|e,] is less than Var|erri] for small x and increases with x

Proof: Note that Varlerr]"|e;| equals:

t—1t—1

> N8R Blagw frafjiled]

k=1j=1
When yx is close to zero, notice that the non-diagonal terms, where k # j are also close

to zero. To see, this notice that these terms equal:

E[(f + pfea—1) ©xar) ([ + pfi—1) ©Xaj)TRTjled]
P°Elfu—1)fi—1)2k7;] + X Elagiajizrzlel]

l
o

The last approximation is because the second term directly goes to zero as x does, and
the first term goes to zero since fi;_1) and f;;_1) only depend on each other through
associativeness, as seen in Lemma 2. Since the non-diagonal terms are close to zero,

let’s focus on the diagonal terms:
E[(f + pfee-1) A

2
Again, as x goes to zero, this becomes a constant (as usual, taking ¢ — 00), (lffp) times

z?. And, since lTip is less than 1 this whole term will be less than E[z?]. Therefore,

t—1
Var[errﬂet] = Z)\%*ZkE[xz]
k=1

t—1 " f 2
> )\2t72 ( L > E 2
2 s, P

Elerr;"|es]

%

To see the increase with y, first note that in the derivation above, as x increases, the
non-diagonal elements increase. Similarly, in the derivation of the diagonal elements,

these also increase with y. The sum of these terms, therefore, rises with .

Finally, the non-diagonal terms (k # j)illustrate an important phenomena. Consider
the Varlerri|e;] = Y0, A?"2¢E[22]. Tt contains no such cross-terms. They exist only
because of associativeness. Lemma 6 tells us that the cross terms will be positive. This
is intuitive: associativeness raises variance by systematically introducing a correlation
in the recalled information. When these cross terms are sufficiently large (for example,

as x gets large), then Varlerr®|e;] may even be larger than Var[erri|e] ]
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