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Abstract

In this paper we present an approach for developing conservative testing procedures for dependent and/or
heavy tailed observations. In particular, we obtain conservative critical values for tests of independence,
nonparametric t—tests and permutation tests against serial correlation. Power and size properties of the tests
are illustrated through a Monte-Carlo study. The results are based on sharp extensions of probability and
moment inequalities for sums of independent random variables to the case of moving averages and their self-
normalized and Studentized analogues in independent symmetric variables. The case of statistics in dependent
variables is treated through the use of measures of dependence. The results are developed on the basis of

general decoupling principles of independent interest.
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0. Introduction

A number of problems in nonparametric inference in statistics and econometrics involve estimating the tail
probabilities of test statistics. Several studies have discussed applications of semiparametric and nonparamet-
ric bounds for the p—values of test statistics in several contexts including nonparametric t—tests, Hotelling’s
T? test, sign tests and signed rank tests, permutation tests against serial dependence (see, e.g., Efron (1969),
Eaton and Efron (1970), Edelman (1986, 1980), Dufour and Hallin (1991, 1992, 1993) and Pinelis (1994)).

The interest in estimates for the tail probabilities of commonly used test statistics is motivated in part
by the fact that the exact distributions of the statistics are frequently unknown. Even if known, the exact
distributions of the test statistics are usually difficult to compute and have to be obtained by relying on

computationally intensive algorithms or Monte-Carlo techniques, as in the case of permutation t—tests or
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linear signed rank statistics (see Dufour and Hallin (1992, 1993)). Furthermore, large sample approximations,
e.g., normal approximations, require special regularity assumptions on the distribution of the observations
such as existence of the second or higher moments or identical distribution.

One should also note the importance of estimates for the tail probabilities of statistics (that hold under
minimal assumptions) in the context of statistical inference in models driven by innovations with heavy tailed
distributions. The latter problems are closely related to the study of robustness of tests to non-normality and
fat-tailedness assumptions (see, e.g., Efron (1969), Kariya and Sinha (1988) and Jureckova and Sen (1996)).
As it is well documented in the empirical finance literature, many financial market time series have fat tailed
distributions and do not satisfy moment assumptions required for normal convergence (see, e.g., Loretan and
Phillips (1994) and references therein). In studies of the latter models it is usually assumed that the error
distributions belong to the domain of attraction of stable laws. The limiting distributions for test statistics
in such setups are non-standard and involve functionals of stable processes, therefore, one has to rely on
computationally intensive Monte-Carlo simulations to compute the critical values of the tests. Furthermore,
the convergence of the test statistics in such models is very slow, hence providing inadequate approximations
for finite samples (see, e.g., Adler, Feldman and Gallagher (1998) and Tse and Zhang (2000)).

In this paper, we present an approach to developing conservative testing procedures based on moving
averages in independent variables and their self-normalized and Studentized counterparts. We also provide
extensions to the case of dependent random variables through the use of measures of dependence. The results
are of particular importance in situations when the observations exhibit heavy tails. In particular, we show
how to obtain conservative critical values for: tests for independence, nonparametric t—tests and permutation
tests against serial correlation. Power and size properties of the tests are illustrated through a Monte-Carlo
study. The results are based on sharp extensions of several (of the best known) probability and moment
inequalities for sums of independent symmetric random variables to the case of moving averages and their
self-normalized and Studentized analogues. These extensions are developed on the basis of general decoupling
principles of independent interest that can also be used for the development of asymptotic results. Finally,
we cite recent results for self-normalized sums of dependent variables in de la Pena (1999) and de la Pena,
Klass and Lai (2000, 2002) which provide applications to self-normalized LIL’s.

Throughout the paper we focus on two general structures. The first concerns moving averages (and
self-normalized counterparts under symmetry assumptions) in independent r.v.’s and the second involves
extensions to the case of statistics in dependent r.v.’s using measures of dependence. For ease of reference, the
paper is organized as follows: Section 1 presents a survey of probability inequalities for sums of independent
r.v’s. Section 2 contains the main inequalities obtained in the paper with Section 2a dealing with sharp
probability inequalities for moving averages and their self-normalized and Studentized versions in independent
r.v.’s and Section 2b dealing with extensions of the results in Sections 1 and 2a to the case of dependent r.v.’s

through measures of dependence. Section 2c contains sharp moment inequalities for moving averages and



their applications. In Section 3 and 4 we present applications of our results in testing procedures. Section 3a
contains applications in permutation tests against serial correlation and in tests for independence. Section 3b
contains a Monte-Carlo study of the size and power of tests considered in Section 3a. Section 4 deals with
applications in testing procedures for dependent r.v.’s. In particular, in Section 4a we consider conservative
critical regions for nonparametric t—tests and Section 4b deals with applications in conservative tests of linear
hypotheses. Finally, Section 5 is devoted to proofs. In order to facilitate the reading we have made the

applications section (Section 3) self-contained.

1. Sharp probability inequalities for sums of independent r.v.’s

Let Xi,...,X, be random variables (r.v.’s) on a probability space (2, P). A question of key interest
in the calculation of p-values is to accurately estimate the tail probabilities P(}_;, X; > z), € R. There
are several results approximating tail probabilities. As examples we cite the works of Bernstein, Prokhorov,
Bennett, Hoeffding and Eaton (see Bernstein (1946), Prokhorov (1959), Bennett (1962), Hoeffding (1963),
Eaton (1970, 1974), Edelman (1986) and Talagrand (1996)). In what follows we present a review of the

inequalities that we will be citing as well as the results for which we will provide extensions in later sections.

1. Hoeffding’s inequalities (Hoeffding (1963), see also Edelman (1986)). Let X3,..., X, be independent
r.v.’s with EX; =0,4=1,...,n, such that |X;| <d;, € R (a.s.), i =1,...,n, and let D* =>""  d?. Then

2

P} X > ) < eap(~553), M)
i=1

x > 0.

Let Z be the standard normal r.v., ¢(u) = \/%e*%, (u) = ["_o(t)dt = \/% I e’gdt, and let K be
the class of twice differentiable even functions f : R — R such that f” is nonnegative and convex and K be
the class of functions f € K such that f : R, — R is a nondecreasing function. The classes K and K are
quite wide and contain, for example, the functions f(z) = |z|*, t > 3; f(z) = (|| —w), t > 3, u > 0 (here

and in what follows, w; = maz(w,0), w € R); f(z) = M*l h >0, and f(z) = cosh hx, h # 0.

2. Eaton-type inequalities (implied by the estimates in Eaton (1970, 1974), see also Pinelis (1994)). Let
Xi,..., X, be independent r.v.’s with EX; = 0,4 =1,...,n, such that | X;| <d; € R (a.s.),i=1,...,n, and
let D? = 3" | d?. Then the following inequalities hold:

=1 """
S~ gy < 1 EI1Z)

feK,z>0,

~ O<u<z/D

POoXisa s it (-0 — e (3)



x > 0.
The use of the results in Edelman (1990) and Hunt (1955) gives that for all independent mean-zero r.v.’s
X1,..., X, such that | X;| <d; e R (as.),i=1,...,n,

Z -2, @

x > 0 (see the proof of Theorem 1 in this paper). Pinelis (1994) obtained the following estimates:

2e3 z e* ¢(5)D
ZX sa) < (1-d(5) < 5 , (5)

ole

8

x > 0 (the second inequality in (5) was conjectured by Eaton (1974)). Pinelis (1994) also proposed the

following alternative to (3):

P(Y. X, > x) < min(1/2,D%/(247), inf / (= 0P/ — o)), (6)

— o0<u<z/D J, D
i=

Dufour and Hallin (1993) noted that bounds (3) and (6) can be improved when the number of the r.v.’s is

taken into account and proved an inequality from which it follows that under the above conditions,

P(Z X; > x) < min (1/2,D%/(22%), B(x/D,n)), (7)
where
B(y,n)=2'"" ot Cot fel(n/4) ™12 (m — (n/2)))/(y — ©)*, (8)
- m=0

fet) = [(Jt| =)+ ]3, C™ = n!/(m!(n—m)!). Inequalities (2)-(7), with the right-hand side expressions multiplied
by 2, hold for | Y | X;| as well.
From the results obtained by Eaton (1970, 1974) it also follows that the following inequality holds:

Zcz i) < Ef(Z2) 9)

for all f € K, independent r.v.’s Xy,..., X, with EX; =0,i=1,...,n,such that | X;| <1 (as.),i=1,...,n,
c? =1 (see also Pinelis (1994)).

i=1 "1

Edelman (1986, 1990) and Pinelis (1994) applied inequalities (1), (3), (4), (5) and (9) and methods used

and constants ¢; € R, i = 1,...,n, such that > "

for their proof to obtain statistically important estimates for the tail probabilities of the t—statistic and the
Hotelling T statistic. Dufour and Hallin (1993) performed numerical comparisons of bounds of the type (3)-
(4), (6) and (7) and showed that estimates (6) and (7) are substantially superior to their competitors. The
authors also discussed applications of the Eaton-type bounds to one-sample permutation t—tests, permutation
t—tests against regression and against first-order autocorrelation and to testing procedures based on linear

signed rank statistics.



It is of interest to note here a relation of probability inequalities (1) and (2)-(7) to the finding by Loretan
and Phillips (1994, Table 1) that, for typical test sizes, the critical values of the sample split prediction
test for covariance stationarity of heavy-tailed time series are lower than in the standard case of time series
with innovations having forth moment. For example, from inequality (4) it follows that if X3,..., X, are

independent symmetric r.v.’s (not all degenerate), then

n n 1/2
P> xi/ <ZX3> >z | <1—®(x—1.5/z),
i=1 =1

x > 0, that implies, in particular, that

P ((/01 de/Q) B U3 2(1) > :c) <1—-®(z—1.5/z),

where U i /2( 1) is a symmetric stable process with characteristic exponent /2, 0 < v < 4. The latter inequality
implies, e.g., that the critical values z, of the sample split tests of size a% for time series with innovations hav-
ing Pareto-type tail behavior with tail index v, 0 < v < 4, which involve convergence to (fol dUi/Q) o Uj/z(l)
are dominated by the quantities (qo ++/¢2 + 6)/2, where ¢, is the (1 — a)%—quantile of the standard normal

distribution: ®(g,) = 1 — «. The results in the present paper provide, in particular, extensions of the latter

results to the case of multiple stochastic integrals of stable processes.
2. Main inequalities

2a. Inequalities for moving averages and their self-normalized and Studentized versions in

independent r.v.’s
Let, as before, Z be the standard normal r.v., ¢(u) = \/%e_g, and let ®(u) = [“_ o(t)dt =

+2
ﬁffoo e~ 7dt. Let ¢; € R, rp; € {0,1}, k =1,..,i— 1,4 = 1,..,n, and let Xi,...,X, be a sample of
independent r.v.’s. Consider the random polynomials
Vo= aX{H XX, (10)
i=1
and their self-normalized versions
n n 1/2
W= X X[V X/ (Z cfo’“”..‘XfI"ll”'Xi2> . (11)
i=1 i=1

It is easy to see that the class of the above polynomials V,, includes the generalized moving averages
ymov = Z?zl CiXithy Xithy - Xitn,,, 0 < hy < ... < hyp, (in 1.v.’s Xq,..., Xpgp,,) arising in a number
of problems in econometrics, in particular, the sample auto-covariances (1/n)Y ;" | X;X;_1 and the sample
cross-moments (1/n) 37" 1 Xith, Xithy - - Xithn, 0 < hy <ot < By

The following theorems give sharp generalizations of Hoeffding- and Eaton-Edelman-Pinelis-Dufour-Hallin

estimates (1) and (2)-(7) to the case of the statistics V,, and W,,. The inequalities for the self-normalized



statistics W,, hold under the only assumption of symmetry of the innovations. E.g., no assumptions on
boundedness of the r.v.’s or finiteness of their moments are needed. This property is central in the case of
observations coming from a heavy-tailed population. The results imply, essentially, that when applying the
probability estimates for sums of dependent r.v.’s formulated at the end of the previous section, in the case
of the random polynomials V,, and their self-normalized versions W,,, one can drop the terms accounting for

) i
dependence among the summands ¢; X{*.. X, 7" X;.

Theorem 1 Let X1,...,X, be independent r.v.’s such that EX; =0, |X;| <d; € R (a.s.),i=1,...,n, and
let D* =57 | c?d?r“...d?iifl’id?, then the following inequalities hold for the random polynomials V,, defined
in (10):

2

P(V,, > @) < eap(—55), (12)
x>0,
P@%>ms2Eﬁ;V (13)
feK,z>0,
PV, >z) < qu(é)D’ (14)
x> /2D,
PV, > ) < 21— a()), (15)

P(V,, > z) < min(1/2,D?/(22*), B(x/D,n)) <

min(1/2, D*/(24%), _int /Oo((t )/ ot < 1-a( s~ 120 (16)

O<u<z/D x

x > 0, where B(y,n) is defined in (8). The same inequalities, with the right-hand side expressions multiplied
by 2, hold for |V,|.

Theorem 2 Let Xy, ..., X, be independent symmetric r.v.’s (not all degenerate), then the following inequal-

ities hold for the self-normalized random polynomials W,, defined in (11):

22
P(W, >z) < e:vp(f?)7 (17)
x>0,
P(W, > o)< ) ﬁf% (18)
feK,z>0,
PO, > a) < S (19)

(=)



:z:>\@D7

PW, >z) <

2¢e3
(- o), (20)

P(W,, > z) <min(1/2, 1/(2562),B(x,n)) <
min(1/2, 1/(2x2),0<12f<x/ (b= w) /(2 — WD) (t)dt) < 1 — Bz — 2

) (21)

x > 0, where B(y,n) is defined in (8). The same inequalities, with the right-hand side expressions multiplied
by 2, hold for |W,|.

The following theorem gives analogues of Hoeffding and Pinelis-Dufour-Hallin estimates (1) and (7) for the
tail probabilities of t—statistics in the random polynomials V,, (Studentized random polynomials) that can be
applied in testing serial independence of observations (see Section 3). Similar analogues of other exponential
inequalities for sums of independent r.v.’s hold as well. The results refine and generalize those obtained by
Edelman (1986, 1990) and Pinelis (1994). As in the case of the self-normalized random polynomials W,,, the
estimates for the Studentized polynomials hold under the minimal assumption of symmetry of the underlying

r.v.’s.

Theorem 3 Let X1,..., X, be independent symmetric r.v.’s (not all degenerate), V,, be as in (10) and let
Vn = (1/71)‘/”, 82 = Z?:l(CiXi+h1Xi+h2 ces Xi-‘rhm — V.,L)Q/(TL - 1), then

P(VnV,/sn > ) < exp(—nz?/[2(n — 1+ 22)]), (22)

(22 —1)/n x

— ) 1+
P(v/nVy/sp > z) <min(1/2, 5.7 ,B((1 o 1)/71)1/2,71))7

(23)

x > 0, where B(y,n) is defined in (8). The same inequalities, with the right-hand side expressions multiplied
by 2, hold for |\/n V., /sl

2b. Extensions of the results in Sections 1 and 2a to the case of dependent r.v.’s through
measures of dependence

Hoeffding (1963), Arcones and Giné (1993) and Eichelsbacher (2000) obtained generalizations of inequal-
ity (1) to the case of U—statistics. Giné, Latala and Zinn (2000) obtained Bernstein-type inequalities for
U —statistics.

Several authors (e.g., McConnell and Taqqu (1986), Krakowiak and Szulga (1986), Kwapien and Woy-
czynski (1992), Szulga (1998) and references therein) have focused on the study of properties of the class of
multilinear forms that includes, as a particular case, generalized moving averages, and their applications. In
recent years, there has also been increasing interest in the study of sums of multilinear forms, partly because

these types of r.v.’s represent a special, but important case of infinite-degree U —statistics and are related



to the study of long range dependence (cf. Heilig and Nolan (2001)) and moving average processes (e.g.,
Embrechts, Kluppelberg and Mikosch (1997) and Ho and Hsing (1997)). For example, sums of multilinear

forms
4 N r
>y, > X
r=0 n=11<j;1<...<jr<ocol=1
where ¢; € R, 7 =1,2,..., X; are independent r.v.’s, the function K belongs to a general class of measurable

functions, d, are coefficients depending on K and the distributions of X[s, represent a stochastic Taylor
expansion for functionals of moving averages ij:l K(>°2, ¢;X,—;) important in the study of long-range
dependence (see Ho and Hsing (1997)). de la Pena, Ibragimov and Sharakhmetov (2003) obtained sharp
moment inequalities for sums of multilinear forms. de la Pena and Zamfirescu (2002) proved domination
inequalities for moving averages.

Recently, de la Pena, Ibragimov and Sharakhmetov (2002) obtained sharp estimates for tail probabilities
and expected values of statistics in dependent r.v.’s in terms of measures of dependence of the r.v.’s.

Let QSY _y, and dy; .y, denote the following measures of dependence for absolutely continuous or discrete

,,,,,

r.v.’s Y1, ..., Y, with the one-dimensional distribution functions F(yx), k = 1, ...,n, and the joint distribution

function F(y1, ..., Yn) :

dF yl?' 7y’n / / dr y17"7yn) 2
dF; wdFp(yn) —1
(bYl """ / / dFl yl an yn dFl yl dFy, (yn)) l(yl) (y )
(multivariate analog of Pearson’s (;52 coefficient),
dF (h,...,Y, )
dF ooy Un

dF (y1,..., Yn)
dr (yl)u-an (yn)

to be 0 if dFy(y1)...dF,(y,) = 0 in the former case and to be 1 if dFi(y1)...dF,,(yn) = 0 in the latter case.

(relative entropy), where the integrals are in the sense of Lebesque-Stiltjes and is to be taken

In the case of absolutely continuous r.v.’s Y7,...,Y;,, the multivariate measures dy, .y, and (bY .....
introduced by Joe (1987, 1989). In the bivariate case, the measures ¢%,1’Y2 and dy, y, are commonly known as
Pearson’s ¢? coefficient and the mutual information between Y; and Ys, respectively. If (Y1, ..., Y,) ~ N(u, X),
then (see Joe (1989)) ¢§/17--~7Yn = |R(2I,, — R)|~Y/? — 1, where I, is the n x n identity matrix, provided that
the correlation matrix R corresponding to ¥ has maximum eigenvalue less than 2 and is infinite otherwise
(JA| denotes the determinant of a matrix A). In addition to that, if in the above case diag(X) = (03, ...,02),

rYn

then &y, v, = —.5log(|Z|/ 1=, ¢7). In the case of two normal r.v.’s Y7 and Y with correlation coefficient

P (0% v, /(L4 6%, 3,))/% = (1 = eap(=20y, v,)) /% = |pl.
de la Pena, Ibragimov and Sharakhmetov (2002) showed that the following complete decoupling estimates
hold for the tail probabilities of arbitrary statistics h(Y7,...,Y,) in r.v.’s Y7, ..., Y, :

P(h(Y1,..,Yy) > ) < P(h(E1, s 6n) > ) + by, v, (P(R(EL, ., &) > 3))2, (24)

P(h(Y1,., Vo) > 2) < (1+ 6%y )2 (P(W(E, &) > 2) 2 (25)

yeeey



P(h(Y1,....Y,) > z) < (e—=1)P(h(&1, .-, &n) > ) + Oy, vas (26)

where &1, ..., &, denote independent copies of the dependent r.v.’s Y7, ..., Y,,. The latter results and inequalities
(1) and (2)-(7) for sums of independent r.v.’s imply corresponding sharp probability inequalities for sums
of dependent r.v.’s. The following exact analogues of Hoeffding’s inequality (1) and Pinelis-Dufour-Hallin
estimate (7) for dependent r.v.’s hold: If Y7, ..., Y, arer.v.’s with EY; = 0,i=1,...,n, such that |Y;| < d; € R
(a.s.),i=1,...,n, then

n 2 2
x x
P (ZE > 3:) <exp ( 2D2> + vy, v, €XP <_W) , (27)

i=1

2

T
<ZY > z) (e — 1)exp ( 2D22> +0yyvs (29)

P (ZH:YZ > :z:) < min (1/2,D?/(22*), B(z/D,n)) +

i=1

Ovi..vamin (1/v2,D/(V2a), (B(x/D,n)"?), (30)

<ZY > a:) 1 + qbyl )mzn (1/\[ D/(\[x) (B (m/D,n))1/2) ’ (31)

(Z Y; > J;) (e — 1)min (1/2,D*/(2z%), B(x/D,n)) + 6y;.,....v,» (32)
x > 0, where B(y,n) is defined in (8).

From inequalities (24)-(26) it follows that estimates similar to those in Theorems 1- 3 and involving the
measures of dependence ¢? and § hold also for the random polynomials V,, and their self-normalized and
Studentized analogues W, and \/n V,/s, in dependent r.v.’s. For example, the following theorems give
analogues of inequality (7) for V;,, W, and v/n V,,/s,.

In the inequalities throughout the rest of the paper, the extremal cases of the estimates +oo < 400,
—00 < 400 and —oo < —oo are considered to be valid inequalities; we, therefore, usually do not include
assumptions on finiteness of moments of the summand r.v.’s that ensure finiteness of moments of sums of the

r.v.’s into formulations of the results.



Theorem 4 Let X1,...,X, be absolutely continuous or discrete mean-zero dependent r.v.’s such that | X;| <
d;i € R,i=1,...,n, then the following inequalities hold for the random polynomials V,, defined in (10) in r.v.’s
Xl, N ,Xn .

P(V, > x) < min(1/2,D*/(22%), B(x/D,n)) + ¢x,,...x,min(1/v2, D/ (V2x), (B(z/D,n))"/?),  (33)

P(Vo > ) < (1+ 6%, x,)!/*min(1/v2,D/(V2z), (B(z/D,n))"/?),

PV, > x) < (e — V)min(1/2,D?/(22%), B(x/D,n)) + 0x,.... X,

2 n 2 127114 2ri-1,i 12
x>0, where D* =% | c7di"™...d dz.

i el

Theorem 5 Let Xi,..., X, be absolutely continuous or discrete symmetric dependent r.v.’s (not all degen-

erate), then the following inequalities hold for the self-normalized random polynomials W,, defined in (11) in
ru’s Xq,..., Xn

P(W,, > z) <min(1/2,1/(22%), B(z,n)) + ¢x,....x,min(1/v2,1/(v2z), (B(z,n))*?), (34)

P(W, > ) < (1+ 6%, . x,) !/ *min(1/V2,1/(V22), (B(z,n))'/?),

.....

P(W, > z) < (e — V)min(1/2,1/(22%), B(x,n)) + 0x,...x

»An?

xz > 0.

Theorem 6 Let X1,...,X, be symmetric r.v.’s (not all degenerate) and let

n

Vi = (1/n)V, 8> = (ciXivn, Xitny - Xign, — Vn)*/(n—1).

i=1
It follows that

P(VnV,/sp >1z) < min{l/l(n— 14 22)/(2nz?), B(n'?z/(n — 1 +x2)1/27n)} +

byi....y, min {1/\@, (n— 1+ 22)Y2/((2n)Y22), (B(nl/Qx/(n 1+ 2?2, n)) 1/2} , (35)

P(vnV, /s, > 1)

IA

.....

1+ ¢ v )Y ?min {1/\@7 (n—1+22)Y2/((2n)Y?2),
(B(nl/Z:E/(n -1 +‘,162)1/2“”))1/2} 7
P(VnVo/sn > ) < (e — Dmin {1/2, (n—1+22)/(2nz?), B(n*z/(n — 1 + x2)1/2,n)}

+5Y17~--,an

x > 0. The same inequalities, with the right-hand side expressions multiplied by 2, hold for |\/n' V., /sy]|.

10



Note again that essentially only the condition on symmetry of the r.v.’s X3, ..., X,, is required for the
estimates in Theorems 5 and 6 to hold. It is also emphasized here that bounds (33)-(35) for the statistics V,,,
W, and /nV,, /s, in dependent r.v.’s become exactly the analogues of the Pinelis-Duffour-Hallin inequalities
given by (16), (21) and (23) in the case ¢%,  x, = 0, that is, in the case of the statistics in independent

r.v.’s.

2c. Sharp moment inequalities for moving averages and their applications

The following result extends inequality (9) to the case of the random polynomials V}, in independent mean-
zero r.v.’s. The results give sharp generalizations of the Khintchine-Marcinkiewicz-Zygmund-type inequalities
obtained, in the case of sums of independent r.v.’s, by Eaton (1970, 1974), Pinelis (1994) and Figiel, Hitczenko,
Johnson, Schechtman and Zinn (1997).

Again, let K be the class of twice differentiable even functions f : R — R such that f” is nonnegative

and convex. In what follows, €, e, t € {..., —2,—1,0, 1,2, ...}, denote independent symmetric Bernoulli r.v.’s.

Theorem 7 Let f € K, X1,..., X, be independent r.v.’s such that EX; =0, |X;| <1,i=1,...,n, and let
X1,..., X, be independent symmetric T.v.’s such that Ef(f =1,i=1,...,n, then

Ef(V,) < Ef(z cie;) < Ef(z ciXi). (36)

If, in addition to the above, Y i | ¢? =1, then

(3

Ef(Va) < Ef(Z). (37)

As de la Pena, Ibragimov and Sharakhmetov (2003) showed, the best constants in the Khintchine-
Marcinkie- wicz-Zygmund inequalities for powers of generalized moving averages in symmetric r.v.’s are the
same as in the case of sums of independent r.v.’s. According to the following theorem, the same result
holds for the Khintchine-Marcinkiewicz-Zygmund inequalities as well as for Dharmadhikari-Jogdeo-type (see

Dharmadhikari and Jogdeo (1969)) inequalities for the random polynomials V;,.

Theorem 8 The best constants Aj(t,m), B} (t,m), A5(t) and Bj(t) in the following Khintchine-

Marcinkiewicz-Zygmund inequalities

?

n n
A(t,m)E(ZcfoTli...Xffil’l’in)t/g SEY eX{hl XX <
=1 i=1
B(t,m)E()_ X7 XX (38)
=1

for all independent symmetric r.v.’s X1, ..., X, with finite t—th moment, t > 0, are given by A*(t,m) = ot/2-1,
0 <t <ty A*(t,m) = E|Z]', to <t <2, A*(t,m) =1,t > 2, B*(t,m) =1, 0 < t <2, B*(t,m) = E|Z|,
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t > 2, where tq is the nontrivial solution of the equation T'((to+1)/2) = T'(3/2), T'(z) is the Gamma-function:
I(z) = 0+°O t*=te~tdt.

The best constant C*(t,m) in the following Dharmadhikari-Jogdeo-type inequality

B aX{H L XN XG]E < Clt,mnt PN e [PEIX LB X T X[ (39)
i=1

i=1

for all independent symmetric r.v.’s X1, ..., X, with finite t—th moment, t > 2, is given by C*(t,m) = E|Z| .

Using estimate (39) and Hoélder’s inequality, we obtain the following result that generalizes the results
obtained in Anderson (1993) and Anderson and Chen (1996) and gives a sharp estimate for the greatest
order, in n, that moments of generalized moving averages > ., X;ip,...Xi4p, and sample cross-moments
(1/n) > Xign, .- Xith,, in independent mean-zero r.v.’s X; can attain. As usual, the notation a,, = O(b,)
for two nonnegative sequences (a,) and (b,), n > 1, means that a,, < Cb,, n > 1, for some constant C that
does not depend on n.

Ifty,.. tp >2,t= Z§:1 ts, 0 < hgs) <. < hi,i), s=1,...k; X1,..., Xpn+h,,, where hy, = max,—1 s hﬁ,“’;),

are independent identically distributed r.v.’s with £X; = 0 and F|X;|* < oo, then

t = O(n''?).

k n
E]] in+h§.s)xi+h;s> o X

s=1 i=1

The following theorem gives an estimate for the rate of convergence in the central limit theorem for
moments of random polynomials V,, (introduced in Section 2a) that generalizes the classical results of von

Bahr (1965) and Michel (1976) for sums of independent r.v.’s.

Theorem 9 If3 <t <4, Xi,...,X,, are independent identically distributed symmetric r.v.’s with EX? =1,
E|X:|" < oo, then

|Bln~ 2V, |" = B|Z|'| = O(n'~*/?). (40)

3. Applications of the results for moving averages in hypothesis testing

In the present and the next sections, we deal with applications of the estimates considered above to several
problems in statistical inference. The applications are motivated by the fact that, as discussed before, the
class of random polynomials V;, includes the generalized moving averages and sample cross-moments frequently

arising in statistical and econometric studies.

3a. Permutation tests against serial correlation and tests for independence
Consider the problems of testing that cross-moments of a mean-zero stationary time series X3, ¢t = 0,1, 2, ..

e

equal zero: EXp, Xp,.. X, = 0,0 < h; < ... < hy, e.g., that the r.v.’s are uncorrelated EX; X2 = 0 (the
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setup appears in a natural way in testing joint independence of the r.v.’s). These problems, arise, in particular,

in the problem of testing Hy : p = 0 against H4 : p > 0 in the first-order autoregressive model
Xt = PXt—l + U, (41)

t =0,1,...,n, where ug, u1, ..., u, are independent random disturbances with possibly nonidentical distribu-
tions symmetric about 0 (one evidently has EXp, Xp,...Xp,, = 0,0 < hy < ... < hy, e.g., EX; X5 = 0 under
Hy). Testing Hy can be essentially reduced to testing that the mean of the series Y; = Xy yp, Xethy---Xetn,,
t =1,2,..., (respectively, V; = X;Xyy1, t = 1,2,...) is zero. As in the above standard setup, the testing
procedures for these problems can be based, therefore, on the t—statistics y/n Vszn / 55}72” (the superscript (1)

refers to the moving average form of the statistics), where

1
() ]./TL ZXlJrhl itho-. Xi+hm

and

- () )2
Z ( i+hy l+}L2"'Xi+hm - Vn,m) /(7?, - 1)'

i=1
Evidently, under the null hypothesis, the tail probabilities of the Studentized generalized moving averages

(1) m/ ssll)m, e.g., the Studentized sample auto-covariances

1/2

n n n 2

—(1

V5L)1/35LI)1 =V (n-1)/n E XiXiy1/ E (XiXi+1 —1/n E XiXi—H) )
i=1

i=1 i=1

satisfy the inequalities in Theorem 3. This implies that, when applying the above testing procedures in
the latter setup one can in fact drop the terms accounting for dependence among the summands Y; in
estimates (48)-(53) (and similar generalizations of other estimates for the tail probabilities of the t—statistics

in independent r.v.’s). We then have that

PV s s a)<1-a <n1/2x/(n 1+ a2 15 -1+ x2)1/2/(n1/2x)) : (42)
63

POAT /0, > ) < 2 (1= @ (02 /(0= 14+22)12)), (43)

P(v/n Vn m/s(l) > x) < min {1/2, (n—1+2%)/2n2?), B(n'?z/(n — 1+ 1;2)1/2,71)} , (44)

where B(y,n) is defined in (8). Consequently, one can use, in particular the following conservative critical
region for the test Hy : p = 0 against Ha : p > 0 with level o : \/n Vn m/sn m > y(l) i =1,2,3, where y( %
1 =1,2,3, are such that

1= @ (0120 /(n = 1+ (82 = 1500 — 1+ D)D)/ (0 2y0)) < a, (45)
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2e3

= (1o (0@ =14+ D)) <o, (46)
min {172, (n =1+ (482 @n ()2, B2 /(0 =1+ ()20 | <, (47)

and B(y,n) is defined in (8).

One can also consider the sign versions of the above tests based on the fact that, under Hy,
Esign(Xp,)sign(Xp,)...sign(Xp,,) =0, 0 < hy < ... < hy, (in particular, Esign(X;)sign(Xz2) = 0), where
sign(Xy) is the sign of X; defined by sign(X;) =1 if X; > 0, sign(0) = 0 and sign(X;) = —1 otherwise. The

latter testing procedures can be based on the statistics /n V(1 97g")/ ¢ migm) , Where
1 ;
T = (1) Y sign(Keen )sign(Xien, )sign (Ko,

i=1

and
n

sign . . . —(1,sign 2
(s8Lom)2 = 37 (sign(Xien )sign(Xisns)owsign(Xisn,) = V™) /(n =1).

i=1
1
Evidently, under the null hypothesis, the sign versions y/n V( ,5ign) /s %17?9” of the statistics V( ) / sn m satisfy
the same inequalities as above.
—(1
Note that the conservative tests based on the above Studentized statistics v/n Vizn / SSZn and their sign

1, . . .
versions \/n V( ,54gm) /Sn (1 Slgn) are equivalent to the tests based on the self-normalized moving averages

n 1/2
WO 3™ Xy X Hhm/(zxmxm X)

i=1 =1

and their sign versions

W) =3 " sign(Xien, )sign(Xitn, )-.-sign(Xitn,, )/
i=1

n 1/2
(Z(Sign(XiJrhl)Sign(Xi+h2)-~-5ign(Xi+hm))2> :

i=1
In the case of the r.v.’s Xy,..., Xy 4p,, such that P(X, =0) =0, k = 1,...,n + h,,, the sign versions of the

tests are evidently equivalent to those based on the statistics
n
n~t/? Z 889 Xisny ) $1gN( Xigh, )---5190( Xith,,, )-
i=1

The statistics W,(Ll) and W,Sl’“g") satisfy the inequalities in Theorem 2 which imply conservative critical
regions for the statistics analogous to those above for the Studentized statistics Vygl) and V,El’Sign).
One should note that, in the case m = 1, the tests based on the Studentized sample auto-covariance

NG V(l) 1/ 5(1) and estimate (44) (that is , the tests with the critical regions determined by (47)) are essentially
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equivalent to the permutation tests against first-order auto-regression based on the non-uniform estimates for
the first-order auto-correlation coefficient proposed by Dufour and Hallin (1993). One should also emphasize
here that applications of the inequalities of type (44) (e.g., the tests based on the critical regions (47)) involve
the problems of determining numerically the minima of the functions in the definition of B(y,n) (see Dufour
and Hallin (1993)) that are usually computationally intensive. On the other hand, the applications of the
uniform bounds such as (42) and (43) are less computationally intensive although they yield more conservative
tests than those based on (44).

If in the model (41) the disturbances u; are dependent, one can use conservative critical regions for the
tests implied by Theorem 3 and estimates (24)-(26) for statistics in dependent r.v.’s. In the latter case the
statistics v/nV. Zn /st ). satisfy inequalities analogous to (48)- (53)

The conservative tests based on the above statistics v/n V / s m and their sign versions
NG lLsign) /s %l;iig ™) can also be applied in the problems of testing for joint independence in a sample of r.v’s

n,m

X1,y Xon.

3b. Monte-Carlo study

To illustrate the statistical properties of the testing procedures described above, we present in this section
the results of a Monte-Carlo study of size and power of two of the conservative tests against serial dependence
in model (41). We focus on the conservative two-sided tests of the hypothesis Hy : p = 0 based on the uniform

bounds (42) and (43) for Studentized sample covariances (Studentized moving averages of the first order).

(mov)/ (movw)

The test statistics, similar to the setup considered in the previous section, are \/n 'V Sn and their

F(mov, 919")/s(mov,52gn) where
n >

sign versions \/n V,,
Vel — (1/n) ZXXI L

n

(s{rev)? =3~ (X X1 — V“"””))2 J(n— 1),

i=1

and

ngoU szqn) 1/n Z gzgn Slgn(Xi—l)v

i=1

v

n

—(mov,sign 2
(sglmov))2 — Z (Slgn(XZ)S'Lgn(lel) — sz o9 )) /(TL - ]-)
i=1

Clearly, the test statistic satisfies the above bounds (42) and (43) under Hy and their two-sided versions,
with the right-hand sides multiplied by 2.
We consider the following distributions for the errors w, in model (41):

D1, N(0,1), the standard normal distribution;

15



D2, 0.95N(0,1)+0.056N(0,25) = N(0, 1.44), a variance mixture of two normal distributions (as in So Shin
(2001));

D3, the standard normal distribution for one-half of the sample and a normal distribution with mean 0,
variance 16 for the other half (similarly to Dufour and Hallin (1991))

D4, the standard Cauchy distribution;

D5, the standard normal distribution for one-half of the sample and the standard Cauchy distribution for
the other half.

The distributions D2 (see So and Shin (2001)) and distributions D3-D5 have heavier tails than in the
case of the normal distributions. The samples in D3 and D5 have nonidentical distributions. All calculations
reported below were performed using the GAUSS (2001) statistical package.

Table 1 gives the results on the size properties of the conservative tests of level 0.05 based on
\/ﬁV;mov)/sslmov) and estimates (42) and (43) for the sample sizes n = 20,50, 100, 200 and 500. Table 2 gives
the results on the empirical sizes of the sign analogues of the latter tests based on \/n V;mov’ﬂgn) /s{movisign)
The percentages of rejections were computed by simulation with 10,000 replications. For illustrative purposes,
for the cases D1 and D2 of the standard normal distribution and the variance mixture of normals, we also
present the results on the size properties of the conventional test against serial dependence in model (41)
based on the first-order autocorrelation coefficient r,, = Z?Zl XiXi—1/ Z?:l X2 and the well-known result
that v/nr, — N(0,1) (in distribution) under Hy if Eu? < oo. The percentages of rejections in the latter case

are reported in the third column for each distribution (the column ”limit, autoregression”).
[Table 1 around here]

Tables 3a, b and 4a, b below contain the results of a Monte-Carlo study of the power properties of the
above conservative tests of level 0.05 against the alternatives p = 0.5 and p = —0.5. The sample sizes and
the number of replications in the experiment are the same as above. For an illustration, we also present the

percentages of rejections in the case of the test based on the normal convergence of the sample autocorrelation.
[Table 2 around here]
[Table 3 around here]

As Tables 1 and 2 illustrate, the conservative tests based on bounds (42) and (43) for the Studentized auto-
covariances and their sign versions have remarkably good size properties. This feature of the tests is stable to
the sample sizes in the model and to the heaviness of the tails of innovations. In fact, the size properties of the
tests based on \/EVEL"‘"”) / s for the heavy-tail Cauchy distribution outperform considerably the cases of
the standard normal distribution and the variance mixture of normals. In the case of the distributions D1 and

D2, the conservative tests and their sign analogues provide a considerable improvement over the conventional
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test based on the normal convergence of the first-order auto-correlation coefficient in model (41) with p =0
and innovations with a finite second moment. The power properties of the tests based on /n V;mm}) / s{mev)
and (42) and (43), as illustrated by Tables 3a, b, improve considerably with an increase in the sample size
in all the five distributional cases. The percentage of rejections for the standard normal distribution and
the variance mixture of normals increases from 14-15% to 99-100% as the sample size increases from 20 to
100 and higher. The percentage of rejections for the Cauchy distribution increases from 3% for the sample
size 20 to 18-25% in the case of the sample sizes 100-500. For sample sizes greater than 100, the power
of the conservative tests for the normal and the mixed normal case is approximately the same as that for

the conventional test based on the normal convergence of the sample auto-regression coefficient. According

to Tables 4a and 4b, the empirical powers for the case of heavy tailed distributions D4 and D5 improve

(mowv,sign) /s(mov,sign) For
n .

considerably in the case of the tests based on the sign versions of the statistics \/nV,,

the sign tests, the percentage of rejections for the standard normal distribution and the variance mixture of
normals (the distributions D1 and D2) increases from 8-9% to 98-100% as the sample size increases from 20 to
200 and higher. The empirical powers of the sign versions of the tests for the heavy-tailed distributions even
outperform the cases of the distributions D1 and D2, increasing, e.g., in the case of the Cauchy distribution

D4, from 14-15% for the sample size 20 to 93-100% in the case of the samples of size 100 and higher.
4. Applications in testing procedures for dependent r.v.’s

4a. Conservative critical regions for nonparametric t—tests
Let Y7,...,Y, be r.v.’s with unspecified (possibly nonidentical) one-dimensional distributions symmetric
about a common median p and consider the problem of testing Hy : u = po against p > po. The most widely

used test statistic for a problem of this type is the one-sample t—statistic

1/2
(}/7, _?)2> )

where Y = (1/n) Y"1, Y;. It is usually assumed that the r.v.’s Y1, ..., Y,, are independent identically distributed

n

i=1

T, = n=1/2 Z(YZ — o)/ ((n - 1)_1

i=1

normal r.v.’s, in which case T,, follows a t—distribution with n — 1 degrees of freedom under the hypothesis
Hy. However the result can no longer be used if the distributions of the Y;s are unknown, nonidentical or if
there is dependence among Y;'s. In this context, bounds for tail probabilities of T}, that hold for all symmetric
r.v.’s Y, ..., Y, for different classes of dependent r.v.’s become important.

Using estimates (24)-(26) similarly to Edelman (1986, 1990) and Dufour and Hallin (1991) one can easily

derive estimates for P(T,, > x), > 0, in the case of arbitrary absolutely continuous or discrete symmetric
n n

.....

i=1 j=1
10)2) Y2 (Y = po) = n'/2T /(n — 1+ T2)Y2, from inequalities (24)-(26) and estimates (1) and (7) it follows
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that the following bounds for the tail probabilities of the statistic T}, in r.v.’s Y1, ..., Y, hold:

P(T,, > z) < exp(—na?/[2(n — 1 + 22)]) + (;byl)“,’y,”exp(—nxQ/[él(n —1+2?)]), (48)
P(T, > 2) < (1463, _y,) " Pexp(—naz’ /[A(n — 1 +2))), (49)
P(T,, > x) < exp(—nz?/[2(n — 1+ 2%)]) + v, v,., (50)

P(T, > x) < min {1/27 (n—1+2%)/(2na?), B(n'?z/(n — 1 + x2)1/2,n)} +

vvamin {1VE. (0= 1 )2 (20) 20), (B2 (0 14 )2, m)) 61)

P(Ty> ) < (U ) 2min {1/VE. (0= 14 92 ((20) P20),

(B(nl/Qx/(n 14 332)1/2,71))1/2} : (52)

P(T, > ) < (e — 1)min {1/@, (n—1+22)Y2/((2n)22), (B(nl/%/(n 1), n)) 1/2}
+ovy, v, (53)

x > 0. Let us note that the bounds of the type (48) and (51) become exactly the estimates for P(T,, > x)
implied by (1) and (5)-(7) in the independent case, that is, in the case (b%ﬁ,u.,Yn = 0. In particular, estimate
(48) becomes exactly the bound for P(T,, > z) in the case of independent r.v.’s Y7, ..., ¥;, obtained by Edelman
(1986).

It is interesting to note that the bounds that can be derived using the above approach can be im-
proved in the case of identically distributed, but possibly correlated, normal r.v.’s Xi,..., X;, ~ N(u,X),
diag(X) = (02, ...,02), such that the correlation matrix R corresponding to ¥ has a maximum eigenvalue less
than 2. Namely, using the fact that in the above case, ¢§(1,...,Xn = |R(2I, — R)|7Y/? — 1 and 0x,,.. X, =
—0.5l0g(|3|/0?") (see Section 1), where I,, is the n x n identity matrix, and the statistic 7}, follows t— distri-
bution with n — 1 degrees of freedom in the case of identically distributed independent normal r.v.’s X;, from

(24)-(26) we get that, for z > 0,
P(T, > 2) < P(to—1 > ) + (|R(2L, — R)| 7/ = D)'2[P(t,—1 > 2)]"/2,
P(T, > z) < |R(2I,, — R)|"Y*[P(tn_1 > x)]"/?,
P(T, > z) < (e = 1)P(t,_1 > z) — 0.5log(|2|/c*™),

where t,,_1 is a t-distributed r.v. with n—1 degrees of freedom. A conservative critical region for the one-sided

t—test with level « is given by T}, > y,, where y, is such that

min {P(tn,1 > ya) + (|RQ2L, — R)[7Y2 = )2 [P(tu_y1 > ya)]'/?, |RQ2L, — R)| 7V P(ta—1 > ya)]'/?,
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(e = 1)P(tn—1 > ya) — 0.5log(|S[/o°™) } < cv.

4b. Conservative tests of linear hypotheses

An approach similar to that in Section 4a can be applied in other testing procedures. Consider, for example,
the linear regression model y = X 3+u, where X is an n x k full rank scalar matrix, y € R"*!; 3 € R¥*1 is the
vector of unknown parameters, and the vector of random disturbances v € R"*! has a N (0, ) distribution,
where, as before, diag(X) = (02, ..., 0?), such that the correlation matrix R corresponding to ¥ has a maximum
eigenvalue less than 2. Suppose, further, we want to test Hy : ¢/3 = a against H, : ¢/ > a for some known
vector ¢ € R¥*! on the basis of the t—statistic T, = (¢/3 — a)/sAdc,B, where sAdc,B = (62 (X' X)) 1e)/2,
62 = (y— XB3)(y — XB)/(n — k). Using (24)-(26) we have

P(T. > z) < P(t,_i > ) + (|R(2I, — R)| 72 — DY2[P(t,_i > x)]'/?,
P(T. > z) < |R(2I, — R)|"Y4[P(tn_y > )2,
P(T. > z) < (e — 1)P(t,_x > x) — 0.5log(|| /"),

where t,,_j denotes a r.v. with a t—distribution with n — k degrees of freedom. A conservative critical region

for the one-sided t—test with level « is given by T, > y,, where y, is such that
min{P(ta—t > ya) + (|R2L, = R)| 72 = )V2[P(ty—i > ya)]'/*, [RQ2L, — R)|V4[P(tn-y > ya)]'/?,

(e — 1)P(tn_k > ya) — 0.5l0g(|Z]/0*"} < a.

Using the asymptotic properties of the statistics T;, and T,, we conclude that the above critical regions can
also be used in the case of non-Gaussian identically distributed errors when the sample size n is sufficiently

large.

5. Proofs The proofs of Theorems 1-8 are based on the following reduction properties (Lemmas 1 and
2) for martingales and, more generally, multiplicative systems of an arbitrary order proved in Sharakhmetov

and Ibragimov (2002) and de la Pena et. al. (2002).

Definition 1 R.v.’s X1, ..., X,, form a multiplicative system of order o € N (shortly, MS(a)) if E|X;|* < oo,
j=1,...,n, and for any o;; € {0,1,...,a}, j=1,...,n,

EﬁX;‘j = ﬁEX;‘j.
j=1 j=1

The systems MS(1) and M S(2) under the names multiplicative and strongly multiplicative systems,
respectively, were introduced by Alexits (1961). Multiplicative systems of an arbitrary order were considered,

e.g., by Kwapien (1987) and Sharakhmetov (1993). Examples of the multiplicative systems of order 1 M S(1)
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are given, besides independent r.v.’s, by the lacunary trigonometric systems {cos2wnyx, sin2rniz, k =1,2,...}
on the interval [0, 1] with the Lebesque measure for ny11/n; > 2 and also by martingale-difference sequences.
Examples of the systems MS(2) are given by the lacunary trigonometric systems for ngiq1/ng > 3 and
martingale-difference sequences Xi, ..., X,, with the non-random conditional variances E(X2| X1, ..., Xp,_1) =
b2 € R, n = 1,2, ... Examples of the systems M S(«) include, for instance, the lacunary trigonometric systems
with large lacunas, that is, with ng11/ng > a + 1 and also e—independent and asymptotically independent

r.v.’s introduced by Zolotarev (1991) (see the discussion in de la Pefia et. al. (2002)).

Lemma 1 Let « € N, and let A;, i = 1,...,n, be sets of real numbers such that card(A;) < a+1,i=1,...,n.
R.v.’s Xq,..., X,, taking values in Ay, ..., Ay, respectively, form a multiplicative system of order « if and only

if they are jointly independent.
Lemma 1 implies the following reduction property for general martingale-difference sequences.

Lemma 2 A sequence of r.v.’s {X,} on a probability space (Q, 3, P) assuming two values is a martingale-
difference with respect to an increasing sequence of o—algebras So = (2,0) C Iy C ... C S if and only the

r.v.’s {Xn,} are jointly independent.

T14 Ti—1,1

Since the r.v.’s m; = €7**...¢;" 7 "€, 1 = 1,...,n, form a martingale-difference sequence with respect to the
o—algebras o(eq, €9, ...,€), 1 = 1,....,n, we get the following corollary of Lemma 2 that describes the reduction

properties of the summands in the random polynomials V,, in independent symmetric r.v.’s.

Lemma 3 The r.v.’s 01, ...,n, are jointly independent.

Remark 1 Let us note that Lemma 2 also implies Propositions 1 and 3 in Campbell and Dufour (1995).
Let w(z) =1 for z > 0, and w(z) = 0 for z < 0, and let Xg,...,Xn—1 and Y1,...., Y, be r.v.’s such that Y;
is independent of o(Xo, X1, ..., X¢—1,Y1,..,Y;—1) for each t = 1,..,n, and P(Y; > 0) = P(Y; < 0) = 1/2
for t = 1,...,n. Also, let g¢ = ¢g:(Xo,X1,., Xt,Y1,...,Y2), t = 0,...,n — 1, be a sequence of measurable
functions of Xo,...,X; such that P(gt = 0) = 0 for t = 0,...,n — 1. According to Propositions 1 and 3
in Campbell and Dufour (1995), the statistic Sq = >, w(Yigi—1) has a binomial distribution Bi(n,0.5)
with parameters n, 0.5, and, moreover, the r.v.’s w(Yigi—1), t = 1,...,n, are jointly independent if the r.v.’s
Y1,.... Y, have continuous symmetric distributions. To see that the latter results follow from Lemma 2, it
suffices to observe that the r.v.’s 2w(Yigi—1) — 1 form a martingale-difference sequence with respect to the
o—algebras o(Xo, X1, ..., X¢t, Y1, ..., Yz) under the assumptions of the propositions. In a recent paper, So and
Shin (2001) considered sign tests for random walks against stationary alternative hypothesis in the model
yr = h(xe), ¢ = p(@i—1, .oy Te—p) +ug, t = 1,...;n, where {y:}, t = 0,...,n, is a set of observations, h(x;) is
an unknown monotone transformation of {x:}, p(xg,...,x1) is an unknown regression function of interest, k

is a positive integer, and {u:} is a sequence of errors satisfying the conditions
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Al: {sign(ut)} is a martingale difference sequence with respect to an increasing sequence of o—fields {3y},
t=1,...,n,

A2: P(uy =0|S—1) =0,
where sign(u) is the sign of u; defined by sign(us) =1 if ug > 0, sign(0) =0 and sign(us) = —1 otherwise.
From the above, it follows that in fact the conditions A1 and A2 are equivalent to joint independence of the signs
sign(ut). Moreover, using Lemma 2, one also immediately gets that the r.v.’s sign(ug)sign(vi—1), t =1,...,n,
where v, t = 1,...,n, is a sequence of S;—measurable r.v.’s with no atom at zero, are jointly independent.
This implies results in So and Shin (2001) concerning distributional properties of the test statistic based on

the quantity S,(p) = > 1, sign(u(p))sign(vi—1), where ut(p) = ¢y — p(Tp_1, ..., Te—).

Proof of Theorems 1-8. Let € be a symmetric Bernoulli r.v. According to Hunt (1955), Eg(Y) < Eg(e)

for all continuous convex functions g : [—1,1] — R and all r.v.’s Y such that EY = 0 and |Y| < 1. The
inequality implies that Ef(cY + d) < Ef(cae + d) for all continuous convex functions f : R — R, constants
a,c,d € R, and all r.v.’s Y such that EY = 0 and |Y| < 1. Using this fact and Lemma 3, we get that if
ci € Ryrp; € {0,1}, k=1,..,i—1,i=1,..,n, and Xy,..., X,, are independent r.v.’s such that EX; = 0,
|Xi| <1 (as.),i=1,...,n, then

EBf(> X4 X[V X)) SEf(O a6y 6) = Bf()_ ciei) (54)

i=1 i=1 i=1

for all continuous convex functions f : R — R. From Corollary 2.5 in Pinelis (1994) and Theorem 1.1 in

Figiel, Hitczenko, Johnson, Schechtman and Zinn (1997) it follows that
Ef(Y_ce) < Ef(Y X)) (55)
i=1 i=1

for all twice differentiable even functions f : R — R such that f” is convex and all independent symmetric
r.v.’s X/ such that EX/2 = 1, i = 1,...,n. Inequalities (54)-(55) imply (36). Inequality (37) follows letting
the r.v.’s X; in (36) be the standard normal r.v.’s. Let us prove inequalities (12)-(16). Let Xi,..., X,
be independent r.v.’s such EX; = 0, |X;| < d;, i = 1,...,n, and let D2 = Y7 2d>™ . do" " d2. By

Chebyshev’s inequality we have
P(V,, > x) < exp(—hzx)Eexp(hVy,), (56)

x >0, h > 0. Using the above Hunt’s inequality and Lemma 3, we get
Eexp(hV,) < Eexp(h Z cidiod; M dieg). (57)
i=1
According to Hoeffding (1963),

n

Beap(hy_ X)) < cop(5h* 3 ) (55)

i=1 i=1
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for all independent r.v.’s X1,..., X, such that EX; = 0, |X;| < d; € R. From (56)-(58) it follows that for

x>0
1
PV, >z) < exp(§h2D2 — hz). (59)

The right-hand side of (59) has its minimum at h = &z. Inserting this value in (59) we obtain inequality (12).
From Chebyshev’s inequality it follows that

Ef(5Va
Py > ) = LP(Val > ) <  ZHBERD (60)
D
for all f € K (introduced in Section 1). By (37),
BJ(5Val) < Ef(2)), (61)

f € K. Inequalities (60) and (61) imply (13). From the results obtained by Pinelis (1994) (see also Pinelis
(1998)) it follows that inequality (61) implies that P(V,, > z) < %(1 —®(5)), x>0, P(V,, >z) < %@7
x > /2, that is, (14) and (15) hold (note that the latter inequalities follow directly from Theorem 5.4 in
Pinelis (1998) and the martingale structure of V,,). From (54), the fact that the function f(z) = (Jz| — u)%
belongs to K and the results obtained by Eaton (1970, 1974) (see also Dufour and Hallin (1993)) it follows

that

1 3 1 - T14 Ti—1,i 3 1 - 3
E[(BIVnI —u)4]” < E[(BI ;Cidf wdi i —u) 47 < E[(I*\/ﬁ ;eil —u)4]” (62)
Moreover,
1 1 « —
E(5Va)® < 53 > i d  dEEe = 1. (63)

i=1
Similarly to the proof of Proposition 1 in Dufour and Hallin (1993), relations (62) and (63) and Chebyshev’s
inequality give the first estimate in (16). The fact that E[(ﬁ\ el —w)i)® < E[(|Z] — u)+]? by (9) and
the first estimate in (16) imply the second inequality in (16). Since, according to Edelman (1990),
wf [ = 0 G — w1 - 0 - 22, a
O<u<z/Dj J, D; x

x > 0, we get the last estimate in (16).

Conditioning on | X1|, ..., | X, | and using estimates (13)-(16) we obtain (similarly to Edelman (1986, 1990))
inequalities (17)-(21).

Let us prove Theorem 3. Using the relation

Vo/sn

(1—1/n+V,/s2)1/2

VVTL:\/R

we obtain, similarly to Edelman (1986, 1990),

T

POVRVa/sn>2) = PWo > Gy s
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This and Theorem 2 imply the inequalities in Theorem 3.

The estimates in Theorems 4-6 follow from Theorems 1-3 and inequalities (24)-(26).

The expressions for the best constants in inequalities (38) follow from Lemma 3 and the results obtained
by Haagerup (1982). The right-hand side inequality (38) and the estimate (35, z)"/? < S0, nt/Q_lzf/z
for all z1,...,2, > 0, t > 2, imply that estimate (39) holds with the constant C*(¢, m) defined in Theorem 8.
Sharpness of the constant C* (¢, m) follows from the choice ¢; = 1/y/n, i =1,...n, X; =€;, i =1,....,n+ hp,
Lemma 3 and the central limit theorem.

Using the inequality Ef(caec + d) < Ef(cX + d) for all twice differentiable even functions f : R — R
such that f” is convex, constants a,c,d € R, and all symmetric r.v.’s X such that FX? = a? implied by
Corollary 2.5 in Pinelis (1994) and Theorem 1.1 in Figiel, Hitczenko, Johnson, Schechtman and Zinn (1997),

by induction and Lemma 3 we get

n n n
Bl e X XWX > B et e Ml = B el (65)
=1 =1 =1

for independent identically distributed symmetric r.v.’s X1, ..., X;4p, with EX? = 1, E|X;|' < oo, t > 3.

Moreover, from estimate (3.28) in de la Pena et. al. (2003) and Lemma 3 it follows that

EIY X7 XX [P < B el 4+ 0(n) (66)
=1

i=1
for for independent identically distributed symmetric r.v.’s X1, ..., X415, with EX? = 1, E|X;|' < oo,
2 < t < 4. Relations (65) and (66) and the fact that, according to von Bahr (1965) and Michel (1976),
|E|ﬁ St alt — E|ZIY| = 0(n't?), 3 <t < 4, imply relation (40).
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Table 1

Empirical sizes (%) of the two-sided conservative sign tests based on bounds (42) and (43) for model (41)

. E_rror_ D1, Normal D2, Variance Mixture of Normals D3, Normal W't.h D4, Cauchy D5, Normal-Cauchy

distribution heteroskedasticity

Samole size Bound Bound Limit, Bound Bound Limit, Bound Bound Bound Bound Bound Bound
P (42) (43) autoregression| (42) (43) autoregression| (42) (43) (42) (43) (42) (43)
20 0.4 0.5 4.3 0.4 0.2 4.5 0.1 0.1 0.1 0.1 0.1 0.1
50 0.7 0.8 4.9 0.7 0.6 4.8 0.6 0.6 0.1 0.1 0.1 0.1
100 0.9 0.9 49 0.8 0.9 5.0 0.8 0.8 0.1 0.1 0.1 0.1
200 0.8 0.8 5.0 0.8 1.0 4.8 1.2 0.9 0.1 0.2 0.1 0.1
500 1.2 0.9 51 1.0 1.1 4.9 1.0 0.9 0.2 0.1 0.1 0.1

Nominal test size: 0.05; the number of replications: 10,000

Table 2
Empirical sizes (%) of the two-sided conservative sign tests based on bounds (42) and (43) for model (41)
. E_rror_ D1, Normal D2, Variance Mixture of Normals D3, Normal V‘{'t.h D4, Cauchy D5, Normal-Cauchy

distribution heteroskedasticity

Samole size Bound Bound Limit, Bound Bound Limit, Bound Bound Bound Bound Bound Bound
P (42) (43) autoregression| (42) (43) autoregression| (42) (43) (42) (43) (42) (43)
20 0.4 0.3 4.3 0.5 0.4 4.5 0.3 0.4 0.4 0.6 0.4 0.2
50 0.9 0.8 49 0.8 0.9 4.8 0.9 1.1 0.9 0.8 0.9 1.0
100 0.8 0.7 49 0.9 0.8 5.0 0.7 0.8 0.9 0.9 0.8 0.9
200 1.0 1.0 5.0 11 1.0 4.8 1.0 1.1 1.1 1.1 1.1 1.0
500 1.2 1.2 51 1.1 1.0 4.9 1.2 1.2 1.1 1.3 1.2 1.1

Nominal test size: 0.05; the number of replications: 10,000




Table 3a

Empirical powers (%) of the two-sided conservative tests based on bounds (42) and (43) for model (41) under p=0.5

. E_rror_ D1, Normal D2, Variance Mixture of Normals D3, Normal W't.h D4, Cauchy D5, Normal-Cauchy

distribution heteroskedasticity

Samole size Bound Bound Limit, Bound Bound Limit, Bound Bound Bound Bound Bound Bound
P (42) (43) autoregression| (42) (43) autoregression| (42) (43) (42) (43) (42) (43)
20 14.2 14.5 56.6 14.4 14.3 57.9 1.8 2.3 2.4 2.8 2.9 3.1
50 73.3 73.5 93.4 74.0 74.2 93.5 33.8 33.2 11.8 12.1 10.2 10.7
100 98.9 98.7 99.9 98.9 98.7 99.9 81.6 83.1 18.1 18.8 15.3 16.1
200 100.0 100.0 100.0 100.0 100.0 100.0 994 99.6 221 23.0 20.6 20.3
500 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 24.3 24.9 24.2 24.6

Nominal test size: 0.05; the number of replications: 10,000

Table 3b
Empirical powers (%) of the two-sided conservative tests based on bounds (42) and (43) for model (41) under o=—0.5
: E_rror_ D1, Normal D2, Variance Mixture of Normals D3, Normal W't.h D4, Cauchy D5, Normal-Cauchy

distribution heteroskedasticity

Samole size Bound Bound Limit, Bound Bound Limit, Bound Bound Bound Bound Bound Bound
P (42) (43) autoregression| (42) (43) autoregression| (42) (43) (42) (43) (42) (43)
20 13.7 14.9 57.5 14.0 14.1 57.6 2.0 1.9 2.9 3.0 2.8 3.0
50 73.2 74.1 93.1 73.5 73.5 93.7 33.0 34.1 11.3 114 10.5 10.3
100 98.8 98.8 990.8 98.6 98.7 90.8 81.5 82.9 18.1 18.7 15.8 15.7
200 100.0 100.0 100.0 100.0 100.0 100.0 99.5 99.6 23.1 23.1 20.7 21.2
500 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 23.8 25.1 24.0 24.6

Nominal test size: 0.05; the number of replications: 10,000




Table 4a

Empirical powers (%) of the two-sided conservative sign tests based on bounds (42) and (43) for model (41) under p=0.5

Error

D3, Normal with

distribution D1, Normal D2, Variance Mixture of Normals heteroskedasticity D4, Cauchy D5, Normal-Cauchy

Sample size Bound Bound Limit, Bound Bound Limit, Bound Bound Bound Bound Bound Bound
P (42) (43) autoregression| (42) (43) autoregression| (42) (43) (42) (43) (42) (43)
20 9.3 9.1 56.6 9.3 9.0 57.9 8.1 7.8 26.2 25.3 145 14.1
50 41.8 41.2 93.4 41.2 41.9 93.5 39.3 39.4 83.8 82.6 61.7 62.7
100 76.3 76.5 99.9 74.9 75.9 99.9 75.7 74.7 99.3 99.3 93.3 93.8
200 98.3 98.2 100.0 98.0 98.2 100.0 98.6 98.1 100.0 100.0 100.0 100.0
500 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Nominal test size: 0.05; the number of replications: 10,000

Table 4b
Empirical powers (%) of the two-sided conservative tests based on bounds (42) and (43) for model (41) under p=-0.5
: E_rror_ D1, Normal D2, Variance Mixture of Normals D3, Normal W't.h D4, Cauchy D5, Normal-Cauchy

distribution heteroskedasticity

Samole size Bound Bound Limit, Bound Bound Limit, Bound Bound Bound Bound Bound Bound
P (42) (43) autoregression| (42) (43) autoregression| (42) (43) (42) (43) (42) (43)
20 9.3 9.0 57.5 8.4 9.0 57.6 7.9 7.9 26.5 26.1 14.6 14.8
50 41.2 41.2 93.1 41.2 41.4 93.7 39.5 39.3 83.4 83.4 63.4 61.0
100 76.4 75.5 99.8 75.1 76.0 99.8 74.9 75.6 99.2 99.1 93.8 93.7
200 98.1 98.4 100.0 98.3 98.2 100.0 98.2 98.0 100.0 100.0 99.9 99.9
500 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Nominal test size: 0.05; the number of replications: 10,000






