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BOUNDS ON MOMENTS OF SYMMETRIC STATISTICS

R. IBRAGIMOV and SH. SHARAKHMETOV

Communicated by E. Csdki

Abstract

In this paper we prove analogues of Khintchine, Marcinkiewicz—Zygmund and Ro-
senthal moment inequalities for symmetric statistics of arbitrary order in not identically
distributed random variables. We also construct an example that shows the significance of
each term in the obtained Rosenthal-type inequalities for symmetric statistics and obtain
results concerning the rate of growth of the best constants in the inequalities.

In what follows, A(-), B(-), Bi(+), Ba(:) denote constants depending on
parameters in the parentheses only, not necessarily the same from one place
to another, and C' and C; denote absolute constants, not necessarily the
same from one place to another. The following inequalities are well known
for sums of independent random variables (r.v’s).

ROSENTHAL INEQUALITIES ([21]). If&i,...,&, are independent nonneg-
ative r.v’s with B¢ < oo, i=1,...,n, 1 <t <oo, then

max <§;E§t <§;E§>t) §E<izn;gi)t
< B(t) max <;E§t (;m) >

If &,. .., &, are independent r.v’s with B =0, El§|' <oo, i=1,...,n, 25
t < oo, then

(1)

t

n n t/2 n
A(t) max (ZE!&F, <ZE5§> ) <E|> &
i=1 . =1 . t/gz:l
< soymax (Y Blel’ (3Be) ).
=1 =1
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KHINTCHINE INEQUALITIES ([13]). Ifey,..., €, are independent symmet-
ric Bernoulli r.v’s, that is P(e;=1)=P(e¢,=—1)=1/2,i=1,...,n, then

3) A(t)(znjaf)t/ng 2 th(t)(ia%)t/z,

i=1 =1

t>0,a;€R,i=1,...,n.

MARCINKIEWICZ—-ZYGMUND INEQUALITIES ([19]). If &1,...,&, are in-
dependent r.v’s with E§; =0, E|&|t <oo,i=1,...,n, 1<t <oo, then

() A(t)E(ggf)t/2<E st t<B<t>E(gs?)t/2-

A number of papers have focused on extensions of inequalities (1)—(4)
in the case of symmetric statistics and related problems (e.g., Serfling [22],
Krakowiak and Szulga [18], McConnell and Taqqu [20], De la Pena [3], De
la Pena and Klass [5], Koroljuk and Borovskikh [17], Sharakhmetov [23],
Borovskikh and Korolyuk [1], Ibragimov [8], Klass and Nowicki [14]-[16],
Ibragimov and Sharakhmetov [9], [10] and Ibragimov et al. [11]). McConnell
and Taqqu [20] and Krakowiak and Szulga [18] obtained generalizations of
inequalities (3) and (4) in the case of multilinear forms. De la Pena [3]
proved extensions of inequalities (3) and (4) for U-statistics of second order.
Sharakhmetov [23] proved analogues of Rosenthal inequalities (1) and (2) for
symmetric statistics of second order in identically distributed r.v’s and inde-
pendently obtained generalizations of inequalities (3) and (4) for that class of
symmetric statistics. Klass and Nowicki [14], [15] obtained Rosenthal-type
inequalities for generalized moments of symmetric statistics of second or-
der with nonnegative kernels in not necessarily identically distributed r.v’s.
Ibragimov and Sharakhmetov [10] obtained extensions of inequalities (1) and
(2) in the case of symmetric statistics of second order in not necessarily iden-
tically distributed r.v’s and proved analogues of inequalities (3) and (4) using
those results. One should note that the method used in [10] allows one to
obtain, using the results in [12] and [26], analogues of upper Rosenthal in-
equalities (1) and (2) for the ¢-th moment of symmetric statistics of second
order with the constants (Ct/Int)? having the best possible rate of growth
(see Remark 3 after Corollary 4 and Remark 5 at the end of the paper).
Klass and Nowicki [16] obtained results concerning estimates for moments
of symmetric statistics of arbitrary order.

The main goal of this paper is to extend the results obtained in Sharakh-
metov [23] and Ibragimov and Sharakhmetov [10] in the case of symmetric
statistics of arbitrary order in not identically distributed r.v’s. More pre-
cisely, we obtain analogues of Khintchine, Marcinkiewicz—Zygmund and Ro-
senthal moment inequalities (1)—(4) for those objects (Theorems 1-4). We
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also construct an example that shows the significance of each term in the ob-
tained Rosenthal-type inequalities for symmetric statistics (Remark 2) and
obtain results concerning the rate of growth of the best constants in the
inequalities (Remarks 3 and 5). The results obtained in the paper were
announced in Ibragimov and Sharakhmetov [9].

Let 1<sm<n,t>0, and let X1,..., X, be independent, not necessarily
identically distributed r.v’s on a probability space (2,3, P).

Denote by M,, the group of all permutations of the set {1,2,...,m}. Let
F(t,m) be the class of functions Y;, _; :R™ =R, 1<i, Sn; i, #ig, 1 #S;
k,r,s=1,...,m, that satisfy the conditions

E|}/i17~~-7im (XiM R Xim)|t <00,

(X, Xi ) =Y, Xi e X

Y Tr(l)v"'vi‘/r(m)( ir(1)”

U15eenstm

o) AS.
forall 1< <ig < <4 Sn and all € M,,.

In what follows, we assume that if Z;, Z,,... are r.v’s on (9,3, P), then
O'(Zl,ZQ,. . .,Zk):(Q),Q) for k=0.

Denote by G(t, m) the subset of F(t,m) consisting of functions Y such
that

¢

inm_1)) =0 as.

E(Y;

i1500stm

(Xil,...,Xim)|Xiﬁ(1),..
forall 1Si1<in< - <ty <n and all m€ M,,.

DEFINITION. Let J’ be a o-algebra on a probability space
J'-measurable r.v. X is called conditionally symmetric (on

ald)=P(X <a|y) for all a2 0.

Let G'(t,m) be a subset of G(t,m) consisting of functions Y for which
the r.v. Yy, 5. (X5, ..., X;,,) is conditionally symmetric on the o-algebra
O'(Xzﬂ(l), e 7Xi7r('mfl)) forall 1<i1<ig<- - <ipm<n, m€ My,

It is easy to see that if EX; =0, E|X;|'! <oo, i=1,...,n, then the

ij)An
) if P(X

$
n 3

functions Y;, . ;. :R™ —=R; Y, . (wl,xQ, ey L) = X1T ... Ty, Tk € R,
154, Sng iy ;ézs, r#s; k,r,s=1,...,m, belong to the class G(t,m). If
the r.v’s Xi,...,X,, are symmetric and E|X;|! < oo, i=1,...,n, then the

above-defined functions Y belong to the class G'(t,m).
For Y € F(t,m), denote by

Tn,m = Z }/tilvm,im (Xil s Xigy e 7Xim)

16 <<im<n

a symmetric statistic (U-statistic) in r.v’s Xi,..., X,,.

The following Theorems 1 and 2 give extensions of Rosenthal inequalities
(1) and (2) in the case of general symmetric statistics T5,,,. The upper
inequalities given by Theorems 1 and 2 (as well as by Corollaries 1-4) hold
with the constants B(t,m) = (Ct/Int)™ which have the best possible rate
of growth (see Remarks 3 and 5 below).
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THEOREM 1. Ift=21,Y; . :R"™" =R, 1<i,<n; i, #is, r#s; k,r,s=
1,...,m, are nonnegative functions from the class F(t,m), then

max max E
k=0m 1<j1<--<jpS<m
=/ IRET 1<ig, << <

¢
E< > E(Yi, im (Xiys oo, X)) !Xijly-'-yXijk))
15:1S8Sm,8F#j1 ey Jk
161 < <im<n

(5) <ET,,,

< B(t,m) max max
=N k=0,m 1<j1<<jR<m - -
- - 1sij <--<ij =n

t
E< S E(Y, i (Xirse o, X)) yXijl,...,Xl-jk)> .
i5:1§8§m78¢j1='"7jk7
1Si1 < <im<n

THEOREM 2. Ift22,Y; ; R™—=R, 150, Sn; i #is, r#5; k,r,5=

Tm
1,...,m, are functions from the class G(t,m), then
A(t,m) max max Z

k=0m 15j1<<jr<m ) )
1S5, <--<ij =n

t/2
2
E< E E(Y;lZm (Xiyy ooy Xi) | Xz-j1 e Xijk)>
15:1S8Smy, SFJ1 ek,
1S4 < <imEn

(6) <E[Tm|"
< B(t,m) max max Z

k=0,m 1<j1<---<jp<m
=N Th= 1<ij, <-<ij, <n

t/2
E( > E(Y2 i (X, X)) | X, - ,Xijk)> .

i.9:1§S§m7 SF 1y Jk>
141 < <im<n

The following Theorem 3 gives generalizations of Khintchine and Mar-
cinkiewicz—Zygmund inequalities (3) and (4).

THEOREM 3. Ift=21,Y; . :R" =R, 150, <n; i, #is, r#s; k,r,s=

Im

1,...,m, are functions from the class G(t,m), then

t/2
) A(t,mm( 3 n?,...,im<xz~1,...,xim>> <[

1< < <imZn
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fort=2,

t/2
(8) E|Tn,m|t < B(t, m)E( Z Yi?,...,im (Xil, Ceey le))

161 < <im<n

fort=1. Ift>0,Y;, . R" =R, 1<i,<n; i #is5, r#5; k,r,s=
1,...,m, are functions from the class G'(t,m), then

t/2
) E( 3 n?,...,im<Xi1,...,Xim>) <E|T,,.

16 < <im<n

fort=2,

t/2
(10) E|T, ' < B(t,m)E( DD G 0. A ,Xim)>
1<i1 < <im<n
fort >0, where B(t,m)=1 for 0 <t<2.

REMARK 1. From Theorem 1 it follows that, for ¢t = 2, the analogues
of Rosenthal inequalities (6) and Marcinkiewicz—Zygmund inequalities (7),
(8) are equivalent to within a constant, that is if inequalities (6) hold for
a symmetric statistics T}, ,, then inequalities (7) and (8) hold as well (in
general, with other constants) and vice versa.

In the case of identically distributed r.v’s X1, ..., X,, and kernels Y that
do not depend on the summation indices, inequalities (5) and (6) have a
simpler form.

COROLLARY 1. Ift=1, Xy,...,X,, are independent identically distri-
buted r.v’s, Y :R™ — R is a nonnegative function satisfying the conditions
EY' (X1, Xo,..., X ) < 0o,

Y(Xla Xo, ... 7Xm) = Y(Xw(l)va(2)7 e 7X7r(m)) a.s.
for all me M,,, then

A(t,m) max n'™ PTFEE(Y (X1, X, ..., Xpn)| X1, ..., Xi)) SETL

k=0,m

< B(t,m) max n!"FHREE(Y (X1, Xo, ..., Xm)| X1, ..., Xp)E

k=0,m

COROLLARY 2. Ift=22, Xy,..., X, are independent identically distri-
buted r.v’s, Y :R™ — R s a function satisfying the conditions

E|Y (X1, Xo,..., Xm)|" <oo,
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E(Y(Xl,Xg,...,Xm)’Xl,...,Xm_l):() a.s.,
Y(Xl,XQ, ey Xm) :Y(Xﬂ.(l),Xﬂ.(Q), ey Xﬂ(m)) a.s.

for all me M,,, then

A(t,m) max 0> BBV (X1, X, ooy X)X, o, X)) S BT

< B(t,m) max n?/2MRIREE(Y2( X1, X, .., X)) | X1, - X)) Y2

k=0,m

REMARK 2. Let us bring an example that shows that all terms in the
expression

Pn = knzlgdﬁ nt/Q(m_k)+kE(E(Y2(X17 X27 s 7Xm)|X15 s 7Xk))t/2> t>2

(Corollary 2), and, therefore, all terms in the expression

d}n = HlélX nt(m_k)+kE(E(Y(X17 XZ, s ,Xm)‘Xla R X’C))tv t>1
=0,m
(Corollary 1) are significant, that is no one of them can be omitted. Let
0<k<m,t>2,n>2 a=1/t—n"t? and let the r.v’s X1, ..., X, have an
exponential distribution with parameter 1: P(X;<2)=0,2<0; P(X;<z) =
1—e™ x>0,i=1,...,n (the property of the above distribution which is
important to us is Eexp(aX;)=(1—a)"!, 0<a<1,i=1,...,n). Set

k
Y (21, ) = Y [exp (a;% H—a Z n<z>+Z >

TEMp, i=k+1 1Sji1<<ji<m
(eXp< ZX —a Z Xﬂ'@))’XS:xSWSG{17"‘7m}\{j17"‘7jl}>]
i=k+1
k
S [exp<azxﬂ 0y o)
TEMp, i=1 i=k+1
m l
U C VY [T/~ asign (k + 0.5 j.))) x
=1 1Sj1<<gi1=m s=1
k m
X exp (a Z Tr@i) —Q Z xﬁ(l)>],
il =k +1
1], 01 z#]l ----- Ji

where sign (k4 0.5 — j5) = (k+ 0.5 — js)/|k + 0.5 — j5|. It is not difficult to
see that Y € G(¢t,m). The expressions

nt/Q(m_Z)+lE(E(Y2(X17 X27 v 7Xm)|X17 soe 7Xl))t/27 l= 07 o k’
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have the rate of growth n?/2(m=DH(Eexp(taX;))! = n'/?* as n — oo, and
the expressions

! 2 OHBER(YA (X0, X, X)X, X)) =k L,

have the rate of growth n*/2(m=O+(Eexp(taX;))k = nt(m+F)/2=/2=DL Gince
tm/24+1<tm/2+4+k,1=0,...,k—1,and t(m+k)/2—(t/2-1)l<tm/2+k,
l=k+1,...,n, the rate of growth of ¢, is the same as the rate of growth of
the term n/2m=R+FE(E(Y2(X1, Xo, ..., Xm)| X1, ..., Xi))"/?, that proves
its significance.

The following Corollaries 3-5, which are immediate consequences of The-
orems 1-3, give analogues of Rosenthal, Khintchine and Marcinkiewicz—Zyg-
mund inequalities for multilinear forms.

COROLLARY 3. Ift=21, Xy,..., X, are independent nonnegative random
variables with EX}; <oo, k=1,...,n, then

k

max max E HEij X

k=0,m 1<j1<-<jp<m !
SHSTSIRET <) <<y < 1=1

><< 3 I1 EXi,)t§E< > Xil...Xim>t

iS:1§S§m7 ’S#jlr‘wjkv l7é‘7177.]k 1§Z1<<Zm§n
1Si1 < <im<n I=1,...m
k
< B(t,m) max max E HEij X
l

k=0,m 1<j1<-<jxSm
TOSISTSIRST 4 <<y, Sn 1=1

x( Z H EXZ-l>t.

i5:1§s§m7 S#.jl"'wjky l;éj17a.]k
1<ii<<im<n  I=l,..m

COROLLARY 4. Ift=2, X1,..., X, are independent r.v’s with EX =0,
E|X;|! <oo, k=1,...,n, then

k
A(t, m) max max g l_IE]XZ %
k=0,m 1<j1<--<jp<m . , o
1Si5, <<ij, sn 1=1

t/2
x( > 11 EX5> <E > XX,

is:1SsSm, s#£J1,dks 1FT15e Tk 1<i1 < -<im<n
1S4 < <im<n l=1,....m

k
< B(t,m) max max E HE|X1 |* <
k=0,m 1<j1<--<jpx<m It
’ = = <o <on<in <n 1=1
154, < <ij.Sn
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><< > 11 EXZ-ZZ)W.

i321§S§m7 s#jlr":jkv l#]l):]k
1<i1<-<im<n  I=1,.,m

REMARK 3. The best constants in the inequalities given by Corollaries 3
and 4 in the case of bilinear forms for identically distributed nonnegative or
symmetric r.v’s were found in Ibragimov et al. [11]. The following examples
show that the best constants Bj(t, m) and Ba(t,m) in the analogues of upper
inequalities given by Corollaries 3 and 4 for L;-norms, and, therefore, the
best constants in the analogues of right-hand inequalities (5) and (6) for
Li-norms grow not slower than (t/Int)™ as t — co. From these examples it
follows that the rate of growth of the constants (Ct/Int)™ in the inequalities
given by Theorems 1 and 2 and Corollaries 1-4 is the best possible. Let ¢t > 1
be a sufficiently large number and let n =m = 1. Let, as in Proposition 2.9 in
[12], X1,..., X, be independent r.v’s with the distribution P(X; =1) =1nt/t,
P(X;=0)=1—1Int/t,i=1,...,n. Then (here and in what follows, C}"* =
n!/(m!(n —m)!) and ||U||; = (E|U[")"/* denotes the L;norm of a random
variable U)

oo XX,

1Si1<<im<n

1/t
’go;”(P( > Xl-l...Xim:C’,T>>
t

1<i < <imZn

=CT(P(X; =1))" = A(m)n™ (Int/t)"/*.

n

By Corollaries 1 and 3,

A(m)n™(Int/t)™! < By (t,m) max n(m=FTR/EEXHFYEX)™F,

k=0,m
Therefore,

Bi(t,m) = A(m) k@én nk=k/t (In ¢ )/t (m—k)=k/t,

Choosing n such that n —1<t/Int <n, we get

Bi(t,m) = A(m)(t/ Int)™ (Int/t)!/t+1/nt
> A(m)(t/Int)™(In t)l/lnt/(tl/lnttl/t) =A(m)(t/Int)™(In t)l/lnt/(etl/t).

Since the function y(x) = 2/ is decreasing in e < x < oo, for all t > e® we
have (Int)Y/™t > ¢/t that is By(t,m) = A(m)(t/Int)™/e. Therefore, the
constant Bj(t,m) grows not slower than (¢/Int¢)™ as t — oco. Now let ¢t > 2
be a sufficiently large number, n = m = 1, and let, as in Proposition 4.3
n [12], Xi,..., X, be independent r.v’s with the distribution P(X; =1) =
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P(X;=-1)=Int/t, P(X;=0)=1—-2Int/t, i=1,...,n. Then, similarly to
the above,

> A(m)n™(Int/t)"*.

XX,

161 < <im<n

t

Using Corollaries 2 and 4 and choosing n such that n —1<¢/Int <n, we
easily obtain that By(t,m) > A(m)(t/Int)™(Int/t)/+1/ 1t and, similarly to
the above, we get Ba(t,m) = A(m)(t/Int)™, that is the constant Ba(t,m)
grows not slower than (¢/Int)™ as t — oc.

The following corollary complements the results obtained by Krakowiak
and Szulga [18] and McConnell and Taqqu [20].

COROLLARY 5. Let a;,,. i, €ER, 1Si1 <ig<---<ip=n. Iftz1,
X1,...,X, are independent r.v’s with EXy, =0, E|X,|' <oo, k=1,...,n,
then

t/2
A(t7 m)E< Z a'?lv---vile?l e Xi2m>

1Si1 < <im<n

(11) .
<E Z (TR D, CHUND, €3
161 < <im<n
fort=2,
t
E Z ai1,...,’imXi1 e Xim
(12) 1<i1 < <im<n

t)2
§B(t,m)E< Z a1,21,,lmXZ21 o 'X'L2m>

1<i1 < <im<n

fort=1. Ift>0, X1,...,X, are independent symmetric r.v’s with E|X}|*
<oo, k=1,...,n, then

t/2
E( Soooa X .X3m>

1< < <im<n

Z Wiy iy Xy -+ Xy

1< < <imZn

(13) t

A

E
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fort=2,

E Z ailv'wimXil N Xim

16 <<im<n

t/2
< B(t, m)E< Yooooad X .X§m>
1<i1 < <im<n
fort >0, where B(t,m)=1 for 0 <t<2.
REMARK 4. As areferee has pointed out, one can also obtain inequalities
(11) and (12) by using a decoupling and symmetrization argument (e.g., De
la Pefia and Giné [4]) and the multilinear version of Khintchine inequality.

(14)

Let us formulate a number of preliminary facts needed for the proof of
theorems.

Given a sequence of o-algebras (J,,) on some probability space (2,3, P),
we denote by E;_1(-) =E(+|Jx_1) the conditional expectation operator (with
the convention that Ey = E, the expectation operator). A sequence (Y;,) of
integrable r.v’s on (2,3, P) is called a martingale-difference sequence (with
respect to (Jy)) if

(@) J=0.9ENERE

(b) Y,, is J,-measurable,

(c) E,_1Y,=0as.,n=>1.

LEMMA 1 (Burkholder [2]). Let 3o0=(0,2)C31S32C---C3,S3 be a
nondecreasing sequence of o-algebras on a probability space (2,3,P), and let
Xi, k=1,...,n, be a sequence of nonnegative Ji-measurable r.v’s such that
EX} <oo, k=1,...,n, 1<t<oc. Then

<ZXk> <B(t max(ZEXk, (kZlEk 1Xk>t).

LEMMA 2 (Burkholder [2]). Let X, k=1,...,n, be a
ference sequence with respect to Jo=(0,Q2)S31 S S-S In g
E| Xk <00, k=1,...,n, 2<t<o00. Then

n n t/2
A(t) max (ZE|Xkyt,E<ZEk1X,§) )gE
k=1

k=1

n n t/2
B(t) max <ZE|Xk|t,E(ZEk_1X,§> )
k=1

k=1

|Iﬁ

J,

artingale-dif-
such that

Q? <+

A

Using the fact that if {X,,} are independent symmetric r.v’s and {e,}
are independent symmetric Bernoulli r.v’s independent of {X,} then the
joint distribution of {X,}, {Xne,} and {|X,, | e, } is the same, we obtain the
following
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LEMMA 3 (Egorov [6]). Let {X,} be a sequence of independent symmet-
ric T.v’s. Then these r.v’s are conditionally independent of the o-algebra
spanned by the sequence {|X,|}.

LEMMA 4. Let r.v's Xq,..., X, satisfy the conditions
E(X,p Xy || Xkl,[Xi]) =0
fork,l=1,...,n, k#1. Ift>2, E|X|'<oo, k=1,...,n, then

n t/2
E(ZXE) <E
=1

If0<t<2, E|X)|'<oo, k=1,...,n, then

t n t/2
§E<ZXE) .
=1

PRrROOF. Let t 22. By Jensen’s inequality
n t n t
3 X :E(E< S X ’|X1|,...,|Xn|>>
=1 =1
n 2 t/2
(15) gE(E((ZX) ’yxly,...,xn\»
=1
n t/2 n t/2
—B(L e ¥ Bl x)) —B(x2)
=1 i=1

1<k<I<n

n t

ZXi .

i=1

n

X

=1

E

E

In the case 0 <t < 2 one just needs to change the sign of inequality in (15)
to the inverse one.

PrOOF OF THEOREM 1. Let m =2 2. For 1 <14 < -+ <ty £ n, denote

Y(il,...,im):n17._.7im(Xil,...,Xim). For 1§]1 < .- <jk§m, 1§ij1 <
o <ijSn,k=1,...,m~—1, denote
Y(ijl""’ijk): Z Y(ila---aim)-

15:1S8Sm, $#J1,.-0ks
lgll <"'<i'm§n

Write E;, ;. () for E(- | X, ..., X;,), 1Si1<---<is<n, s=0,...,m.
By nonnegativity of the functions Y and Jensen’s inequality we have

ET},, > > EY'(ijy, - yij,)

1<ij, <-++<ij, <n
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v

Z E(Eijla---7ijkY(ij17---7ijk))t

1<ij, <-+-<ij, <n

for1Sj1<---<jg<m, k=0,...,m. Consequently,

t . Y
ET, ,, 2 max max E E(El-j17,,,7,-jkY(zj1, ce i)
k=0,m 1Zj1<~<jpSm . .
1S5, <<ij Sm

Therefore, left-hand inequality (5) holds.

The r.v’s
Y (i) = > Yigin (X oo X 5 Xi )y =, ...,
1561 < <bm—1Sim—1
are functions of the r.v’s X1, Xo,..., X;, ;and for k+1<1ip41 < - <ipm <,
k=1,...,m—1, the r.vs
Y(ikw"?im): Z Yvil,m,im(Xip-'-7Xik7Xik+1v'--aXim)>

1541 < <ip—1 S0, —1

ik:k,...,ik+1—1,

are functions of the r.v’s Xy, Xo,..., Xy, X;,.,,...,X;,,. Therefore, the
r.v's Y(ip), im =m,...,n, are measurable with respect to the o-algebras
o(X1,Xo,...,X; );and for k+1<ip 1< - <ip=<n,k=1,...,m—1, the
rv's Y(ig, .. yim), ik =k,...,ig+1 — 1, are measurable with respect to the
o-algebras o(X1, Xo, ..., Xj, Xopp 1y, Xiy, )
Using Lemma 1, we obtain
n ¢
ET,;m:E( > Y(im)>

Tm=m

(16) " " .
< B(t) max < > EYt(z'm),E< > El,,,,,im_ly(im)> )
Tm=m Tm=m
ip—1 t
EY'(iy, ... im) :E( > V(g ,im))
ip_1=k—1
ip—1
a7 <Bmax (Y BY(renrin),
ip_1=k—1

ig—1 t
E( Z El,...,ik_l—1,ik,...,imy(ik17---;im>>)
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forall k<ip<---<imEn, k=2,...,m.
From (16) and (17) it follows that

ET} ,, < B(t,m) max< > EY'(irsia, i),

k=1,m—1 ) )
1Si1 < <imSn

t
E< > Eihm,ﬂ-m_ly(z’l,iz,...,z’m)>,

(18) 1Si1 < <im<n

§ E< § Eil7i2:-~~:ik—17ik+1»~~-7im

k1S40 <-<imEm 1841 << Sigg1—1

Y (iy, g, - .. ,im)>t>.

Suppose that for all statistics

Tn,l: Z nl,..‘,il(XilaX’iga"'aX’L'l)7 1§l§m_]—a

1Si1 << =n

where Y5, 4, ‘R' =R, 1<i,<n; i, #ig, 7#s; k,r,s=1,...,1, are nonneg-
ative functions satisfying the conditions

EY! . (Xi,...,X;) <o,
Yig,it(Xivs s Xi)) =Yi ) iniy Kinrys -5 Xiny) a8,
151 <ig <+ - <4y <n, ™€ M, the estimate
ET) < B(t,l)max _ max > E(Ey, 0 Y (i)

s=0,l 1<j1<-<gs=l
v P2 1gi; <o<ij <n

has already been proved. Then we have

t
E< Z Eil g, im_1 Y (i1,92,. .. ,im))

161 < <im<n

= t
(19) = E( Z Z Eil,iz,-..,im_l Y(il, iz, - alm)>

1§i1 < <tm—1 §TL—1 Im=tm—1+1

<B(t,m—1) max max E
oMol Asp<<asmel T <nn
=Yy js=Tt"

E(Ei; i, Y (ijy,- - i5,))"
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Furthermore,

t
(20) E< Z Eil,i2,~~,ik71,ik+17~~,imY(ila 12, Jm))

1561 <+ < St —1

’Lk+171 t
- E< Z Z Eilvi27"'77;k717ik+17~~-yimy(i1’ /1:27 e Jm))

1§i1<~--<ik_1§’ik+1—2 tp=tp_1+1

<B(t,k—1) max max
5=0,k—1 1<j1<-<js<k—1
Z E(Eijl,...,’i]'s,ik+1,...,imy(i]‘17 R 7ijs))t

1805 < <ijgSigpyp1—2

foral k+1<ip1<---<ipm=n, k=2,...,m—1. Substituting (19) and
(20) into (18), we obtain

t Y
ET}, ,, < B(t,m) max max E E(Eij, iy, Y (G150 05,))"
k=0m 15j1<--<jxSm .
1<1j1<~~~<1jk§n

Therefore, right-hand inequality (5) holds for all symmetric statistics 75,

of order m. Since for m =1 estimate (5) holds as inequality (1), by induction
principle the proof is complete.

PROOF OF THEOREMS 2 AND 3. Let us first prove relations (7) and (9)
for t 22, (8) for 1<t <2 and (10) for 0 <t <2. Let Yj, 4, :R™ —R,
1SigSn; i #is, 7#s; k,r,s=1,...,m, be functions from the class
G'(t,m), and let t >0. Let 1<i1 <ig < - <ip=<n, 1<j1<jo< <
G =0, (i, i) # (12 don) and Jet {iy, iy} = (i, i}
{j1,---,Jm}. Since the functions Y belong to G'(t,m) and the r.v’s XZS,X

Js>
is:Js & {iays---,la,} are independent, then the r.v’s Y(iy,...,im) and
Y (j1,--.,Jm) are conditionally independent and conditionally symmetric on
the o-algebra o(X;, ..., X, ), and from Lemma 3 we get
E(Y (i1, im)Y (1, - -y Jm) | Xiay s -5 X, 5 [Y (i, - im)l Y (1, dm)l)

:E(Y(il,...,im)\Xial,... Xig o [Y (15 o yim)]) X

EY (1o dm) [ Xiays oo s Xin s [Y (G150, Jm)|) =0.
Therefore, E(Y (i1, .., tm)Y (J1y ooy dm) | 1Y 1y ooy i), [Y (G1s ooy Gm)]) =
for all 1 <41 <idg < -- <zm§n 1S <jo<-<jmEn, (1,02, ., im) #
(J1,J25 -5 Jm), and from Lemma 4 we obtain

t/2
E( 3 Y?(il,...,z’m)> <E[Ty|'

1< < <imZn



MOMENTS OF SYMMETRIC STATISTICS 265

for t =22 and

t/2
E[Tpml| < E< Y Y. ,im)>

161 < <imZn

for 0 <t <2. Therefore, the relations (9) for t =22 and (10) for 0 <t <2 hold.
In the case of the class G(t,m) we use a symmetrization argument.
Let Vi, i, :R™" =R, 154, =n; 4, #1s, r#5; k,r,s=1,...,m, be func-
tions from the class G(t m), t 2 1. In what follows X7,.. Xq’l denote in-
dependent r.v’s independent of Xi,..., X, and such that for k=1,...,n
the r.v’s X} and X}, have the same distribution. Denote Z(i1,...,im) =
}/;17._.71'771 (Xil, - 7Xim) — Y;l’m’l'm(X,Zl, ,X{m) For 11 <io< - <t S n,
1Shi<jo< - <JmEn, (41,02, .« im)FZ(J1, 525 - -y Jm), the 1.v's Z (i1, .., im)
and Z(j1,...,Jm) are conditionally independent and conditionally symmet-
ric on the o-algebra o(X, ..., Xi,, , X; e ,X{ak ), where {iq,, ... 0a, } =
{i1, .- yim N0 {J1,- .. ,jm} Consequently, by Lemma 3,
E(Z(i1, .y im)Z (155 dm) | Xig ooy Xig » X0, X

lag ) “ia ) oy,

|Z(7’17 Zm)’ ’Z(jh;]m)‘)
—B(Z(i1, i) | Xioy oo Xy Xl XL ,|Z(21,...,zm)|)
XE(Z(jlv"wjm)‘Xial?" Xlak’Xz/a ). za 7|Z(]17"-7jm)|)

Therefore, E(Z(i1,...,im)Z(G1s- - Jm) | 121, im)], |Z(j1,...,jm)|) 0
forall 1Si)<io< - <imEn, 1S <ja<---<jm=n, (i1,02,...,0m) #
(J1,792, -+, Jm), and Lemma 4 implies that

(21) E< > 22(2'1,...,1'771)>t/2

1Si1 < <im<n

for t =2 and

t

[IA

E

Z Z(i1,. .. im)

161 < <im<n

(22) E

> Z(in, . im)

1<i <-<im<n

th( > Z2(i1,...,im)>t/2

1Si1 < <imZn

for 0 <t <2. From Jensen’s inequality, the convexity of the function |z|t,
t>1, and the estimate

(23) |z +ylt <27 (|2 + [y["),
z,y€R, t 21, it follows that

t
(24) E|T,..|' <E > Z(in,. . im)| S2E|T !

1< < <imZn
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for t > 1. From (23) for t =2 and the inequality |z +y|* < |z|' +|y|', =,y €R,

0<t<1, we get

(25) E( > ZQ(il,...,im)>t/2

16 < <im<n

= 2t/2E< Z (Y;?,...,im (Xiw s 7X7lm) + Yvi?,...,

1Si1<<im<n

t/2
< 2t/2+1E< Z Yz?zm (Xiy,y - ,Xl-m)>

1Si1<-<imSn

for 1 <t < 2. Let t = 2. From Jensen’s inequality it follows that

(26) E( > Z2(¢1,...,¢m)>t/2

11 < <im<n

> max max E E E
k=0,m 1<j1<<jp<m

1§ij1<"-<’i]‘k§n 15:1S8Smy, $FEj1,e. s ks

1Si1<<im<n

= max max Z E

k=0,m 1<j1<<jp<m

E(Z%(i1,...,im) | X

j1? ) 'ljk7 7,j17'

im (Xi

RN

2.

1§7'j1<<7/]k§n is:1Ss=m, 8#j17"'7jk7

9

1<i < <imZn

X! X!

I ij

>)t/2.

t/2
X{m>)

t/2
Z2(i1, . .. ,@'m)>

Since Yj,, i, €G(t,m), for 1<ji < - <jp<m, k=0,...,m, t 22 we

have
(27)

> E< > E(Z%(in, im) | Xy,

1S4, <-+<tj Sn isilSsSm, s7j1,.0k,
1< <-<im<n

S SR (R DI (i CHPE

1545, <<ij En “is:1SsSm, s#j1,..Jk,
161 < <imEn

+E(Y? |, (X!

’il,...,lm 210"

X|)IX] X

X

/
) ijk

ij7

, X ) | X

))t/z

X!
TR )

TRER

N\
x;,)

) X’L]k)
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v

t/2
> 2E< > EY?. ’m(Xil,...,XZ-m)\Xijl,...,Xijk)) .

1S4, <<ij En “is:lSsSm, s#EJ1,. ks
1861 < <im<n

Using Theorem 1, from (26) and (27) we obtain

E( > ZQ(il,...,im)>t/2

1Si1 < <im<n

> At m)E< Z Y2(iy,. .. ,z'm))t/2

1< < <imS<n

for t 2 2. (21), (22), (24), (25) and (28) imply relations (7) for t =2 and (8)
for 1St <2.

Let us prove right-hand inequality (6). Let Y5, ;. :R™ =R, 1<i;<n;
iy #ig, 7 £ 8; k,r,s=1,...,m, be functions from the class G (t m) 2 2.
From now on, write E;, . ;, for B(-[ X;,,..., X, X} ,..., X ), 154 - <
1s<n,s=0,1,...,m+1. It is easy to see that the r.v’s
Y (i) = > Yo (Xiys oo, X Xin)s im=m,...,1,

1561 < <bm—1Sim—1

form a martingale-difference sequence with respect to the o-algebras
O'(Xl,XQ, ce 7Xim)~
Using Lemma 2, we have

n t
BT, ml =E| > Y(in)
Im=m
(29) n t/2
< B(t) max< > E[Y (i)l ( Z Ei i, 1Y (zm)) >
I =m Im=m

Suppose that right-hand inequality (6) is already proven for symmetric statis-
tics of order m — 1. Then we have

E|Y (i)' S B(t,m—1) max — max_ >
F=0m-l1S1 < <jpEm—1 144, <-+<ij, Sim—1

(30) /2
E< Z Eijl,...,ijk,imYQ(ila a/l’m)> .

is:1SsSm—1,5%51,,Jk,
161 <+ <tpp—1Stm—1
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For 1 <iy <+ <ipm<n, denote Y (i1, .., im) = Yiy iy (Xigy ooy X

; X! ).
tm—17 Tm
Also, denote V,, ,, = > Y; (Xiy, ""Xim717X7€m)' From Jensen
1<iy < <im<n

inequality and the induction hypothesis we have

n t/2
E( Z E1,...,im—1Y2(im))

Im=m

Lyeeesbm

SE[Vum|'$B(t,m—1) max max E
k=0,m—11<j1<--<jr<m—1 < et <ne1
Sijy << Sn—

(31) E( 2 E(( >

15:1<8Sm—1,8%#741,..-,Jk, Im=tm—1+1
1861 < <im—1Sim—1

- 2 t/2
Y(zlava)> Xijla'”v ijaXL?XT/?,)) :

Similarly to the proof of Theorem 6 in [10], for 0Sk<m—1, 1<j; <
e <gpEm—1,154;, <---<ij, <n—1, we have

n 2 t/2
E( 3 E<< S ?(il,...,z’m)> )Xijl,...,Xijk,X{,...,X9>

is:lgsgm—l,sijl,...,jk, I =tm—1+1
1S < <im—15n—1

n

2,. .
(32) :E< Z Z Eij17-~~7ijk,imy (Zl,...,Zm)

is:1SsSm—1,5#71,...,0k, im=tm—1+1
1Si1 < <im—15n—1

+2 > >

1s:1SsSm—1,8%71,...,0k, tm—1+1Sim<im41Sn
1S4 < <tm—1Sn—2

t/2
Eijlan-,ijkaimaim+l (Y(il, ceny im—h im)Y(il, ceny im—h im+1>>>
n

t)2
_ 2,. .
(Y Y B i)

im=mis:1<s<m—1,57%j1,....7k,
1S < <tm—1Zim—1

2 2

Ml <im4+1SNts:1SsSm—1,5%#51,...,7k,
161 < <im—-15im—1

+2t—lE

t/2
Eij iy simiime (Y(ih oy U= 15 Tm) Y (01, ooy Tm—1, im+1)>
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By Jensen inequality we have, similarly to the proof of relation (28) in [10],
that the second term in (32) is not greater than

2t_1E< Z Eij i, ( Z

MZim <im41=1 ts:1SsSm—1,57]1,....Jk,
(33) 1§il<"'<imflgim_1

2\ t/4
Eij iy simsimer (Y (01, oy ime1,m) Y (i1, oy G, im+1))> )

for 2 <t < 4. Using, in complete similarity to the proof of (28) in [10], Schwarz
inequality

By iy simiom st (Y (015 ooy ime1,0m) Y (01, oo i1, imt1) ) |
=2, . C o\ /2
= (Eijl,...,ijk,z'my (i1, -~-Jm71,1m)) X

=2, . . 1/2

X (Eijl ,...,ijk ,im+1Y (Z17 ey bm—1, Zm+1))
n n

and Cauchy inequality > a;b; < (
i=1 i=

(33) is not greater than

2t1E< Z Eihv“'vijk < Z

mgim<im+1§n 723:1§S§m_1757£j11~~)jk7
1561 < <lpm—1Zim—1

=2, . ) /2
(Eijl,...,i]-k,imy (Zla"'yzm—lalm)) X

=2, . . 12\ 3\ /4
X (El'jl,...,ijk,im+1y (217 -~-aZm7172m+1))

(34) < 2t_1E< > By, < >

Mt <im+4+1SN is:1SsSm—1,8%#71,..,Jk,
156 < <im—1Sim—1

—2,. . .
Eij iy imY (Zl,u-,lm—hlm)) ( E

i321§S§m—1,87£j1,...,jk7
1561 < <bpp—1 Sim—1

) t/4
Eijl ""’ijk ,im+1Y (7:17 ceey 7:Tnfla lm+1))>

n
la?)l/z(zlbg)lm, a;,b; 20, we get that
1=
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t/2
_ —2,. .
§2t 1E< Z Ei]-l,...,i]'kY (’Ll,...,lm))

is:1<8Sm,s%51,...,7k,
1< < <im<n

t/2
:2“E< > Ei i Y%(i1, ..., ))/
Zjl”"’zjk 1y tm

151 1S8EM,SH£ 1,0k
1801 < <im<n

for ¢t = 2. For t =2 4, using Theorem 7 in [10] which gives Khintchine inequality
for symmetric statistics of second order, Schwarz inequality and Cauchy
inequality similarly to above, we get that the second term in (32) is not

greater than
B(t/?)E< > ( >

MEim<im+1Sn " is:1SsSm—1,5#71,....Jk,
1§i1<"'<im—1§im_1

2\ t/4
Eij sy simsimss (Y (01, ooy i1, 8m) Y (i1, "~7im—17im+1))) )

(35) §B(t/2)E< > ( 2

Ml <im4+15n is:1SsSm—1,5#51,...,Jk,
1S4 < <im—15im—1

=2, . o\ /2
(El'j17~--,l'jk7’imy (Zl,...,mel,’Lm)> X

=2, : , 12\ 2\ /4
X (E’L'jl,...,ijk,’im_,_ly (Zla ~-~72m71’2m+1))

n

t/2
gB(t/Q)E( > > Eij, iy i Y 2 (i1, ...,im_l,im)> :

Im=m is:1§S§m71>s7ﬁj17"'7jk7
1561 < <bpp—1Sim—1

Similarly to inequality (22) in [10], from upper inequality (1) we obtain

n t/2
E( Z Z Eijlymyijk,imyz(ilv"'7/L.m—1;/l:m)>

Im=mis:1SsSm—1,5%#71,...,7k,
1€ <+ <dm—1Sim—1

n t/2
< B(t)max | Y E< > Eijy iy i Y (i1 'Lm)>

is:l§s§m*1,37’5j1:-'~7jk7
11 <o i1 St
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t/2
E< > Eij iy, Y2 (i1, o im)>

i5:1<8Sm,s%#j1,.., 0k,
1Si1<<im<n

for t = 2. The latter estimates imply, together with (29)—(32), that upper
inequality (6) holds for symmetric statistics of order m. Alternatively, one
can show that the second summand in (32) is not greater than the right-hand
side of (36) for t =4 using, in complete similarity to estimates (29)—(35) in
[10], Rosenthal inequality for symmetric statistics of second order given by
relation (5) in [10], the above inequality between (33) and (34) for t = 2,
Schwarz and Cauchy inequalities and Lemma 3 in [10] (note that the power
at the last term in inequality (29) in [10] should read “¢/4” instead of “t/2”
and “2<t<4” after relation (24) in [10] should read “t =2”; the relation
and its analogue in the present setup hold for all ¢ = 2). This, together
with estimates (29)—(32) and (36) and the inequality between (34) and the
second summand in (32) for 2 <¢ <4 implies that upper estimate (6) holds
for symmetric statistics of order m. Since for m =1 estimate (6) holds as
inequality (2), by induction principle its proof is complete. Using Remark 1,
we obtain (8) and (10) for ¢t =2 2. (7) and Remark 1 imply left-hand inequality
(6). The proof is complete.

REMARK 5 (added in proof). It has come to our attention that in
a recent paper citing our work, Giné et al. [7] proved results similar to
those obtained in the present paper using a different approach. In particu-
lar, the authors showed that analogues of upper Rosenthal-type inequalities
(5) and (6) for the t-th moment of decoupled symmetric statistics Wy, ,,, =
Yii o im (X1, Xmoi,,) Of order m, where X,;, p=1,...,m,
161 < <imEn
i=1,...,n, are independent r.v’s, hold with the constants (Ct/Int)™ that
implies, by decoupling inequalities for symmetric statistics, similar results
for regular symmetric statistics T}, ,,. E.g., from the results in [7] and decou-
pling inequalities in [3] and [4, p. 99] it follows that the analogues of upper
Rosenthal inequalities for regular symmetric statistics in (5) and (6) hold
with the constants Af(m)(t/Int)™. From Remark 3 in the present paper it
follows that the rate of growth of the latter constants is the best possible.
Below, we show that the approach applied in the present paper, namely, the
use of Burkholder inequalities given by Lemmas 1 and 2 and moment in-
equalities for symmetric statistics of second order given by [10] in the proof
of Theorems 1 and 2, allows one to obtain, using the results in [4, pp. 296—
297], [12], [26] and [27], right-hand Rosenthal inequalities (5) and (6) for the
t-th moment of regular symmetric statistics of order m with the constants
(Ct/Int)™ of the best possible rate of growth, with C' not depending on m
(that is, one can take A(m)=C"™).
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E.g., let, as in [12], Logt denote Logt=max(1,Int). From [26] it follows
that one can take B(t) = (Ct/Logt)! in inequality (16). Assume (as in [7]
and [25], we consider here first Rosenthal-type inequalities with sums of the
terms instead of their maxima) that estimate (5) with the maxima replaced
by sums and B(t,1) = (Ct/Logt)"

(37)

l
By Y Y B(E Yl i)

k=0 151 << jp Sl 105, <-<ij, <n

holds for [ =m —1 (the notations are the same as in the proof of Theorem 1).
Then we have

Z EY'(ip,) < (Ct/Logt) ™t zn: Z Z

im=m im=m k=0 1<j1<-<jpS<m—1
(38) m m =J1 Jk=

t
Z E <Ei‘jl,...,i‘jk7imy(zj1’ "'7ij7zm)>

léijl <<7,JIC gim—l

and

E< Z Losim_1 Y Zm)) < (Ct/Log )™ l)tz Z

Im=m k=0 15j1 < <jp<m—1
(39) m =J1 Jksm

t
3 E (Eiy iy, Y (i1 oo i) )

1<z]1 < <ka <im—1

Inequalities (16), (38) and (39) imply that inequality (37) holds for [=m
The fact that by [12] or [26] inequality (37) holds for [ =1 completes the proof
of the inequality. Estimate (37) implies that upper inequality (5) holds with
the constant 2™ (Ct/Logt)™ < (2Ct/Logt)™.

In order to show that one can take B(t,m) = (Ct/Int)™ in upper in-
equality (6), first note that the proof of upper Rosenthal inequalities (5)
and (6) for symmetric statistics of second order in [10] allows one to ob-
tain, using the results in [12] and [26], the inequalities for the ¢-th mo-
ment of the statistics with the constants (Ct/Int)* of the best possible,
by Remark 3, rate of growth. E.g., from [26] it follows that one can take
B(t) = (Cit/Logt)! in inequalities (10), (11) and (13) in [10]; the latter three
inequalities then evidently give the analogue of upper Rosenthal inequal-
ity (1) for symmetric statistics of second order with the constant B(t) =
3(C1t/Logt)?. Similarly, one can take, again by [26], B(t) = (Cit/Logt)!
in the two estimates formulated between inequalities (19) and (20) in [10]
and, by [12], B(t) = (C1t/(2Log (t/2)))"/? in estimate (22) in [10]. Assum-
ing in the induction hypothesis in the proof of Theorem 6 in [10] that
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the analogue of upper Rosenthal inequality (2) holds with the constant
B(t) = (Ct/(2Log (t/2)))! for all powers ¢t of symmetric statistics of sec-
ond order with [t/2] =m — 1 gives inequality (35) in [10] with the same
constant. The above mentioned estimates then together imply that the
analogue of inequality (2) for symmetric statistics of second order holds
with the constant 2(Cyt/Logt)% 4 2/2=1(C1t /Logt)!(Cit/(2Log (t/2)))Y/? +
2t=1(Cyt/Logt)!(Ct/(2Log (t/2))t for all powers t of symmetric statistics of
second order with [t/2] =m (note that the factor at the second summand in
inequality (21) in [10] should read “2/=1"). Choosing C such that the latter
constant is not greater than (Ct/Logt)? completes the proof by induction.

Using the latter result, it is not difficult to get, applying inequality (2)
with B(t) = (C1t/Int)! (by [12] or [26]) and Rosenthal inequality for sym-
metric statistics of second order in [10] to estimate the right-hand side of
(32) (see the end of the proof of Theorem 2), that both summands in the
right-hand side of (32) are estimated by the right-hand side of (36) with
B(t) = (C1t/Int)t. Assuming in the induction hypothesis in the proof of The-
orem 2, as above, that right-hand inequality (6) with the maxima replaced
by sums holds with the constant B(t,m —1) = (Ct/Int)(™~V? for symmetric
statistics of order m — 1 and using the fact that, by [4, pp. 296-297] and
[27], E|Ty m|" £ CLE|V,, |, we then obtain that, for sufficiently large C, the
same estimate holds with the constant B(t,m) = (Ct/Int)™ for E|T,, %
this implies that upper inequality (6) holds with B(¢t,m) = (Ct/Int)™ for
Tnm.

Recently, De la Pena et al. [25] obtained sharp Rosenthal-type inequali-
ties for infinite-degree U-statistics. Results related to those presented in this
paper have been also obtained by Zhang [24], who proved moment inequali-
ties for U-statistics using sub-Bernoulli functions.
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