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Abstract

In the present paper, we obtain the explicit expression for the best constant in the Rosenthal inequality for nonnegative
random variables. (© 2001 Elsevier Science B.V. All rights reserved
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1. Introduction

Rosenthal (1970) proved the following inequalities (in what follows, A(¢), B(¢) denote constants depending
on t only, L, L;, i=1,2, denote absolute constants, not necessarily the same in different places):

(50 om0 S 0
k=1

k=1 k=1
for all independent nonnegative random variables Xi,..., X, with finite tth moment, 1 < ¢ < oo;
n ! n n t/2
E\Y " X| <Bt)ymax| Y ElX, <2E|Xk|2> ()
k=1 k=1 k=1

for all independent mean zero random variables Xj,...,X, with finite 7th moment, 2 <t < co.

Several studies have focused on problems related to estimation of the constants in inequalities (1) and
(2) and their extensions. For example, using Sazonov’s (1974) estimate, one can obtain (2) with a constant
B(1) :L’2’2/4, while from results in Nagaev and Pinelis (1977) and Pinelis (1980) it follows that one can take
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B(¢t)=L't". Concerning refinements and extensions of relations (1) and (2) and similar inequalities see also
Pinelis (1994), Nagaev (1990, 1997).

Denote by 4*(¢) and B*(¢) the best constants in inequalities (1) and (2). Jonhson et al. (1985) showed
that the constants 4*(¢) and B*(¢) satisfy the inequalities L!(¢/logt)’ < A*(¢), B*(¢) < L(¢/logt)' (see also
Talagrand, 1989; Kwapien and Szulga, 1991). Ibragimov and Sharakhmetov (1998a, b) proved that B*(2m) =
E(Z(1) — 1), meN, where Z(1) is a Poisson random variable with parameter 1. Figiel et al. (1997)
and Ibragimov and Sharakhmetov (1995, 1997) independently obtained that the best constant Bg,,(¢) in in-
equality (2) for symmetric random variables is given by By, (1) =1+E|N[, 2 <t <4, By, (1)=E[Z(0.5)—
7Z,(0.5)|", t = 4, where N is the standard normal random variable, Z;(0.5) and Z,(0.5) are independent Poisson
random variables with parameter 0.5. Ibragimov and Sharakhmetov (1995, 1997) found the exact asymptotics
of the constant B*(¢) as t — oc.

The present paper deals with determining the best constant 4*(¢) in Rosenthal’s inequality (1) for nonneg-
ative random variables. The obtained results were announced in Ibragimov and Sharakhmetov (1998a).

The problem of determining the best constants in inequalities (1) and (2) is closely connected with problems
of finding the exact estimates for E| Y, , X;|' in terms of moment characteristics of the random variables
Xi,...,X,. These problems were considered in Prokhorov (1962), Pinelis and Utev (1984) and Utev (1985).
The proof of the main results of the present paper uses some ideas and methods presented in Utev (1985),
Hoeffding (1955), Karr (1983) and Zolotarev (1997).

2. Main results

For d > 0, let Z(d) denote a random variable with Poisson distribution with parameter d: P(Z(d)=k) =
e d* k!, k=0,1,2,...

Theorem 1. The best constant A*(t) in inequality (1) is given by A*(t)=2, 1 <t <2; A*(t)=EZ'(1), t = 2.
The proof of Theorem 1 is based on Theorem 2 below which extends the results obtained in Utev (1985)
and Ibragimov and Sharakhmetov (1997) to the case of sums of nonnegative random variables and gives
explicit bounds on moments of those objects in terms of their particular components.
Let Xi,...,X, be independent nonnegative r.v.’s with finite 7th moment, 1 <t<oo. Fix a; > 0, b; >

0, a!<b;, i=1,...n, 4;, D, M; > 0. Set

Ml(nataaab):{()(,n) : E/Yi:al'a EA/i[:bia izla---an}a

Mz(n’taa’b):{()(!n) : EAXIZ < ai, EAlet < bia i= 13"'3”}7
Ui(4,,D)= {(X,n) tn> 1Y EX;=D, ZEX}:A,},
i=1 i=1

Us(41, D)= {(X,n) in>1,) EXi<D,) EX! <At},
i=1

i=1

U(M,)= {(X,n) ‘n > 1,max(<ZEXi> ,ZEX}) :Mt} .
i=1 i=1
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Denote by Us(4,, D) and Us(4,, D) the subsets of U(4,,D) and U,(4,, D), respectively, consisting of iden-
tically distributed r.v.’s. Let Z(A[,D):Z((D’/A,)l/(’*l)), and let Vi(t,ai,by),...,Vu(t,a,,b,) be independent
random variables with distributions

PUi(ta,b)=0)=1—- (/)™ P(i(ta,b)=(b/a) ™) = (a'/b) V.

Denote

F(n,t,a,b)=E <Z I/i(t,a,-,bi)> . G(mta,b)=> (b —d})+ (Za,) .
i=1 i=1

i=1

Theorem 2. If t > 2, then

n t
sup E(ZX) =F(n,tab), k=12, (3)

(X.n)EMy(n,ta,b) i—1

n t
Sup E <Z‘le> :(At/D)t/(til)EZ_t(At;D)s k:1’2>374' (4)

(X;n)EUr(4,,D) i=1

If 1 <t <2, then

n t
sup E(Z)g):(;(n,z,a,b), k=1,2, (5)

XmeMniab)  \

n t
sup E<ZX> =4, 4+ D', k=1,234. (6)

(X,n)€Uk(4,D) i=1

3. Preliminaries

Let us formulate some auxiliary results needed for the proof of the theorems.

Let R, =[0,00), J be the o-algebra of Borel subsets of R;, A be a class of finite positive o-additive
measures A on J such that A({0})=0. For a measure 4 € A denote by T(/) a random variable with the
characteristic function Eel7(") = exp( [ (el — 1) di(x)).

Let A€ A. Set (here and in what follows (X,n) denotes a vector of random variables (Xi,...,X,))
n
wi()= {(X,n): n = 1,X; is nonnegative, i = 1,...,n,ZP(Xi e B\{0})=A(B),B < 3} .
i=1

Denote by W,(2), the subset of W,(A) consisting of identically distributed r.v.’s. The following theorem refines
and complements the results obtained by Utev (1985).

Theorem 3. Let A€ A and f: Ry — R be a continuous and convex function. Let there exist a constant
C=C(f) such that

[flar +a)| < C(A+ | f(@)D(X + [f(a)]),  ai,az€Ry. (7
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If [°1f(0)|dA(x) < oo, then

E|f(T()) <0, sup Ef (le) <Ef(T(2)). ®)
Xn)emi(2) 1
If, in addition to that, the function f is nonnegative, then
sup Ef | Y X | =Ef(T(). k=12 €)
XmEW(2) P

Let us formulate two lemmas needed for the proof of Theorem 1. For a vector a € R", denote by
agy = -+ = ag) its components arranged in non-increasing order.

Definition 1 (Marshall and Olkin (1979)). Let x, y € R". The vector x is majorized by the vector y(x < y),
. k k n n
if Dy X < i v k=1oon— 1 300 xi=300 i

Definition 2 (Marshall and Olkin (1979)). Let A C R". A function f: 4 — R is called S-convex (resp.
S-concave) on 4, if (x < y) = (f(x) < f(»¥)) (resp. (x < y) = (f(x) = f(y))) for all x,y € A.

Lemma 1. A continuous function f: Ry — R is convex on Ry if and only if

(n—l)f(x)—l—f(Zai—i—x)>Zf(ai+x), an,....an, x€Ry, n>1. (10)
i=1

= i=1

Proof. Let f: R, — R be a continuous and convex function on R.. From Proposition 3.C.1 in Marshall and
Olkin (1979) it follows that >}, f(x;) is S-convex on R". Since (a; +x,...,a,+x) < (X,...,x, Y| a;+X),
this implies inequality (10). Let now a continuous function f: R, — R satisfy inequality (10), and let
0 < y <z Setting in (10) n=2, x=1y, ay=a,=(z — y)/2, we obtain that (f(y)+ f(2))/2 = f((y +2)/2),
that is the function f is convex. [

Lemma 2. Let X and Y be nonnegative random variables, f: R, — R be a continuous convex func-
tion satisfying condition (7). Suppose that the random variable X has a distribution A€ A, the random
variables X,Y and T(J) are independent, E|f(X)| < oo, E|f(Y)| < oo. Then E|f(T(1) + Y)| < oo and
Ef(X +Y)<Ef(T())+7Y).

Proof. The distribution of the random variable T(4) is the same as the distribution of the random variable

ZIZ:UI) X;, where X|,Xa,..., is a sequence of independent random variables with the distribution A, which
are independent of Y and Z(1). According to Utev (1985), from (7) it follows that for all ay,...,a, €

R/, a)l <q" 'T1-, (1 +|f(a;)|), where g =max(1,2C(f)). Consequently,

E|f(T()+ V)| =e"Y E

k=0

k 00
f (Z}c + Y) ‘/k' <e ' (L EFMDY (g1 +ELFXON) k!
i=1

k=0

=1+ E[f(V)Dexp(g(1 + E[ /(X)) = 1) < oc.
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From Lemma 1 it follows that

e*liEf (Zk:X + Y)/k!

k=1 i=1

[e'S) k
> e*lz (ZEf(/Yi +Y)—(k— 1)Ef(Y)>/k! =Ef(X+7Y)—c Ef(Y).
k=1 i=1
Therefore,
0o k
Ef(TG)+Y)=e¢'Y Ef (ZX,- + Y)/k! >Ef(X +7Y).
k=0 i=1

The proof is complete. [

Proof of Theorem 3. Inequalities (8) are evident consequences of Lemma 2. Let us prove relations (9). Let
f: Ry — Ry be a continuous convex function satisfying condition (7), and let /€ A. It suffices to prove
the exactness of upper bounds in (9). Take n > A(R, ). Let Xj,,...,X,, be independent nonnegative random
variables such that P(X;, € B\{0})=n"'A(B) for B€TJ, i=1,...,n. Then Y7 | P(X;, € B\{0})=A(B) and
the characteristic function of the random variable

;)(in is (1 +n71 /Ooo(eilx _ 1)d/1(x)> njoo eXp(/Ooo(eitX _ 1)d/1(x)> )

Since the function f is continuous from here it follows that f(> ., Xiy) — f(T(A)) (in distribution), as
n — oo. By Fatou’s lemma,

lim inf £/ (ZX) > Ef(T(2)).
i=1

The proof is complete. [

Let d be an arbitrary positive number, n > d. Set
H(d)= {(pl,pz,...,p,,): 0<pi <1, i= 1,...,n,Zp,~:d}.
i=1

Let X,(p1),...,X.(pn) be independent random variables with distributions P(X,(p;)=1)= p;, P(Xi(p;)
=0)=1—p;, i=1,...,n Then for all (pi, p2,..., p,) EH(d) and all BET >_"_ | P(X:(p;) € B\{0})=A(B),
where / is such that A({1})=A(R;)=d. The distribution of the random variable T(1) is the same as the
distribution of the random variable Z(d). Using Theorem 3, we obtain

sup  E (Z)&-(za») =supE (Zii(d/n)> =E(Z(d))' (11)

(P1yspn)EH(d) i=1 i=1

for 1 > 1. Let A1(4,D)={ieA: [ xdA(x)=D, [} x' dA(x)=4,},

Ay(4;,D) = {/1 eA: / xdi(x) < D,/ x di(x) < At} .
0 0
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It is evident that

n t n 4
sup E (ZX,) = sup sup E (Z)ﬂ) R

(X;n)EUr(4,,D) i—1 AEA(A;,D) (X,n)EW: (L) P
n t n t
sup E ZX,» = sup sup FE ZXi , k=1,2.
(X,n)€Uy+2(4,,D) i—1 2EAK(AD) (X,n)EW(2) i—1
Using these relations and Theorem 3, we obtain the following lemma.

Lemma 3. If t > 1, then

sup E (Z)ﬁ) = sup E <ZX,) = sup E(T(A)), k=1,2.

Xmel4D)  \ ‘5 XmeUea(dD)  \ 5 L€ A(4,.D)

Lemma 4. If t > 2, then the function f(t,z,v)=v"Y=D("YC=D 4 2) — 2!} is concave in v > 0 for z > 0.
If 1 <t <2, then the function g(t,z,v)=(v+z)' —v' —z' is concave in v >0 for z > 0.

Proof. It is not difficult to see that

1 (t,z,0))00* = (t/(t — 1)) VD221 4+ u)) ™" = 1) = (¢ — Dug(1 +up ) 72),

*g(t,z,0)/00* =t(t — ' (1 +up) "% = 1),

where u; =0/ /z, uy =z/v. Since 1 + (2 — t)u < (1 + u)>~', and, therefore, (+ — 1)u(l 4+ u) =2 = (1 +
uyY='—1fort>2 u>0 and (1 +u)2<1 for 1 <t<2, u>0, we have 0 f(t,z,v)/00* <0, if t > 2,
and 0*¢(t,z,v)/0v* <0, if 1 <t < 2. The proof is complete. []

Let go,91,...,g; be arbitrary continuous and linearly independent functions on R, C=C(ay,...,a;) be a
set of random variables X satisfying £ conditions Eg;(X)=a;, i=1,...,k, C; be a subset of C consisting of
random variables X which assume at most k + 1 value. The following lemma is an evident consequence of
the results obtained in Hoeffding (1955) and Karr (1983).

Lemma 5 (Zolotarev, 1986). If supyc Ego(X) < o0, then supy.c Ego(X)=supyce, Ego(X).

Remark 1. Utev (1985) noted that in the problem of determining extrema of Egy(X) over the set of symmetric
random variables X with fixed Eg;(X)=a;, i=1,...,k, it suffices to consider only random variables X which
assume at most 2k + 1 value. This can be easily proved with the help of some modification of the argument in
Hoeffding (1955). It is also not difficult to show that under the condition of nonnegativity of random variables

X it suffices to consider only random variables assuming at most £ + 1 value, one of which is zero.

Lemma 6. Let X be a nonnegative random variable, EX; =a, EX! =b, a,b > 0,z > 0. If t = 2, then

E(X +z)Y <E(Vi(t,a,b) +z). (12)
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Proof. By Remark 1, it suffices to consider random variables X taking three values 0,x, y, where x, y > 0. Let
PX=x)=p,PX=y)=q,0<x<y, p+q<l,xp+yg=a, x'p+ y'q=>b. Since EX'=EV'(t,a,b)=b,
one can assume that z > 0. Let p(x,y)=(»""! — b/a)/(y'~" — x'71), q(x, y)=(bja — x'~1)/(y'~1 — x'~1).
Since p(x, ) =0, g(x,y) =0, p(x, y)+q(x, y)=1, ¥~ p(x, )+ ¥~ '¢(x, y) = b/a, from Lemma 4 it follows
that f(¢,z,x' " p(x, y) + f(t,z, Y " Dg(x, y) < f(t,z,b/a) for t = 2. It is easy to see that this inequality is
equivalent to (12). The proof is complete. [J

Lemma 7. Let 0 <a; <ap, 0<by < by, dl <b;, i=1,2,z20. If t =2, then
E(V(t,a1,b1)+z) <E(V(t,a2,b5) +z)'. (13)
Proof. It is not difficult to see that (13) is equivalent to the inequality

f(tazayl )}" < f(tazayZ)a (14)

where r =ai/ay, y;="bj/a;, j=1,2. Itis evident that 0 <r < 1, y1r < y2, 1,2 > 0. Let r < 1. Setx = (y>—
ry1)/(1 —r). Under the conditions of the lemma the function f(v) is nonnegative and concave. Consequently,

f(fyZ:J’l)” < f(t,z,yl)r—i—f(t,z,x)(l - I") < f(f:Z,yIV‘i‘x(l - r)):f‘(tszz)’?)'

It is easy to see that under the conditions of the lemma the function f(#,z v) is nondecreasing in v > 0. This
implies inequality (14) for » =1. The proof is complete. []

Lemmas 6 and 7 imply the following:

Lemma 8. Let X,Y,V(t,a,b) be independent nonnegative random variables, EY' < oo, a,b > 0, a' <b. If
EX <a, EX' <b, then EX +Y) <E(V(t,a,b) +Y) fort = 2.

Lemma 9. I X,Y are independent nonnegative random variables, EX =a, EX' < oo, EY' < 0o, then
EX+Y)-—EX'"<E(@+Y) —d for 1l <t<2.

Proof. It is clear that it suffices to consider the case ¥ =z > 0. Let us show that
EX+z) —EX'<(a+z) —d (15)

for 1 <t < 2. It suffices to consider random variables X taking three values 0,x, y, where x,y > 0. Let
PX=x)=p,PX=y)=q,0<x <y, p+q <1, xp+yg=a. From Lemma 4 it follows that if # > 2, then

9(t.2,x)p + g(t,2, y)q = (9(t.2,x) p/(p + q) + 9(t.2, y)g/(p + )P + q)
<g(tza/(p+)p+q)=9(tza/(p+9)p+q)+9(tz0)1 - p—q) <g(t.za).
It is easy to check that the latter inequality is equivalent to (15). O

Lemma 10. Let a,b > 0, a' < b, Y be a nonnegative random variable with EY' < oo. Let J be a set of
nonnegative random variables X which are independent of Y and satisfy the conditions EX =a, EX'=b.
If 1 <t <2, then

sup E(X + Y)Y =b+E@+7Y) —d. (16)
XeJ
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Proof. From Lemma 9 it follows that it suffices to find a sequence of nonnegative random variables X;, which
are independent of Y and satisfy the conditions EX, =a, EX!=b, lim, ..o E(X, + Y)Y =b+ E(a+Y) —d'.
If b=a' then it suffices to take X, =a. Let a’ < b. Similarly to the proof of Lemma 7.6 in Utev (1985)
set 0, =1/n, P(X,=a)=1—0,, P(X,=b,)=0}, P(X,=0)=4, — o}, where 0} =ad,/b,, b,=((b—a'(1 —
3:))/(ad, )= 1t is evident that b, >a, 0 <6 <6, 6, — 0, b, — o0, b5 — b — a'. We have
EX, + Y)Y =E(a+ Y)(1 — 8,) + EY'(8, — 67) + (E(by + Y)' — b.)5% + b.5%. 1t suffices to check that
(E(by+ Y)Y —b,)d% — 0. Since (see Lemma 7.5 in Utev, 1985) ||l +x|" — 1| < 2'¢(|x| + |x|") for t = 1, x € R,
we obtain (E(b, + Y)' — b!)o* < bLo2't(EY/b, + EY'/b!) — 0. The proof is complete. [J

Since the function (a +z)" — d’, t > 1, is nondecreasing in a > 0 for z > 0, we obtain the following:

Lemma 11. If 0<a; <ay, 0<b; <by, Y is a nonnegative random variable, EY' < co, then b, +
E(a+Y)Y —d, <b+E(ax+7Y) —d, t > 1.

Proof of Theorem 2. Subsequently using Lemmas 8, 10 and 11, we obtain (3) and (5). If # > 2, then Lemma 3
and relation (3) imply

n t n 4 n t
sup E <Zx> = sup E (ZX) =supE (Z V,»(t,Dn_l,A,n_l)>
i=1 i=1 " i=1

(X,m)eU(4:,D) (X.n)€Us(4:,D)

n t
=(4,/D)""VsupE (Z)ﬁ(d/n)) , (17)
" i=1
where d = (D'/A4,)"/¢=1, and, in addition to that,
n ! n ! n !
sup E (ZX,) = sup E <ZX,> = sup sup E (ZX,)
= ) i=1

(X;n)eUx(4,, D) i—1 (X,n)EUs(4,, D) 0<A4! <4, (X,n)€Us(4], D’
0<D'<D

no 0<A, <4 i—1
0<D’'<D

n t
=sup sup £E (Z I/i(t,D’n_l,A;n_l)>

n t
=supE (Z Vi(t,Dn_l,A,n_l)> . (18)
n i=1
From relation (11) it follows that
n t
supE (Z}Zi(d/n)> =EZ'(4,,D). (19)
" i=1

Using (17)—(19), we get (4).
If 1 <t <2, then, using Lemma 3 and relation (5), we obtain that

n t n t
sup E (ZX,) = sup E (ZX,) =sup(4, + D' —D'/n'""")y=4,+ D', (20)

(X,n)eU,(4,,D) i=1 (X,n)€U3(4,,D) i=1
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t t

n n
sup  E(> X |= sup E(D X|= sup 4+D")=4,+D" (21)
Xmeb:(D)  \ 5 XmeUynD)  \ 5 0<A] <4,
0<D' <D

(20) and (21) imply relation (6). LI

Proof of Theorem 1. Set
t

FM)= sup E|Y X
(X,n)eU(M;) i=1
Using the evident inequalities

t n

t
n
sup E(> X | <FM) < sup E X;
Xm)EU (M, M) i=1 X.m)EU(M;, M, i=1

and relations (4) and (6), we get that F(M,)=2M, for 1 <t <2 and F(M,)=EZ'(1)M, for t > 2.
Since A*(t)=supy, ., F(M;)/M;, we obtain that 4*(¢1)=2, 1 <t <2; A*(t)=EZ'(1), t = 2. The proof is
complete. [
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