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Abstract

In the present paper, we obtain the explicit expression for the best constant in the Rosenthal inequality for nonnegative
random variables. c© 2001 Elsevier Science B.V. All rights reserved
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1. Introduction

Rosenthal (1970) proved the following inequalities (in what follows, A(t); B(t) denote constants depending
on t only, L; Li; i= 1; 2, denote absolute constants, not necessarily the same in di6erent places):
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for all independent nonnegative random variables X1; : : : ; Xn with 8nite tth moment, 16 t ¡∞;
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for all independent mean zero random variables X1; : : : ; Xn with 8nite tth moment, 26 t ¡∞.
Several studies have focused on problems related to estimation of the constants in inequalities (1) and

(2) and their extensions. For example, using Sazonov’s (1974) estimate, one can obtain (2) with a constant
B(t) =Lt2t2=4, while from results in Nagaev and Pinelis (1977) and Pinelis (1980) it follows that one can take
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B(t) =Lttt . Concerning re8nements and extensions of relations (1) and (2) and similar inequalities see also
Pinelis (1994), Nagaev (1990, 1997).

Denote by A∗(t) and B∗(t) the best constants in inequalities (1) and (2). Jonhson et al. (1985) showed
that the constants A∗(t) and B∗(t) satisfy the inequalities Lt

1(t=log t)t6A∗(t); B∗(t)6Lt
2(t=log t)t (see also

Talagrand, 1989; Kwapien and Szulga, 1991). Ibragimov and Sharakhmetov (1998a, b) proved that B∗(2m) =
E(Z(1) − 1)2m; m∈N , where Z(1) is a Poisson random variable with parameter 1. Figiel et al. (1997)
and Ibragimov and Sharakhmetov (1995, 1997) independently obtained that the best constant B∗

sym(t) in in-
equality (2) for symmetric random variables is given by B∗

sym(t) = 1+E|N |t ; 2¡t¡ 4; B∗
sym(t) =E|Z1(0:5)−

Z2(0:5)|t ; t¿ 4, where N is the standard normal random variable, Z1(0:5) and Z2(0:5) are independent Poisson
random variables with parameter 0.5. Ibragimov and Sharakhmetov (1995, 1997) found the exact asymptotics
of the constant B∗(t) as t → ∞.

The present paper deals with determining the best constant A∗(t) in Rosenthal’s inequality (1) for nonneg-
ative random variables. The obtained results were announced in Ibragimov and Sharakhmetov (1998a).

The problem of determining the best constants in inequalities (1) and (2) is closely connected with problems
of 8nding the exact estimates for E|∑n

i=1 Xi|t in terms of moment characteristics of the random variables
X1; : : : ; Xn. These problems were considered in Prokhorov (1962), Pinelis and Utev (1984) and Utev (1985).
The proof of the main results of the present paper uses some ideas and methods presented in Utev (1985),
Hoe6ding (1955), Karr (1983) and Zolotarev (1997).

2. Main results

For d¿ 0, let Z(d) denote a random variable with Poisson distribution with parameter d: P(Z(d) = k) =
e−ddk=k!; k = 0; 1; 2; : : :.

Theorem 1. The best constant A∗(t) in inequality (1) is given by A∗(t) = 2; 1¡t¡ 2; A∗(t) =EZt(1); t¿ 2.

The proof of Theorem 1 is based on Theorem 2 below which extends the results obtained in Utev (1985)
and Ibragimov and Sharakhmetov (1997) to the case of sums of nonnegative random variables and gives
explicit bounds on moments of those objects in terms of their particular components.

Let X1; : : : ; Xn be independent nonnegative r.v.’s with 8nite tth moment, 16t¡∞. Fix ai ¿ 0; bi ¿
0; at

i6bi; i= 1; : : : n; At ; D; Mt ¿ 0. Set

M1(n; t; a; b) = {(X; n) : EXi = ai; EX t
i = bi; i= 1; : : : ; n};

M2(n; t; a; b) = {(X; n) : EXi6 ai; EX t
i 6 bi; i= 1; : : : ; n};

U1(At; D) =

{
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n∑
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n∑
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EX t
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}
;
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n∑
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}
;
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i

)
=Mt

}
:
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Denote by U3(At; D) and U4(At; D) the subsets of U1(At; D) and U2(At; D), respectively, consisting of iden-
tically distributed r.v.’s. Let KZ(At; D) =Z((Dt=At)1=(t−1)), and let V1(t; a1; b1); : : : ; Vn(t; an; bn) be independent
random variables with distributions

P(Vi(t; a; b) = 0) = 1 − (at=b)1=(t−1); P(Vi(t; a; b) = (b=a)1=(t−1)) = (at=b)1=(t−1):

Denote

F(n; t; a; b) =E

(
n∑

i=1
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)t

; G(n; t; a; b) =
n∑

i=1

(bi − at
i) +

(
n∑

i=1
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)t

:

Theorem 2. If t¿ 2; then

sup
(X;n)∈Mk (n; t;a;b)

E
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)t
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(At; D); k = 1; 2; 3; 4: (4)

If 1¡t¡ 2; then

sup
(X;n)∈Mk (n; t;a;b)

E
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Xi

)t

=G(n; t; a; b); k = 1; 2; (5)

sup
(X;n)∈Uk (At ;D)

E

(
n∑

i=1

Xi

)t

=At + Dt; k = 1; 2; 3; 4: (6)

3. Preliminaries

Let us formulate some auxiliary results needed for the proof of the theorems.
Let R+ = [0;∞); I be the �-algebra of Borel subsets of R+; � be a class of 8nite positive �-additive

measures � on I such that �({0}) = 0. For a measure �∈� denote by T (�) a random variable with the
characteristic function EeitT (�) = exp

( ∫∞
0 (eitx − 1) d�(x)

)
.

Let �∈�. Set (here and in what follows (X; n) denotes a vector of random variables (X1; : : : ; Xn))

W1(�) =

{
(X; n): n¿ 1; Xi is nonnegative; i= 1; : : : ; n;

n∑
i=1

P(Xi ∈B\{0}) = �(B); B∈ I

}
:

Denote by W2(�), the subset of W2(�) consisting of identically distributed r.v.’s. The following theorem re8nes
and complements the results obtained by Utev (1985).

Theorem 3. Let �∈� and f: R+ → R be a continuous and convex function. Let there exist a constant
C =C(f) such that

|f(a1 + a2)|6C(1 + |f(a1)|)(1 + |f(a2)|); a1; a2 ∈R+: (7)
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If
∫∞

0 |f(x)| d�(x)¡∞; then

E |f(T (�))|¡∞; sup
(X;n)∈W1(�)

Ef

(
n∑

i=1

Xi

)
6Ef(T (�)): (8)

If, in addition to that, the function f is nonnegative, then

sup
(X;n)∈Wk (�)

Ef

(
n∑

i=1

Xi

)
=Ef(T (�)); k = 1; 2: (9)

Let us formulate two lemmas needed for the proof of Theorem 1. For a vector a∈Rn, denote by
a(1)¿ · · ·¿ a(n) its components arranged in non-increasing order.

De�nition 1 (Marshall and Olkin (1979)). Let x; y∈Rn. The vector x is majorized by the vector y(x ≺ y),
if
∑k

i=1 x[i]6
∑k

i=1 y[i]; k = 1; : : : ; n− 1;
∑n

i=1 xi =
∑n

i=1 yi.

De�nition 2 (Marshall and Olkin (1979)). Let A ⊆ Rn. A function f: A → R is called S-convex (resp.
S-concave) on A, if (x ≺ y) ⇒ (f(x)6f(y)) (resp. (x ≺ y) ⇒ (f(x)¿f(y))) for all x; y∈A.

Lemma 1. A continuous function f: R+ → R is convex on R+ if and only if

(n− 1)f(x) + f

(
n∑

i=1

ai + x

)
¿

n∑
i=1

f(ai + x); a1; : : : ; an; x∈R+; n¿ 1: (10)

Proof. Let f: R+ → R be a continuous and convex function on R+. From Proposition 3:C:1 in Marshall and
Olkin (1979) it follows that

∑n
i=1 f(xi) is S-convex on Rn

+. Since (a1 +x; : : : ; an+x) ≺ (x; : : : ; x;
∑n

i=1 ai +x),
this implies inequality (10). Let now a continuous function f: R+ → R satisfy inequality (10), and let
06y6 z. Setting in (10) n= 2; x=y; a1 = a2 = (z− y)=2, we obtain that (f(y) + f(z))=2¿f((y + z)=2),
that is the function f is convex.

Lemma 2. Let X and Y be nonnegative random variables; f: R+ → R be a continuous convex func-
tion satisfying condition (7). Suppose that the random variable X has a distribution �∈�; the random
variables X; Y and T (�) are independent; E|f(X )|¡∞; E|f(Y )|¡∞. Then E|f(T (�) + Y )|¡∞ and
Ef(X + Y )6Ef(T (�) + Y ).

Proof. The distribution of the random variable T (�) is the same as the distribution of the random variable∑Z(1)
i=1 Xi, where X1; X2; : : : ; is a sequence of independent random variables with the distribution �, which

are independent of Y and Z(1). According to Utev (1985), from (7) it follows that for all a1; : : : ; an ∈
R |f(

∑n
i=1 ai)|6 qn−1∏n

i=1 (1 + |f(ai)|), where q= max(1; 2C(f)). Consequently,

E|f(T (�) + Y )|= e−1
∞∑
k=0

E

∣∣∣∣∣f
(

k∑
i=1

Xi + Y

)∣∣∣∣∣
/

k!6 e−1(1 + E|f(Y )|)
∞∑
k=0

(q(1 + E|f(X )|))k =k!

= (1 + E|f(Y )|) exp(q(1 + E|f(X )|) − 1)¡∞:
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From Lemma 1 it follows that

e−1
∞∑
k=1

Ef

(
k∑

i=1

Xi + Y

)/
k!

¿ e−1
∞∑
k=1

(
k∑

i=1

Ef(Xi + Y ) − (k − 1)Ef(Y )

)/
k! =Ef(X + Y ) − e−1Ef(Y ):

Therefore,

Ef(T (�) + Y ) = e−1
∞∑
k=0

Ef

(
k∑

i=1

Xi + Y

)/
k!¿Ef(X + Y ):

The proof is complete.

Proof of Theorem 3. Inequalities (8) are evident consequences of Lemma 2. Let us prove relations (9). Let
f: R+ → R+ be a continuous convex function satisfying condition (7), and let �∈�. It suOces to prove
the exactness of upper bounds in (9). Take n¿ �(R+). Let X1n; : : : ; Xnn be independent nonnegative random
variables such that P(Xin ∈B\{0}) = n−1�(B) for B∈ I; i= 1; : : : ; n. Then

∑n
i=1 P(Xin ∈B\{0}) = �(B) and

the characteristic function of the random variable
n∑

i=1

Xin is
(

1 + n−1
∫ ∞

0
(eitx − 1) d�(x)

)n
→

n→∞ exp
(∫ ∞

0
(eitx − 1) d�(x)

)
:

Since the function f is continuous from here it follows that f(
∑n

i=1 Xin) → f(T (�)) (in distribution), as
n → ∞. By Fatou’s lemma,

lim inf
n→∞ Ef

(
n∑

i=1

Xin

)
¿Ef(T (�)):

The proof is complete.

Let d be an arbitrary positive number, n¿d. Set

H (d) =

{
(p1; p2; : : : ; pn): 06pi6 1; i= 1; : : : ; n;

n∑
i=1

pi =d

}
:

Let KX 1(p1); : : : ; KX n(pn) be independent random variables with distributions P( KX i(pi) = 1) =pi; P( KX i(pi)
= 0) = 1−pi; i= 1; : : : ; n Then for all (p1; p2; : : : ; pn)∈H (d) and all B∈ I

∑n
i=1 P( KX i(pi)∈B\{0}) = �(B),

where � is such that �({1}) = �(R+) =d. The distribution of the random variable T (�) is the same as the
distribution of the random variable Z(d). Using Theorem 3, we obtain

sup
(p1 ;:::;pn)∈H (d)

E

(
n∑

i=1

KX i(pi)

)t

= sup
n

E

(
n∑

i=1

KX i(d=n)

)t

=E(Z(d))t (11)

for t¿ 1. Let �1(At; D) = {�∈�:
∫∞

0 x d�(x) =D;
∫∞

0 xt d�(x) =At},

�2(At; D) =
{
�∈�:

∫ ∞

0
x d�(x)6D;

∫ ∞

0
xt d�(x)6At

}
:
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It is evident that

sup
(X;n)∈Uk (At ;D)

E

(
n∑

i=1

Xi

)t

= sup
�∈�k (At ;D)

sup
(X;n)∈W1(�)

E

(
n∑

i=1

Xi

)t

;

sup
(X;n)∈Uk+2(At ;D)

E

(
n∑

i=1

Xi

)t

= sup
�∈�k (At ;D)

sup
(X;n)∈W2(�)

E

(
n∑

i=1

Xi

)t

; k = 1; 2:

Using these relations and Theorem 3, we obtain the following lemma.

Lemma 3. If t¿ 1; then

sup
(X;n)∈Uk (At ;D)

E

(
n∑

i=1

Xi

)t

= sup
(X;n)∈Uk+2(At ;D)

E

(
n∑

i=1

Xi

)t

= sup
�∈�k (At ;D)

E(T (�))t ; k = 1; 2:

Lemma 4. If t¿ 2; then the function f(t; z; v) = v−1=(t−1)((v1=(t−1) + z)t − zt) is concave in v¿ 0 for z¿ 0.
If 1¡t¡ 2; then the function g(t; z; v) = (v + z)t − vt − zt is concave in v¿ 0 for z¿ 0.

Proof. It is not diOcult to see that

@2f(t; z; v)=@v2 = (t=(t − 1)2)v−1=(t−1)−2zt(((1 + u1)t−1 − 1) − (t − 1)u1(1 + u1)t−2);

@2g(t; z; v)=@v2 = t(t − 1)vt−2((1 + u2)t−2 − 1);

where u1 = v1=(t−1)=z, u2 = z=v. Since 1 + (2 − t)u6 (1 + u)2−t , and, therefore, (t − 1)u(1 + u)t−2¿ (1 +
u)t−1 − 1 for t¿ 2, u¿ 0, and (1 + u)t−26 1 for 1¡t¡ 2, u¿ 0, we have @2f(t; z; v)=@v26 0, if t¿ 2,
and @2g(t; z; v)=@v26 0, if 1¡t¡ 2. The proof is complete.

Let g0; g1; : : : ; gk be arbitrary continuous and linearly independent functions on R, C=C(a1; : : : ; ak) be a
set of random variables X satisfying k conditions Egi(X ) = ai, i= 1; : : : ; k, Ck be a subset of C consisting of
random variables X which assume at most k + 1 value. The following lemma is an evident consequence of
the results obtained in Hoe6ding (1955) and Karr (1983).

Lemma 5 (Zolotarev, 1986). If supX∈C Eg0(X )¡∞; then supX∈C Eg0(X ) = supX∈Ck
Eg0(X ).

Remark 1. Utev (1985) noted that in the problem of determining extrema of Eg0(X ) over the set of symmetric
random variables X with 8xed Egi(X ) = ai, i= 1; : : : ; k; it suOces to consider only random variables X which
assume at most 2k+1 value. This can be easily proved with the help of some modi8cation of the argument in
Hoe6ding (1955). It is also not diOcult to show that under the condition of nonnegativity of random variables
X it suOces to consider only random variables assuming at most k + 1 value, one of which is zero.

Lemma 6. Let X be a nonnegative random variable; EXi = a; EX t
i = b; a; b ¿ 0, z¿ 0. If t¿ 2; then

E(X + z)t6E(V1(t; a; b) + z)t : (12)
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Proof. By Remark 1, it suOces to consider random variables X taking three values 0; x; y, where x; y¿ 0. Let
P(X = x) =p, P(X =y) = q, 0¡x¡y, p + q6 1, xp + yq= a, xtp + ytq= b. Since EX t =EV t(t; a; b) = b,
one can assume that z¿ 0. Let p(x; y) = (yt−1 − b=a)=(yt−1 − xt−1), q(x; y) = (b=a − xt−1)=(yt−1 − xt−1).
Since p(x; y)¿ 0, q(x; y)¿ 0, p(x; y)+q(x; y) = 1, xt−1p(x; y)+yt−1q(x; y) = b=a, from Lemma 4 it follows
that f(t; z; xt−1)p(x; y) + f(t; z; yt−1)q(x; y)6f(t; z; b=a) for t¿ 2. It is easy to see that this inequality is
equivalent to (12). The proof is complete.

Lemma 7. Let 0¡a16 a2; 0¡b1 ¡ b2; at
i6 bi; i= 1; 2; z¿ 0. If t¿ 2; then

E(V (t; a1; b1) + z)t6E(V (t; a2; b2) + z)t : (13)

Proof. It is not diOcult to see that (13) is equivalent to the inequality

f(t; z; y1)r6f(t; z; y2); (14)

where r = a1=a2, yj = bj=aj, j = 1; 2. It is evident that 0¡r6 1, y1r ¡ y2, y1; y2 ¿ 0. Let r ¡ 1. Set x= (y2−
ry1)=(1− r). Under the conditions of the lemma the function f(v) is nonnegative and concave. Consequently,

f(t; z; y1)r6f(t; z; y1)r + f(t; z; x)(1 − r)6f(t; z; y1r + x(1 − r)) =f(t; z; y2):

It is easy to see that under the conditions of the lemma the function f(t; z; v) is nondecreasing in v¿ 0. This
implies inequality (14) for r = 1. The proof is complete.

Lemmas 6 and 7 imply the following:

Lemma 8. Let X; Y; V (t; a; b) be independent nonnegative random variables; EY t ¡∞; a; b ¿ 0; at6 b. If
EX 6 a; EX t6 b; then E(X + Y )t6E(V (t; a; b) + Y )t for t¿ 2.

Lemma 9. If X; Y are independent nonnegative random variables; EX = a; EX t ¡∞; EY t ¡∞; then
E(X + Y )t − EX t6E(a + Y )t − at for 1¡t¡ 2.

Proof. It is clear that it suOces to consider the case Y = z¿ 0. Let us show that

E(X + z)t − EX t6 (a + z)t − at (15)

for 1¡t¡ 2. It suOces to consider random variables X taking three values 0; x; y, where x; y¿ 0. Let
P(X = x) =p, P(X =y) = q, 0¡x¡y, p+q6 1, xp+yq= a. From Lemma 4 it follows that if t¿ 2, then

g(t; z; x)p + g(t; z; y)q= (g(t; z; x)p=(p + q) + g(t; z; y)q=(p + q))(p + q)

6 g(t; z; a=(p + q))(p + q) = g(t; z; a=(p + q))(p + q) + g(t; z; 0)(1 − p− q)6 g(t; z; a):

It is easy to check that the latter inequality is equivalent to (15).

Lemma 10. Let a; b ¿ 0; at6 b; Y be a nonnegative random variable with EY t ¡ ∞. Let J be a set of
nonnegative random variables X which are independent of Y and satisfy the conditions EX = a; EX t = b.
If 1¡t¡ 2; then

sup
X∈J

E(X + Y )t = b + E(a + Y )t − at : (16)
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Proof. From Lemma 9 it follows that it suOces to 8nd a sequence of nonnegative random variables Xn which
are independent of Y and satisfy the conditions EXn = a, EX t

n = b; limn→∞ E(Xn + Y )t = b + E(a + Y )t − at .
If b= at then it suOces to take Xn = a. Let at ¡b. Similarly to the proof of Lemma 7:6 in Utev (1985)
set 5n = 1=n; P(Xn = a) = 1 − 5n, P(Xn = bn) = 5∗n , P(Xn = 0) = 5n − 5∗n , where 5∗n = a5n=bn, bn = ((b − at(1 −
5n))=(a5n))1=(t−1). It is evident that bn¿ a, 06 5∗n 6 5n, 5n → 0, bn → ∞, bt

n5
∗
n → b − at . We have

E(Xn + Y )t =E(a + Y )t(1 − 5n) + EY t(5n − 5∗n) + (E(bn + Y )t − bt
n)5

∗
n + bt

n5
∗
n . It suOces to check that

(E(bn +Y )t −bt
n)5

∗
n → 0. Since (see Lemma 7:5 in Utev, 1985) ||1+ x|t −1|6 2t t(|x|+ |x|t) for t¿ 1, x∈R,

we obtain (E(bn + Y )t − bt
n)5

∗
n 6 bt

n5
∗
n2

t t(EY=bn + EY t=bt
n) → 0. The proof is complete.

Since the function (a + z)t − at , t ¿ 1, is nondecreasing in a¿ 0 for z¿ 0, we obtain the following:

Lemma 11. If 06 a16 a2; 06 b16 b2; Y is a nonnegative random variable; EY t ¡∞; then b1 +
E(a1 + Y )t − at

16 b2 + E(a2 + Y )t − at
2; t ¿ 1.

Proof of Theorem 2. Subsequently using Lemmas 8; 10 and 11, we obtain (3) and (5). If t¿ 2, then Lemma 3
and relation (3) imply

sup
(X;n)∈U1(At ;D)

E

(
n∑

i=1

Xi

)t

= sup
(X;n)∈U3(At ;D)

E

(
n∑

i=1

Xi

)t

= sup
n

E

(
n∑

i=1

Vi(t; Dn−1; Atn−1)

)t

= (At=D)t=(t−1) sup
n

E

(
n∑

i=1

KX i(d=n)

)t

; (17)

where d= (Dt=At)1=(t−1), and, in addition to that,

sup
(X;n)∈U2(At ; D)

E

(
n∑

i=1

Xi

)t

= sup
(X;n)∈U4(At ; D)

E

(
n∑

i=1

Xi

)t

= sup
0¡A′

t6At

0¡D′6D

sup
(X;n)∈U3(A′

t ; D′)
E

(
n∑

i=1

Xi

)t

= sup
n

sup
0¡A′

t6At

0¡D′6D

E

(
n∑

i=1

Vi(t; D′n−1; A′
tn

−1)

)t

= sup
n

E

(
n∑

i=1

Vi(t; Dn−1; Atn−1)

)t

: (18)

From relation (11) it follows that

sup
n

E

(
n∑

i=1

KX i(d=n)

)t

=E KZ
t
(At; D): (19)

Using (17)–(19), we get (4).
If 1¡t6 2, then, using Lemma 3 and relation (5), we obtain that

sup
(X;n)∈U1(At ;D)

E

(
n∑

i=1

Xi

)t

= sup
(X;n)∈U3(At ;D)

E

(
n∑

i=1

Xi

)t

= sup
n

(At + Dt − Dt=nt−1) =At + Dt; (20)
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sup
(X;n)∈U2(At ;D)

E

(
n∑

i=1

Xi

)t

= sup
(X;n)∈U4(At ;D)

E

(
n∑

i=1

Xi

)t

= sup
0¡A′

t6At

0¡D′6D

(A′
t + D′t) =At + Dt: (21)

(20) and (21) imply relation (6).

Proof of Theorem 1. Set

F(Mt) = sup
(X;n)∈U (Mt)

E

(
n∑

i=1

Xi

)t

:

Using the evident inequalities

sup
(X;n)∈U1(Mt; M

1=t
t )

E

(
n∑

i=1

Xi

)t

6F(Mt)6 sup
(X;n)∈U2(Mt;M

1=t
t )

E

(
n∑

i=1

Xi

)t

and relations (4) and (6), we get that F(Mt) = 2Mt for 1¡t¡ 2 and F(Mt) =EZt(1)Mt for t¿ 2.
Since A∗(t) = supMt¿0 F(Mt)=Mt , we obtain that A∗(t) = 2, 1¡t¡ 2; A∗(t) =EZt(1), t¿ 2. The proof is
complete.
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