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ABSTRACT. In this paper we prove the analogues of Khintchine, Marcinkiewicz—Zygmund
and Rosenthal moment inequalities for symmetric statistics of second order in not identically
distributed random variables.
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In many fields of mathematics such as probability theory, mathematical statistics, multiple
stochastic integration, harmonic analysis, operator theory, quantum mechanics etc. the
necessity of investigation of symmetric statistics, in particular, of their moments behaviour,
appears (see Bonami, 1970; Serfling, 1980; Rosinski & Szulga, 1982; Sjorgen, 1982;
Rosinski & Woyczynski, 1984, 1986; Cambanis et al., 1985; Krakowiak & Szulga, 1986;
Korolyuk & Borovskikh, 1989; de la Pena & Klass, 1994; for complete information).

In the case of linear statistics the following inequalities are well-known (in what follows A(?),
B(¢) are constants depending on ¢ only, not necessarily the same in the different places).

Theorem 1 (Rosenthal, 1970)
If &, ..., &, are independent non-negative random variables (r.v.s) with finite tth moment,
1 < t<oco, then

max iE.f;-‘;, (iE&) < E<i§,~) < B(f)max iESf, <iE§,~) (D
i=1 =1 i=1 =1 =1

Theorem 2 (Rosenthal, 1970)
If &, ..., &, are independent rv.s with E§; =0, E|§|'<oco,i=1,...,n, 2=<t<oo, then

n n ’/2 n
A(ymax | > EI&]", <Z E§§> <E> &
i=1 i=1 i=1

t

n n /2
< B(nmax | > EI&/’, <ZE5?) @
i=1 i=1

Theorem 3 (Khintchine (1923), Marcinkiewicz & Zygmund (1937))
If &, ..., &, are independent rv.s with E§; =0, E|§|'<oo,i=1,...,n, 1 <t<oo, then
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S
i=1

n /2 ¢ n t/2
A(DE (Z gf) <E < B(OHE (Z g?) . (3)
i=1 i=1

The best constants in inequalities (1) and (2) (in the latter one for the case t = 2m) were
found in Ibragimov & Sharakhmetov (1998, 1999a, b). The exact constant in inequality (2) for
symmetric r.v.s was found in Figiel et al. (1997) and Ibragimov & Sharakhmetov (1995, 1997).
The authors’ results on the extremal problems and the best constants in Rosenthal’s inequalities
(1) and (2) and their proofs were presented in Ibragimov (1997).

In Sharakhmetov (1995a, b) the following analogues of inequalities (1)—(3) for non-linear
statistics were proved.

Theorem 4 (Sharakhmetov, 1995, 1999)

If t=2,Xy,...,X, are independent identically distributed rv.s taking values in some
measurable space (5A), Y: £* =R is a symmetric function satisfying the conditions
E|Y(X1, X2)|t <oo, E(Y(X1, Xz)/Xl) =0 (a.s.), then

A(Dmax(n’E|Y (X1, Xo)|', n' P E(E(YA(X1, X2)/X1))"?, n'(EYX (X1, X2))"?)
t
< B(nmax(n’E|Y(X,, X5)|',

<E| > Y(Xi, Xi)

1<i<iy<n

P EEY (X, X0)/ X)), n (EYAX, X2)7P),

t/2
A(t)E( > Yz(Xil,Xiz)) <E
I<i| <ip<n

t

> Y(Xiy, Xip)

1<ij <ip<n

/2
sB(t)E( > YZ(Xil,Xiz)> .

1<ij <ip<n

The main goal of this paper is to extend the results obtained in Sharakhmetov (1995, 1999) to
the case of symmetric statistics in not identically distributed r.v.s.

Let Xy, ..., X, be independent, not necessarily identically distributed r.v.s taking values in
some measurable space (£ 4), t = 1.

Let F(t) be a class of functions Yijip: 2 = R, 1 < iy <n, 1 <iy <n, i| # iy, satisfying
the conditions

Yiyiy(Xiy, Xix) = Yiri(Xip, Xiy) (as.),
E|Yiyir(Xiy, Xip)|' < oo

for all 1 <i; <i, < n. Denote by G(¢) the subset of F(7) consisting of functions Y such
that

E(Yi] iz(Xi], Xiz)/Xi]) =0 (a.s‘),
E(Yiyip(Xi1, Xiz)/Xiz) =0 (as.)

for all 1 < i; <ip < n. For Y € F(¢) set

T,= > Yiiia(Xiy, Xiy).

I<i; <ip<n

In the following we shall write for brevity
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Yiyip = Yiip(Xiy, Xip), | Sij<i<n
In addition to that, denote

ip—1

Vi2= E Yl'll'z, i2=2,...,n,

n
Wilz E Yl.ll'z, i1:1,...,n—1.
ip=i]+1

Theorem 5
If t=1, Yijip: £? =R, 1<iy<n, 1 <iy<n, i #i, are non-negative functions be-
longing to the class F(t), then

t

n— n ih—1
max| > EYf”Z,Z]]E<Z E(Yiliz/Xil)> ZE ZZE(Ylllz/)(lz) ,

I<ij <ip<n iy=ij+1

t
( > EYiliz) < ET' < B(f) max

1<i] <ip<n

Y EYfm,ZE< Z E(Yilz‘z/Xil)>,

ip=i1+1

t

i—1 t
ZE ZE(Yzlzz/ng) ( > EYi1i2> .4

I<i| <ip<n

Remark 1. In their recently published paper, Klass & Nowicki (1997) independently obtained
the analogues of inequalities (4) for generalized moments of symmetric statistics with non-
negative kernels with the help of methods different from those used in the present paper.

Theorem 6
If t=2,Yii: &> - R 1<iy<n, 1<iy<n, ij #i,, are functions belonging to the
class G(t), then

n—1 t/2
A(ymax | > E|Yid|', ZE(Z E(Yifiz/)(il)) ,

1sip <ip<n ih=ij+1
t/2
ip—1

t/2
ZE ZE(Yzlz/Xzz) ( > En§i2> < E|T,|"

1<ij <ip<n

n—1 n t/2
<B(Hmax| Y E|Yail, > E( Y E(Yii/Xi)| .
1<ij <ir<n i=1 ip=iy+1

t/2
ip—1 /

t/2
ZE ZE(Yz in/ Xiz) ( > EYi§i2> G

1<ij <ip<n
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Theorem 7
If t=2 Yijiy: &2 >R, 1<iy<n 1 <ip<wn, ij#i, are functions belonging to the
class G(t) , then

t/2 t/2
A(t)E( > Yi%i2> sETn|’sB(t)E< > Yi%i2> . (6)

I<ij<ip<n Isiy <ip<n

Corollary 1
Ift=1, Xy, ..., X, are independent non-negative r.v.s with EX| <oo, k=1,..., n, then

t
ip—1
max | Y EleEXzz,ZEth(Z E/le) ZEX;2 2ZEX;1 ,

I<iy <ips<n ip=i+1

t t
( > EXilEXi2> sE( > )ﬁ1X2>sB(r)max

I<iy<ip<n I<iy<ip<n

I<i| <ip<n =1 ir=ij+1

—1 t
{ > EXi{EXié,iEXif( Z EXi2>,
t

ih—1
ZEXIZ ZZEX” ( > EXi]EXi2>t.

ip=2 I<ij <ips<n

Corollary 2
Ift=2,Xy,..., X, are independent rv.s with EX; =0, E|X;|'<oo, k=1, ..., n, then

n—1 n 12
A(ymax | Y E|Xil|’E|Xi2|’,ZE|Xi1|’<Z EXig) ,

I=siy <ir<n i1=1 ip=i|+1
t/2

ip—1 /2
ZE|X12|t 225)(,1 ( > EXifEXi%)t <E > )(il)(izt

I<ij <ip<n

Isip <ipsn

n—1 n t/2
< B(max| Y E|Xil|’E|Xi2|’,ZEXi1|’<Z EXz%) ,

I1<i; <iy<n i=1 iy=i1+1

t/2

ip—1 t/2
ZE|X12\’ ZEle ( > EXifEXii)

1<ij <ip<n

Corollary 3
If t=2aiiheR 1=<ii<ip=<mn Xy,...,X, are independent rvs with EX; =0,
E|lXi|' <oo, k=1, ..., n, then

t/2
A(t)E( > aifiz)(iin;) <E

I<i| <ip<n

t

E ai1 lzXllez

Isiy <ipsn

t/2
sB(t)E( > aﬁimf)(g) :

I<iy<ip<n
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Remark 2. In Krakowiak & Szulga (1986) and McConell & Taqqu (1986) it was shown that
in the case of symmetric r.v.s X1, ..., X, the inequality given by corollary 3 is true for all 7> 0.
Using this result it is not difficult to obtain that corollary 3 is true under the restriction ¢ = 1
(see also de la Pena & Klass, 1994, th. 2.3).

Let us formulate a number of preliminary facts needed for the proof of theorems.

Given a sequence of g-algebras (7 ,) on some probability space (£2,.7, P), we denote by
E(-) = E(-/.7 ;) the conditional expectation operator (with the convention that Ey, = E, the
expectation operator). A sequence (Y,) of integrable r.v.s is called a forward martingale-
difference sequence (relative to (7 ,)) if

(@ 71C7,C ..,

(b) Y, is .7 ,-measurable,

) Ens1Y, =0 (as.), n=1,

and a reverse martingale-difference sequence if

@) 7127,2 ..,
(b') Y, is.7 ,-measurable,
) E,r1Y,=0(as), n=1.

Lemma 1 (see Burkholder, 1973; Hitczenko, 1990)

Let 71 C.7, C--- C.¥, be an increasing sequence of o-algebras on some probability
space (2,.7,P), Xy, k=1, ..., n, be a sequence of non-negative .7 p-measurable r.v.s
such that EX[, <oo, 1 <t<oo. Then

n t n n 4
E<ZXk> < B(ymax | > _ EX], E(ZEk_le>
k=1 k=1 k=1

Lemma 2 (see Burkholder, 1973; Korolyuk & Borovskikh, 1988)
If (Xyx) is a forward martingale-difference sequence relative to (7 ;) such that
ElXi|'<oco, k=1,...,n, 2<t<oo, then

n n t/2
A(tymax( > E[Xy|", E(Z Ekl)(i) <E
k=1 k=1

t

> X
=1

n n t/2
< B(tymax | Y E|X,|", E (Z Ekl)(i)
k=1 k=1

Lemma 3
Let {X,},"| be a sequence of non-negative r.v.s,

o0
A, =Y EX}, <o,
n=1

00 1/y
B, = <Z EXﬁ) < 0.
n=1

Then
Ay < (A7 7B vl < y<s<t (7

© Board of the Foundation of the Scandinavian Journal of Statistics 1999.
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AB), < max(d,.y, BYY) V1<y<ts=0, ®)

max(4,, B) < (max(4,, B\))"/" V1<y<s<t. ©)

Proof. Inequality (7) follows from the convexity of function f(#) = In 4,. Using (7), we have
that

A< AIBHVIH) 1< p<t,5>0.
Consequently,
A8, < AV T (B < max(d,, BYY), 1< y<t,5=0.
Besides, on the strength of (7),
A, < A(IS*J’)/(’*Y)Bi(l*S)/(l*y) < (max(4,, B;))(‘F'V)/(lfy)(max(/l,, B;))y(lﬂ)/(l(l*y))
< (max(4,, B!, 1<y<s<t.

Thus, inequalities (8), (9) are true. The proof is complete.

Proof of theorem 5. By non-negativity of functions Y and Jensen’s inequality we have

E( > nliz)tz > EYiji,

I<ij <ip<n 1<ij <ip<n

I<ij <ip<n

t n—1 n t n—1 n t
E( > Yiliz) = E<Z Yi1i2> = E( > E(Yiliz/Xil)) ,
t . t

) _
E( > Yiliz)z E(> Yii | =) E E(Yiyia/Xiy) | ,

I<i|<ip=<n

3
S
|
3
S
|
—

E( > Yiliz)tz( > EYi1i2>t.

Isip <ipsn I<ij<ip<n

The left-hand inequality (4) is true.

Let us prove right-hand inequality (4). It is obvious that r.v.s Vip, i =2, ..., n are mea-
surable with respect to o-algebras o(Xi, X, ..., Xiz), rvs Yijip, iy =1,...,i, — 1 are
measurable with respect to o-algebras (X, X», ..., Xij, Xiy), i =2, ..., n. On the strength
of lemma 1 the following inequalities are true:

n n t
ET), < B(t) max ( > EYis, E( Y E(Yi/X1, ..., Xip — )] |, (10)
=2 =2
t
ih—1 ip—1
EViy < B(f)y max [ Y EYili, E| Y E(Yiria/Xir) | |. an
i1=1 i1=1

(10) and (11) imply that (B(¢) changes from line to line)

© Board of the Foundation of the Scandinavian Journal of Statistics 1999.
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t
ih—1

ET, < B(fymax| > Esz,ZE ZE(Yzlzz/Xzz) ,

I=sij <ip<n

1<ii <ip=<n

t
E( > E(Yz’liz/Xil)> . (12)
By Rosenthal’s inequality for independent non-negative r.v.s (inequality (1))

E< > E(Yiliz/Xil)> _E(Z Z E(Yiliz/Xil))

I<iy <iy<n i1=1 =iy +1

< B(f) max ZE(Z E(Ym/xll)> ( > EY1112> . (13)

i1=1 ip=i1+1 I<ij<ip<n

Right-hand inequality (4) follows from (12) and (13). The proof is complete.

Proof of theorem 6. It is easy to see that under the assumptions of theorem 6
{Via, i =2, ..., n} is a forward martingale-difference sequence with respect to o-algebras
o(X1, X2, ..., Xi), {Yitir, iy =1,...,ip — 1} is a forward martingale-difference sequence
with respect to o-algebras o(X1, Xo, ..., Xit, Xi2), o =2, .., n, {Wir, i1 =1,...,n—1}is
a reverse martingale-difference sequence with respect to o-algebras o(Xiy, ..., X,),
{Yiyip, i =i1+ 1, ..., n} is a reverse martingale-difference sequence with respect to o-
algebras o(Xiy, Xi, ..., Xp), i1 =1, .., n—1.

On the strength of lemma 2

n 12

E|T,|" = A(t) max | Y E|Vi|", (ZE(VzZ/Xl,..., Xiz—1)> , (14)
=2 iy
n—1 n—1 2

E|T,|" = A(r) max E\Wi|', E| > EOWi/Xiy + 1, ..., X,) , 15)
i1=1 i1=1
ip—1 ih—1 o2

E|Viy|' = A(ty max [ > E|Yiyio|', E( Y E(Yir}ia/ Xip) , (16)
i1=1 i1=1

n n t/2

E|Wiy|' = A(f) max| > E|Yili2|’,E( > E(Yi%iz/)m)) . 17

ip=i1+1 ir=i1+1

It is easy to check that if functions Yijiy: 2 = R, 1 <iy <n, | <iy <n, i} # iy, satisfy
the conditions

E(Yiyip(Xiy, Xip)/ Xi)) = 0 (as.),

E(Yiyip(Xiy, Xiy)/Xip) = 0 (as.)
for all 1 < i} <i, < n, then r.v.s Yijip(Xi;, Xip) are orthogonal, that is

EYi\ih(Xiy, Xi2)Yj1j2(X1, Xj2) =0 (18)
for (i1, i2) # (j1, j2)- By (18) and Jensen’s inequality we have

© Board of the Foundation of the Scandinavian Journal of Statistics 1999.
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1/2 n /2 t/2
(Z E(V/ X\, ..., Xiy — 1)) = (Z EVi§> = ( > EYi§i2> . (19)
in =2 1sip <ip<sn

Left-hand inequality (5) follows from (14)—(17) and (19).
Let us prove the remaining part of theorem 6. By lemma 2

n t/2
E|T,|" < B(r) max | ¥ E|[Vi|', (ZE(VIZ/XI,...,)@—u) :
=2 iy
. . t/2
ih—1 ih—1
E|Vip|' < B(ry max | Y E|Yiii|', E| Y E(Yitiy/Xiy)
| i1=1
Therefore,
t/2

ip—1

E|T,|'< B(ymax| Y E|Yiiil', ZE ZE(Yzzz/Xzz) ,

Isiy <iysn

n %
E(ZE(Vi%/Xl, Xi21)> . (20)
=1

We have

n 1/2
E(ZE(V;‘%/XI,...,)GZ—U>
ip=2
n 1/2
—E( S E(ip/Xi)+2Y > E(YkizYliz/Xk,X;)>

I<ij <ip<n =3 1<k<l<ip—1
t/2
<2/P-1E Ej E(Yi3iy/ Xiy)
I<ii <ip<n

/2
+ 22/2E

Z Z E(Ykiy Yliy /X i, X 1)

<I=sn—1 ip=I+1

21)

It follows from inequality (1) that for all + =2

t/2
E( > E(Yi%h/)@))

1<ij <ip<n

i=1 iy=ij+1 1<i| <ip<n

n—1 n 1/2 1/2
< B(f) max ZE( > E(Yi%iz/)(il)> ( > EYﬁh) . (2

It is not difficult to check that the functions Zy: £ - R, 1<k<n 1<I<n, k#I,
defined by the conditions

n

Zu(x, )= Y E(YkiVliy/ Xy = x, X; = y),
ip=I1+1

belong to the class G(¢/2).

© Board of the Foundation of the Scandinavian Journal of Statistics 1999.
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On the strength of the orthogonality of the functions Z (relation (18)) and Jensen’s inequality
we have for 2 < r <4

n

Z Z E(Ykiy Yliy /X ¢, X 1)

Isk<Isn—1ip=I+1

/2
E

t/4

. 2
> E( > E(YkipYlip/ X, X,)) . (23)

Isk<Isn-1 ip=I+1

I

Let us show that

t/4

n 2 t/2
S E( Y E(YkixYlip/X i, X1) < > EYip (24)
I<k<I<n-1 ih=I+1 1<i| <ip<n
for all 2 < ¢t <4. Indeed, by Schwarz inequality
|E(Ykiy Ylin ) X i, X < (E(Yki2 ) X ) 2(E(YI2) X 1)'/2. (25)
Consequently,
2 t/4
S E( Y E(YkirYlip /X, X1)
Isk<Isn—1 ip=I+1
; 2 t/4
< > E( > (E(YKiy/ X )2 (E(YT /X,))1/2> . (26)
Isk<lI=n-1 ip=1I+1

From (26) and Cauchy’s inequality

(ZI: aib))’ < <ZI: af.) (ZI: b?), 27)

where a;, b; = 0, it follows that

t/4

" 2
Z E Z E(Ykiy Yliy /X, X))
Isk<Isn-1

ip=I+1

n n t/4 /2
< > S EYKk ) > EYi <[ > EYip) .
Ik <lIsn—1 \ip=I+1 ip=I+1 I<iy <ipy<n

(23), (24) imply

E Z Z E(Ykiy Yliz ) X 1, X))

Isk<lIsn—1 ih=I+1

/2 t/2
s( Z EYifiz) (28)

1<ij <ip<n

for all 2 < r<4. Using (20)—(22), (28) we obtain that right-hand inequality (5) is true for
2 < t<4.

For 2 < t < oo denote a(f) = [#/2]. We have proved that right-hand inequality (5) is true for
all ¢ such that a(f) = 1. Take ¢ such that a(f) = m = 2 and suppose that right-hand inequality
(5) is true for all # with a(f) = m — 1.

On the strength of inductive hypothesis

© Board of the Foundation of the Scandinavian Journal of Statistics 1999.
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n /2
E > E(YkiyYlia/ Xy, X))
Isk<Isn—1 ip=I+1
. t/2
<B(t/2)max| > E| Y E(YkiYlia/Xy, X))|
I<k<I<n—1 ip=1+1
n—1 -1 n 2 ”
E ZE > E(YkipYliy/X i, X1) /Xz ;
=2 =1 ip=I+1
n—1 n—1 n ? ,/4
ZE Z E Z E(Ykiy Yliy /X s, X)) /Xk )
k=2 I=k+1 ip=I+1

t/2

n 2
> E( > E(YkiyYlip/ X, X;)) . (29)

I<k<lIsn-1 ip=I+1

From (25), (27) it follows that

t/2

n

> E(YkipYli/ X i, X1)
ip=I+1

n t/2
> E( > (E(Yki%/Xk»l/z(E(Yli%/Xl)W)

E

Isk<lIsn-1

N

1<k <lIsn-1 ip=I+1

N
(]

n t/4 n t/4
E< > E(Y/ag/xk)) E( > E(Yli%/XQ)

I<k<lI=<n-1 i=I+1 i=I+1

2
n—1 n t/4
< E( Z E(Yﬁiz/){il)> . (30)
i=1 ih=i1=1
Besides,
n—1 -1 n 2 o4
E E Z E(Ykiy Yliz ) X 1, X)) /X,
=2 k=1 iy=1+1
n—1 -171 n 2 o4
<Y E|DE( | D (E(k3/X ) (EY3/ X)) / X,
=2 | k=l ir=I+1
n—1 l 1 n n /4
<N E S OEYKS | > E(Y/X)
=2 k=1 \ir=1I+1 ir=1+1
n—1 [ 1-1 = /4 n t/4
= > EYiiy | E( Y E(YI3/X)
=2 \ k=1 ip=I+1 ip=I+1

n—

i <ip<ips< ip=ij+1

t/4 n t/4
( > EYifi2> E(Z E(Yifiz/x,,)) . (31

© Board of the Foundation of the Scandinavian Journal of Statistics 1999.
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Analogously,
n—1 n—1 n 2 74
STE|Y E[ Y E(YkiYiiy /Xy, X)) /Xk
k=1 I=k+1 ih=I+1
n—1 [ n—1 n 2 t/4
<Y E| Y E|( D] (B3 /X)) HEYE /X ) / Xy
k=1 |I=k+1 ip=I+1
n—1 [ n—1 n n /4
<SCE|ID> D B[ Y E(3/X)
k=1 I=k+1 \ ip=I+1 i=I+1
n—1 n—1 n /4 n t/4
= S>> Evks | E( Y E(IZ/X)
k=1 \ I=k+1 ip=1+1 ip=I+1

n—1 t/4 n t/4
sZE( > EYifi2> E( > E(Yifiz/)(il)> . (32)

1=1 Isiy<iysn ip=i|+1

From lemma 3 it follows that

n—1 n /4
( > E(Yi%a/)@))

i1=1 ip=ij+1

n
< max

—1 n 1/2 /2
E( > EWdi/xiy) L Y. EYidin : (33)
1=1 ip=ij+1 Isip <iy=n

n—1 t/4 n t/4
ZE( > EYi%i2> E<Z E(Yﬁiz/){il)>

i=1 1<i| <ip<n =i +1

n—1 n /2 1/2

smax| Y E( Y E(Yii/Xi)| > EYiti . (34)
i1=1 ip=i1+1 I<i) <ip<n

(30)—(34) imply that

t/2

E[ Y Z E(Ykiy Yliy /X 1, X))

Ik <I<n—1iy=I+1

n n t/2 t/2
< B(t/2) max ZE( > E(Yﬁiz/)ﬁl)> ( > En§i2> . (35)

i1=1 ip=iy+1 Isij <ip<n

From (20)—(22) and (35) it follows that right-hand inequality (5) is true for the chosen
value of ¢ with a(f) = m. By induction principle the proof is complete.

Proof of theorem 7. Theorem 5 implies that

n—1 t/2
> E|Yi1i2’,ZE< > E(Yifiz/Xi])) ,
i1=1

1<ij <ip<n ip=ij+1

© Board of the Foundation of the Scandinavian Journal of Statistics 1999.



632 R. Ibragimov and Sh. Sharakhmetov Scand J Statist 26

t/2

n ih—1 t/2 t/2
SE(DY E(itn/xi | ( > EYifi2> < E< > Yi%iz)
ir=2

i1=1 Isij <ip<n Isij <ipsn

n—1 n t/2
<B(f)ymax| Y E|Yi|i2|’,2E<Z E(Yi%iz/)(il)> ,

1<iy <iy<n i=1 iy=ij+1

t/2

n ip—1 t/2
SE( D E(Yitiy/ Xip) < > EYifi2> . (36)

ir=2 i=1 1<iy <ir<n

Applying (5), (36) we obtain (6). The proof is complete.

The methods similar to those used in the present paper can be applied for the proof of exact
moment inequalities in the case of generalized moments and symmetric statistics of arbitrary
order (see Ibragimov, 1997; Ibragimov & Sharakhmetov, 1998).
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