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Abstract

Income tax revenue crucially depends on the wage distribution across and within the
industries. However, many transition economies present a challenge for a sound econometric
analysis due to data unavailability. The paper presents an approach to modeling and forecasting
income tax revenues in an economy under missing data on individual wages within the industries.
We consider the situations where only the aggregate industry-level data and sample observations for
a few industries are available. Using the example of the Uzbek economy in 1995-2005, we show
how the econometric analysis of wage distributions and the implied tax revenues can be conducted
in such settings. One of the main conclusions of the paper is that the distributions of wages and the
implied tax revenues in the economy are well approximated by Gamma distributions with semi-

heavy tails that decay slower than those of Gaussian variables.
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1. Objectives of the paper

This paper discusses an approach to econometric analysis and forecasting for income tax
revenue in situations where the data on wages and income are largely unavailable. Naturally, income
tax revenue crucially depends on the wage distribution in the economy. However, many transition
economies present a challenge for a sound econometric analysis due to data unavailability. This is
typically the case for employee-level data, including wages and income.

We show that, in certain cases, one can make inference on wage distribution and the implied
distribution of income tax revenues even in absence of microeconomic level data for individual
households. We discuss an approach that allows one to estimate the form and parameters of the
wage distribution in the economy using the official data on average wages across the industries. We
then use these results to obtain estimates for the distribution of tax revenues. One of the main
conclusions of the paper is that Gamma densities provide appropriate models for wage distributions.
These approximations imply that the distributions of wages and the implied tax revenues have semi-
heavy tails that decay slower than those of Gaussian variables.

The analysis presented in the paper is based on the official data on average wages across the
industries and a sample of data for employees’ wages in one of the industries, construction. The
analysis thus uses the existing minimum of the available information. The estimates presented are,

therefore, some of the only results that are possible to obtain in such settings.

2. Inference on wage distribution under missing household income data

Tables Al and A2 in the appendix provide government data on the number of employees
and the average wages across the industries of the Uzbek economy. Table 1 below provides a
summary of the implied inequality measures for the wage distribution in the Uzbek economy. The

inequality measures summarized in the table and their properties are discussed in detail, among

others, in Ch. 13 in Marshall and Olkin (1979).



Table 1. Statistical characteristics of wage distribution in the

Uzbek economy in 1995, 2000 and 2005

1995 2000 2005
Minimal wage, soum 250 1320 9400
Average wage, W, soum 1057 11225.1 85865.0
Gini coefficient' 0.235 0.233 0.252
The number of employees with wages 60% 43% 42%
less than w
Minimal majority” 68% 67,4% 67,5%

Table 2 presents Gini coefficients for the wage distribution in the Uzbek economy

computed under the assumption that wages are uniformly distributed within each industry.

Table 2. Gini coefficients for wages in Uzbekistan under the assumption
of uniform wage distribution within the industries

1995 2000 2005

Gini coefficient 0.161 0.253 0.262

The Gini coefficient values reported in Tables 1 and 2 are considerably small comparing to
other Newly Independent States. These values do not reflect the true inequality in wage distribution
in the total economy.

The inequality in the total economy reflects both the disparities among the industries and
inequalities in distributions within them. Thus, taking into account the wage inequality within the
industries would lead to an increase in the calculated Gini coefficients and other inequality measures

considered in Table 1.

' The Gini coefficient is computed under the assumption that each industry of the economy is considered as an
individual unit regardless of the number of employees in the industry. In other words, here, the Gini coefficient
characterizes the inequality in distribution of the average wage across the industries.

% In the context of political science, the minimal majority is the smallest number of individuals controlling a majority of
legislature. This index can also be used as an inequality measure and has a simple expression in terms of the Lorenz

curve characterizing the inequality among subjects: if wages w,,..., w, determine the Lorenz curve #, then the

minimal majority is 2~ (0.5) (see Ch. 13 in Marshall and Olkin, 1979). Thus, in Table 1, minimal majority equals to
the proportion of the employees who have 50% of the total income (wage fund).
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As an example, we estimate the wage distribution within the construction industry. This
wage distribution is estimated using a sample of wages in 1995 for 256 employees in the industry
available to us (see Table A3 and Figure Al in the appendix). The Gini coefficient for the

construction industry estimated using the sample is 0.29.

Consider a random variable (r.v.) X with truncated normal density

1 ~(-p?N20%)
— e , If x>a;
FO) =1 do2r / M)
0, if x<a.

where the truncation level =250 (soum) is the minimal wage in 1995 and

1 K ()2 2 a— . ..
A= je Com 2 gy =1~ (D(_,uj is a normalizing constant.

o227 o

a

If a is known, one may use the relations for the mean E[X] and the variance Var[X] of X given by

E[X|=pu+oB
Var[X]1=c>(1- B> + 2—# p) (2)
(o2

and Korn, 1968, and Section 10.1 in Johnson, Kotz and Balakrishnan, 1994).

where B = , to estimate u and ¢ by the method of moments (see Section 19.3-4 in Korn

The p-value for the Kolmogorov-Smirnov test of the null hypothesis that wage in the
construction industry follows the above distribution equals to a=0.21. Thus, the null hypothesis is
not rejected at the &<0.21 significance level (see Figure A2 in the appendix).

The coefficient of wvariation for the fitted truncated normal distribution 1is

ey =YX 5,
[ELX)

To estimate the wage distribution in the whole economy we assume that, in each industry,

wage has a truncated normal distribution with the same coefficient of variation CF=0.51 as in

construction, that is, the parameters E[X] and Var[X] satisfy Var[X]=0.51E[X]. The wage
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distribution for the whole economy is a mixture of wage distributions within the industries. The cdf

of wage in the whole economy is determined as
N N
FxX)=—F(x)+..+—2F (x), 3
(x) N 1(x) N (%) 3)

where N=N+..+N,, is the total number of employees in the economy, N, is the number of
employees in the ith industry, and £} (x) is the cdf of wage in the jth industry, j=1, ..., m.

Figures A3-AS in the appendix provide the cdf’s for wages in the Uzbek economy in 1995,
2000 and 2005. The calculations are based on the above assumption of equal coefficients of
variation for wage distributions within the industries. Evidently, this assumption may be lifted if, in
addition to the data on the average wages in each of the industries, one also has the data on the wage
variances within the industries.

Table 3 provides the means, variances and Gini coefficients for the fitted wage distribution
in the Uzbek economy in 1995, 2000 and 2005. Columns 5 and 6 of Table Al and columns 5, 6, 10
and 11 of Table A2 in the appendix provide the parameters ¢ and ¢ for truncated normal
distributions (1) and the distributions’ means E[X] and variances Var[X] calculated using (2) for

each of the industries in 1995, 2000 and 2005.

Table 3. Statistical characteristics of wage distribution in

the Uzbek economy in 1995, 2000 and 2005

1995 2000 2005
Mean 1307 19973 136667
Standard deviation 808 12968 89396
Gini coefficient 0.321 0.356 0.359

The interpretation of Gini coefficients presented in Tables 1-3 can be described as follows.

1. The coefficients in Table 1 correspond to the case where one measures the inequality among
the industries using known values of average wages in them. This equals to the true
inequality index for the whole economy if wage is equally distributed within each of the

industries and, in addition, the number of employees in the industries is the same.



2. The estimates in Table 2 correspond to the case where the average wages and the number of
employees in the industries are known. Wage distributions within the industries are assumed
to be uniform.

3. Table 3 provides the estimates of the wage inequality in the whole economy where the

inequality in wage distributions within the industries is taken into account.

One should note that the Gini coefficient values in Table 1 provide lower bounds for the true
Gini coefficients for the whole economy. The inequality indices in Table 3 may be regarded as the
most appropriate ones. In addition, they are the closest to the true inequality measures under some
natural general assumptions (see the discussion and related results in Ibragimov and Walden, 2007).

According to the results in this section, the inequality in wage distribution over the whole
economy is relatively small, even when the inequalities within the industries are taken into account.
The situation is similar to that in Russia in the first half of 90’s where one observed “the power of
institutional features in the wage settings that tended to dominate the redistributive effects
transmitted through high inflation and decentralization in wage settings” (Commander, McHale and

Yemtsov, 1995, p. 165) and relative stability of the low inequality among the industries.
3. Income tax revenue distribution and forecasting

We follow the following two criteria in approximating the wage distribution in the economy:
1. The distribution law should be widely known and parsimonious with a relatively small
number of parameters;
2. The measure of approximation should have a clear interpretation.
Among two parameter distributions, the best fit appeared to be provided by gamma

distribution with cdf
F e (:K:0) = [ £ (w3 O)d,
0

-x/6
-1 €

where f(x;k;0)=x" ——
S ) o)

, x>0,k,0>0 is the pdf of the distribution. The gamma cdf

F ma (X 55 0) has tails that asymptotically decay as x“ exp(—fx) as x — oo. Thus, the tails of the
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distribution belong to the class of semi-heavy tails that decay slower than those of Gaussian

distribution but faster than any power law tails.’

The shape and scale parameters k£ and @ are estimated by the method of moments using the relations
E[X]=kO
Var[ X] = k6*

for the mean E[X] and variance Var[X] of a gamma r.v. X with the pdf f(x;%;0) .

Table 4 provides a summary of the implied approximation for the wage cdf F estimated in

(3) in the case where the measure A

:max‘F (X) = F pma (x;k;@)‘ is used as a measure of

gamma
approximation. For comparison, Table 4 also presents the values

A = maX|F (x)-F

normal

(x;k; 9)| for the normal distribution with the parameters m=E[X] and

normal

o =+/Var[X] (see also Figures A3-A5 in the appendix).

Table 4. Gamma distribution approximation results.

1995 2000 2005
E[X] 1307.43 19973.28 136666.91
Var[X] 653450.74 168164070.26 | 7991717405.72
k 2.615916 2.372278605 2.337150
0 499.798148 8419.450581 58475.876093
Agamma 0.0496 0.0237 0.02533
Anormat 0.0977 0.0808 0.0792

As is seen from the table, the gamma distribution provides better approximation to F(x) than

does the normal distribution.

3 Such tails were considered among others, by Barndorff-Nielsen (1997) and Barndorff-Nielsen and Shephard (2001) in
the context of applications of Normal Inverse Gaussian distributions and their extensions and by Malevergne, Pisarenko
and Sornette (2005) who consider the fitting by stretched exponential and related distributions. Together with widely
used power law distributions applied in many works (see, for instance, the discussion in Loretan and Phillips, 1994,
Gabaix, Gopikrishnan, Plerou and Stanley, 2003, Ibragimov, 2005, Rachev, Menn and Fabozzi, 2005, and references
therein), semi-heavy tailed distributions were reported to provide good fit for a number of economic and financial time
series.



The results obtained can be applied to forecast the income tax revenue using the tax rate and
wage data. We describe the approach to forecasting using the parameters E[X] and Var[X] for 2005.

Denote by T the yearly income tax revenue in the economy, in million soum, and by Wy,
the minimal monthly wage, in soum. Let 7(x) denote the monthly income tax revenue from one
employee with wage x.

The tax rates in Uzbekistan in 2005 are provided in Table A4 in the appendix.

The function relating the income tax 7(x) to the wage x has the following form:

tx, 0<x<w,

tw, +t,(x—w,), w,<x<w,,
T()C): 1771 2( 1) 1 2 , (4)

tw, +t,(wy, —w)) o+t (x—=w, ), x>w

where x is the wage, #; are the tax rates for different wage levels, i=1, ..., n; [w_..;w, 1, [w;w,], ...y

[w, ;) is the partition of the set of possible wage values [wyin;00) into strata that correspond to the

n—1»
different tax rates (see Table A4 in the appendix). Thus function (4) has the following form for the

Uzbek economy in 2005:

0.13x, O0<x<5w
T'(x)=<-04w_. +021x, Sw
—-13w_.. +03x, x>10w

min ?

min <X < 10Wmin’

min
where w,,;,=9400 soum.

As before, we assume that the wage level X has the gamma distribution with the cdf
Foumma(x; k; 0) and the pdf flx; k; 6). Therefore, the cdf of the r.v. r=T(x) is given by
Foummad(T \(#); k; 0) and the pdf of r=T(x) is AT "(¢); k; 6) (see Figure A6 in the appendix).

According to the official site of the Ministry of Finance of the Republic of Uzbekistan®*, the
income tax revenue in the Uzbek economy in 2005 was equal to 75cq=465641.1 million soum.

To compare income tax revenues predicted by the above results with the actual values, we

make the following assumptions:

* http://www.mf.uz/



http://www.mf.uz/

1. The monthly income tax revenue equals to 1/12 of yearly tax revenue;

2. The income tax revenue from each employee equals to 1/ N of the income tax revenue over
the whole economy, where N is the number of employees included in calculation of the tax
base. The monthly income tax revenue from each employee is the r.v. 7(x) with the cdf

Fgamma(T _l(t):kae)

Table 5 presents the estimates for the tail probabilities of yearly income tax revenues over
the whole economy that hold under these assumptions.

Starting with 2000, the average wage for agriculture has not been calculated or reported by
the State Committee for Statistics (Goskomstat) of the Republic of Uzbekistan due to the absence of data for
the private sector (see Tables Al and A2 in the appendix). Therefore, the income tax revenues from
agriculture seem to be negligible in 2000 and 2005. Nevertheless, we present the estimates for the tail
probabilities of the income tax revenue for both the cases where N equals to the total number of employees in

the economy and where N does not include the employees in agriculture.

Table 5. Tail probabilities of the total income tax revenues in 2005

N, TBIC.UEl. P(Tiotar” Tactual)=P(Tioa>465641.1 million soum)

10196.3: Total number of employees in all the 0.9496

industries of the economy

7110.6: Total number of employees in all 0.8988

industries except agriculture

The results in Table 5 suggest very high probability of the total tax revenue in the model being
not less than the actual value of 465641.1 million soum in 2005. This probability is estimated to be
about 0.9 if agriculture is excluded in calculation of the tax base, and to be about 0.95 if the estimate

is calculated using the total number of employees in the economy.

4. Conclusion

The approach discussed in the paper allows one to obtain estimates of the income tax
revenues via gamma distribution approximations using data on average wages in the economy and
wage variances. At the same time, the calculations are based on several strict assumptions, in

particular, those listed below




1. Within each industry, wage distribution is truncated normal;

2. Wage variances in all the industries are the same;

3. Wage in the whole economy follows a gamma distribution.
Each of these assumptions is very strong. The assumptions are motivated only by the absence of
sample data across all the industries. Even if such studies are conducted in transition economies,
their results are often inaccessible. On the other hand, the approach to wage distribution modeling
and forecasting the implied income tax revenues discussed in the paper is based on the existing
minimum of the available data. The estimates presented are, therefore, some of the only results that

are possible to obtain in such circumstances.
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Appendix

Table A1l. Wage distribution in the industries of Uzbek economy in 1995

Number of Average .
Industries employees, vg?)%]e ’ V;Zl’?&c]e’ 7 o
N, thousands sourr;
1 2 3 4 5 6
1.Heavy industry 854.9 1529 608072.4 1264 | 973.14
2. Horticulture 378.1 808 169809.9 | 342.32| 655.49
3. Animal husbandry 84.3 620 09982.44 | -522.74 | 723.05
4. Forestry 53 694 125273.5 | -3.9443 659.67
5.Transportation 259.5 1427 529649.2 1158 | 919.95
6.Communications 43.4 1521 601726 1255.8 968.94
7.Construction 320.5 1655 712420.4 1392.4 1039.9
irsg’;ssm“on'related 13.9 1915 | 9538452 | 1651.4| 1180.1
9. Trade 194.4 556 80406.27 | -1726.4 888.4
10. Public catering 46.9 528 72511.72 | -1733.8 860.71
11.Computer services 2.7 1716 765905 1453.7 1072.6
12. Housing and utilities 116.9 1064 2944582 | 74727 743.15
13. Health 469.6 665 115022.7 | -153.27 | 674.25
14 .Education 858.5 577 86594.83 | -1317.8 840.35
15.Arts and culture 62.4 770 154213.3 251.76 | 650.92
16.Science 41.6 1209 380183.2 | 920.57| 810.42
17.Insurance and pensions 38 1789 832455.5 1526.7 1111.8
18.Administration 87 1041 2818654 71777 733.17
19.0ther industries 252.1 949 234246.3 590.78 | 696.16

The values ¢ and o are the parameters of the truncated normal distribution (1) fitted to the industry data, and

Var[X] is the variance of the distribution calculated using (2).

Source: The State Committee for Statistics (Goskomstat) of the Republic of Uzbekistan (Columns 1-3) and

the authors’ calculations (Columns 4-6).
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Table A2. Wage distribution in the industries of Uzbek economy in 2000 and 2005

Industries 2000 2005
1 2 3 4 5 6 7 8 9 10 11
N E[X] Var[X] U o N E[X] Var[X] U o

1.Heavy industry 1145 | 21861.5 | 124308074 | 19970 | 12774 1145 | 145364.2 | 5496104461 | 132430.0 | 85171.0
2. Construction 676 | 18796.6 | 91896342 | 17064 | 11054 676 | 140114.8 | 5106320438 | 127460.0 | 82226.0
3. Transportation 313.7 | 18569.3 | 89687023 | 16848 | 10926 | 367.97 | 134430.6 | 4700419575 | 122060.0 | 79038.0
4. Communications | 68.3 | 25081.1 | 163619392 | 23016 | 14584 80.1 | 135686.9 | 4788680620 | 123250.0 | 79742.0
> Trgde and public 754 | 9815.6 | 25059452 | 8427.6 | 6070.5 754 | 70209.0 | 1282111887 | 60321.0 | 43398.0
catering
6. Health 587 | 8177.2 | 17392138 | 6780.9 5193 587 | 48411.0 | 609576842 | 37913.0 | 31924.0
7. Education 1054 | 93173 | 22579624 | 7932.6 | 5801.2 1274 | 55454.2 | 799851274 | 45420.0 | 35524.0
8. Arts and culture | 61.02 | 9591.9 | 23930226 | 8205.8 | 5949.4 73.75 | 579772 | 874287115 | 48027.0 | 36846.0
9. Science 30.98 | 160533 | 67029991 | 14453 | 9518.6 | 37.445 | 90070.1 | 2110090877 | 83956.0 | 53187.0
10,‘ ‘Housmg and 251 | 13265.4 | 45769964 | 11784 | 7966.4 251 | 84703.9 | 1866150447 | 74494.0 | 51332.0
utilities
.1 1. Credits and 52 | 24834.8 | 160420567 | 22783 | 14446 52 | 198770.0 | 1.0276E+10 | 182950.0 | 115210.0
insurance
12. Other industries | 9043 | 30779.5 | 246412885 | 28397 | 17793 | 18124 | 200156.0 | 1.042E+10 | 184260.0 | 115990.0

The notations used are the same as in Table Al.

Source: The State Committee for Statistics (Goskomstat) of the Republic of Uzbekistan (Columns 1-3, 7, 8)
and the authors’ calculations (Columns 4-6, 9-11).
Note: Starting with 2000, the average wage for agriculture has not been calculated by the Goskomstat due to
the absence of data for the private sector.
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Table A3. Wage distribution in the construction industry

W, % n, % W, % n, % W, % n, %

0-4 1,56 74-79 3,13 148-153 1,56
4-9 1,17 79-83 2,73 153-157 0,39
9-13 3,13 83-87 1,95 157-161 1,17
13-17 1,56 87-92 2,73 161-166 0,78
17-22 1,56 92-96 3,52 166-170 1,56
22-26 1,17 96-100 4,69 170175 0,78
26-31 1,17 100-105 3,13 175-179 0,78
31-35 1,56 105-109 4,30 179-183 1,56
35-39 2,34 109-113 2,34 183-188 1,17
39-44 3,13 113-118 3,52 188-192 1,17
44-48 0,39 118-122 5,08 192-196 0,39
48-52 1,56 122-127 3,13 196-205 0,39
52-57 3,52 127-131 3,13 205-218 0,78
57-61 1,95 131-135 2,73 218-236 0,39
61-65 2,34 135-140 3,52 236-246 0,39
65-70 1,95 140-144 1,95 >246 0,39
70-74 1,95 144-148 2,73

Based on a sample of 256 employees. W,% denotes the average wage in percent to the average wage in the
sample; n,% is the percentage of employees in the sample who receive the wage within the indicated ranges.

Table A4. Income tax rates in Uzbekistan in 2005

Range of the income, / Corresponding tax amount, 7(1)
I<5w_. T(l)=0.131

Sw., <I<10w,_,. T(5w,;,)+021(1 -5w,,,)
I1>10w . Taow_. )+03(/—-10w_. )

The value / denotes the income to date from the beginning of 2005; w,_, denotes the minimal wage
in 2005. Source: State Tax Committee of the Republic of Uzbekistan
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Figure Al. Wage frequency distribution in the construction industry
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Based on a sample of 256 employees. Wage,% denotes the average wage in percent to the average
wage in the sample. Number of workers, % is the percentage of employees in the sample who receive
the wage within the indicated ranges.

Figure A2. The cdf of wage in the construction industry and the cdf of the

fitted truncated normal distribution
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Figure A3. The cdf F(x) for the wage distribution in the Uzbek economy in 1995

and the cdf’s of the fitted gamma and normal distributions
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Figure A4. The cdf F(x) for the wage distribution in the Uzbek economy in 2000 and

the cdf’s of the fitted gamma and truncated normal distributions
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Figure AS. The cdf F(x) for the wage distribution in the Uzbek economy in 2005 and the

cdf’s of the fitted gamma and truncated normal distributions
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Figure A6. The pdf of the estimated income tax revenue from one employee in 2005
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