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SUMMARY. In the present paper, we show that the best constant A∗(t, γ) in the
Rosenthal-type inequality with an arbitrary balancing factor γ > 0
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for independent nonnegative random variables X1, . . . , Xn with finite t-th moment, 1 <
t <∞, is given by

A∗(t, γ) = 1 + 1/γ, 1 < t ≤ 2,

A∗(t, γ) = γ−t/(t−1)EZt(γ1/(t−1)), t > 2,

where Z(γ1/(t−1)) is a Poisson random variable with parameter γ1/(t−1). In addition to

that, we obtain estimates for the best constants in analogues of the above inequality

for independent random variables with a set of zero odd moments that generalize and

complement the results known for mean-zero random variables and symmetric random

variables.

1. Introduction

In what follows, A(.), B(.) and Ci(.), i = 1, 2, 3, 4, denote constants de-
pending only on parameters in parentheses.
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Let γ be a fixed positive number. Let us consider the following Rosenthal-
type inequality:
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for all independent nonnegative random variables (r.v.’s) X1, . . . , Xn with
finite t-th moment, 1 < t < ∞.

Several studies have focused on estimates related to inequality (1) and
constants in them (see, e.g., Prokhorov (1962), Dharmadhikari et. al. (1968),
Dharmadhikari and Jogdeo (1969), Sazonov (1974), Pinelis (1980), Pinelis
and Utev (1984), Utev (1985), Pinelis (1994), Peshkir and Shiryaev (1995),
Ostrovskĭı (1999) and references therein).

Denote by A∗(t, γ) the best constant in inequality (1). Johnson et al.
(1985) showed that the actual rate of growth of (A∗(t, 1))1/t is t/lnt as
t → ∞ and obtained the same result for the best constant in the analogue
of inequality (1) with γ = 1 for mean-zero r.v.’s. Figiel et al. (1997) and
Ibragimov and Sharakhmetov (1995, 1997) independently obtained the best
constant in the analogue of balancing factor free inequality (1) (with γ = 1)
for symmetric r.v.’s. Ibragimov and Sharakhmetov (1998, 2001) obtained
the best constant in the analogue of balancing parameter free inequality (1)
for mean-zero r.v.’s in the case of even integer t. The results obtained in
Ibragimov and Sharakhmetov (1995, 1997, 1998, 2001) and their proofs were
presented in Ibragimov (1997).

The ”balancing” role that parameter γ plays in inequality (1) is impor-

tant, because the terms
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may be, and usually are,

of different orders of magnitude (e.g., Pinelis (1994)). In the present paper,
we determine the best constant A∗(t, γ) in general inequality (1) with an ar-
bitrary balancing factor γ > 0. We show that the constant A∗(t, γ) is given
by

A∗(t, γ) = 1 + 1/γ, 1 < t ≤ 2,

A∗(t, γ) = γ−t/(t−1)EZt(γ1/(t−1)), t > 2,

where Z(γ1/(t−1)) is a Poisson random variable with parameter γ1/(t−1). In
addition to the above, we prove estimates for the best constants in the ana-
logues of inequality (1) for r.v.’s with a set of zero odd moments which
generalize and complement the results known for mean-zero r.v.’s and sym-
metric r.v.’s. A part of the results in the paper was announced in Ibragimov
and Sharakhmetov (1998) and presented in Ibragimov (1997).
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2. An Extremal Problem for Sums of Independent Nonnegative
Random Variables with Fixed Sum of Tails of Distributions

Let R+ = [0,∞), T be the σ-algebra of Borel subsets of R+ and Λ be
the class of finite positive σ-additive measures λ on T such that λ({0}) = 0.
For a measure λ ∈ Λ denote by T (λ) the random variable with characteristic
function EeitT (λ) = exp

(∫∞
0 (eitx − 1)dλ(x)

)
.

Let λ ∈ Λ. Set (here and in what follows (X, n) denotes the set of indepen-
dent nonnegative r.v.’s (X1, . . . , Xn)) W (λ) = {(X, n) : n ≥ 1,

n
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B\{0}) = λ(B), B ∈ T }. Denote by W (i.d.)(λ) the subset of W (λ) consisting
of identically distributed r.v.’s. Let Z(d) be a r.v. with Poisson distribution
with parameter d > 0 : P (Z(d) = k) = e−ddk/k!, k = 0, 1, 2, . . .

The following theorem complements the results obtained by Utev (1985).

Theorem 1. If t > 1, λ ∈ Λ, and
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0 xtdλ(x) < ∞, then
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Proof of Theorem 1. Suppose that X and Y are nonnegative r.v.’s,
X has a distribution λ ∈ Λ, the r.v.’s X, Y and T (λ) are independent,∫∞
0 xtdλ(x) < ∞ and EY t < ∞. The distribution of the r.v. T (λ) is the

same as the distribution of the r.v.
Z(1)

Σ
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Xi, where X1, X2, . . . , is a sequence

of independent r.v.’s with distribution λ. We have
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From Proposition 3.I.1.b in Marshall and Olkin (1979) it follows that if t > 1,

then the function
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yi, where

x[1] ≥ . . . ≥ x[n] and y[1] ≥ . . . ≥ y[n] denote the components of the vec-
tors (x1, . . . , xn) and (y1, . . . , yn) arranged in descending order. Taking here
(x1, . . . , xn−1, xn) = (a1 + x, . . . , an−1 + x, an + x) and (y1, . . . , yn−1, yn) =
(x, . . . , x,

n
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ai + x), we obtain that

(n− 1)xt +
(

n
Σ

i=1
ai + x

)t

≥
n
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(ai + x)t
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for all t > 1, a1, . . . , an, x ∈ R+. Therefore, similarly to the proof of Lemmas
3.6 and 6.2 in Utev (1985), we get

E(X + Y )t − e−1EY t = e−1 ∞
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From the latter inequality by induction it follows that
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≤ ET t(λ) < ∞ (3)

for all (X, n) ∈ W (λ). Taking a triangular array of independent nonnegative
r.v.’s X1n . . . Xnn such that P (Xin ∈ B \ {0}) = n−1λ(B) for B ∈ T , i =
1, . . . , n, n ≥ λ(R+), and using the Fatou lemma for convergence in distri-
bution similarly to Pinelis and Utev (1984) and Utev (1985), we get that
bounds (3) are exact and relations (2) hold. The proof is complete.

3. Extrema of Moments of Sums of Independent Nonnegative
Random Variables

Let γ > 0, t > 1, ai ≥ 0, bi ≥ 0, at
i ≤ bi, i = 1, . . . , n; ai > 0 if bi > 0, i =

1, ..., n; Ft, G,Ht > 0, and let X1, ..., Xn, . . . denote independent nonnegative
r.v.’s with finite t-th moment. In what follows, write (y, n) = (y1, . . . , yn).
Similarly to Utev (1985) and Ibragimov and Sharakhmetov (1997), set

M1(n, t, a, b) = {(X, n) : EXi = ai, EXt
i = bi, i = 1, . . . , n},

M2(n, t, a, b) = {(X, n) : EXi ≤ ai, EXt
i ≤ bi, i = 1, . . . , n},

U1(Ft, G) =
⋃

n≥1,(a,n),(b,n):
Σai=G,Σbi=Ft

M1(n, t, a, b)

= {(X, n) : n ≥ 1,
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U2(Ft, G) =
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Denote Z̄(Ft, G) = Z((Gt/Ft)1/(t−1)). Let V1(t, a1, b1), . . . , Vn(t, an, bn)
be independent r.v.’s with distributions P (V (t, a, b) = 0) = 1− (at/b)1/(t−1),
P (V (t, a, b) = (b/a)1/(t−1)) = (at/b)1/(t−1), if a, b > 0; and P (V (t, a, b) =
0) = 1, if a = b = 0.

Theorem 2. If 1 < t ≤ 2, then
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Remark 1. From relation (5) it follows that for 1 < t ≤ 2 the prob-
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1, 1 < t ≤ 2. Similarly, from Proposition in Ibragimov and Sharakhme-
tov (1997) it follows that in the case 2 < t ≤ 4 the problem of deter-

mining the best constants C∗
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for independent symmetric r.v.’s

X1, . . . , Xn with finite t-th moment, 2 < t < ∞, is equivalent to the problem

of determining the exact upper estimates for E
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Let us formulate some auxiliary results needed for the proof of
Theorem 2.

Let T and Λ be the same as in Section 2, and let

Λ̄1(Ft, G) = {λ ∈ Λ :
∫ ∞

0
xdλ(x) = G,

∫ ∞

0
xtdλ(x) = Ft}.

Λ̄2(F1, G) = {λ ∈ Λ :
∫ ∞

0
xdλ(x) ≤ G,

∫ ∞

0
xtdλ(x) ≤ Ft}.

Denote by U
(i.d.)
j (Ft, G), j = 1, 2, the subsets of Uj(Ft, G), j = 1, 2,

respectively, consisting of identically distributed r.v.’s.
It is evident that

sup
(X,n)∈Uk(Ft,G)

E

(
n
Σ

i=1
Xi

)t

= sup
λ∈Λ̄k(Ft,G)

sup
(X,n)∈W (λ)

E

(
n
Σ

i=1
Xi

)t

,

sup
(X,n)∈U

(i.d.)
k

(Ft,G)

E

(
n
Σ

i=1
Xi

)t

= sup
λ∈Λ̄k(Ft,G)

sup
(X,n)∈W (i.d.)(λ)

E

(
n
Σ

i=1
Xi

)t

,

k = 1, 2.
Using the latter relations and Theorem 1, we obtain the following lemma.

Lemma 1. If t ≥ 1, then
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Let f(t, z, v) = v−1/(t−1)((v1/(t−1)+z)t−zt), g(t, z, v) = (v+z)t−vt−zt, z, v >
0.

Lemma 2. If 1 < t ≤ 2, then the function g(t, z, v) is concave in v > 0.
If t > 2, then the function f(t, z, v) is concave in v > 0.

Proof. It is not difficult to see that

∂2f(t, z, v)/∂v2 = (t/(t− 1)2)v−1/(t−1)−2zt(((1 + u1)t−1 − 1)−

(t− 1)u1(1 + u1)t−2),

∂2g(t, z, v)/∂v2 = t(t− 1)vt−2((1 + u2)t−2 − 1),

where u1 = v1/(t−1)/z, u2 = z/v. Since 1 ≤ (1 + u)2−t for 1 < t ≤ 2, u > 0,
and 1 + (2− t)u ≤ (1 + u)2−1 for t > 2, u > 0, we have ∂2g(t, z, v)/∂v2 ≤ 0,
if 1 < t ≤ 2, and ∂2f(t, z, v)/∂v2 ≤ 0, if t > 2. The proof is complete.

For a, b > 0, at ≤ b, let V (t, a, b) denote a r.v. with distribution

P (V (t, a, b) = 0) = 1− (at/b)1/(t−1),

P (V (t, a, b) = (b/a)1/(t−1)) = (at/b)1/(t−1).

Lemma 3. If t > 2, z ≥ 0 and X is a nonnegative r.v. such that EX = a >

0, EXt = b > 0, then

E(X + z)t ≤ E(V (t, a, b) + z)t. (8)

Proof. According to Hoeffding (1955), it suffices it prove (8) for discrete
r.v.’s X. Let P (X = xi) = pi, xi > 0, i = 1, . . . , n,

n
Σ

i=1
pi ≤ 1,

n
Σ

i=1
xipi = a,

n
Σ

i=1
xt

ipi = b. Since EXt = EV t(t, a, b) = b, one can assume that z > 0.

Denote vi = xt−1
i , qi = xipi/a, i = 1, . . . , n. Since

n
Σ

i=1
qi = 1,

n
Σ

i=1
viqi = b/a,

from Lemma 2 it follows that
n
Σ

i=1
f(t, z, vi)qi ≤ f(t, z, b/a). It is easy to see

that the latter inequality is equivalent to relation (8). The proof is complete.

Lemma 4. If t > 2, 0 < a1 ≤ a2, 0 < b1 ≤ b2, a
t
i ≤ bi, i = 1, 2, z ≥ 0, then
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E(V (t, a1, b1) + z)t ≤ E(V (t, a2, b2) + z)t (9)

Proof. It is not difficult to see that (9) is equivalent to the inequality

f(t, z, y1)r ≤ f(t, z, y2), (10)

where r = a1/a2, yj = bj/aj , j = 1, 2. It is evident that 0 < r ≤ 1, y1r ≤
y2, y1, y2 > 0. Let r < 1. Set x = (y2−ry1)/(1−r). Under the assumptions of
the lemma, the function f is nonnegative and concave in v > 0. Consequently,
f(t, z, y1)r ≤ f(t, z, y1)r+f(t, z, x)(1−r) ≤ f(t, z, y1r+x(1−r)) = f(t, z, y2).
It is easy to see that the function f(t, z, v) is nondecreasing in v > 0. This
implies inequality (10) for r = 1. The proof is complete.

Lemmas 3 and 4 imply the following

Lemma 5. If t > 2, a, b > 0, at ≤ b, X, Y and V (t, a, b) are independent
nonnegative r.v.’s such that EX ≤ a,EXt ≤ b, EY t < ∞, then E(X+Y )t ≤
E(V (t, a, b) + Y )t.

Lemma 6. If 1 < t ≤ 2, X, Y are independent nonnegative r.v.’s such
that EX = a > 0, EXt = b > 0, EY t < ∞, then E(X + Y )t − EXt ≤
E(a + Y )t − at.

Proof. It is evident that it suffices to consider the case Y = z > 0. Let
us show that

E(X + z)t − EXt ≤ (a + z)t − at. (11)

It suffices to consider discrete r.v.’s X. Let P (X = xi) = pi, xi > 0,

i = 1, . . . , n,
n
Σ

i=1
pi ≤ 1,

n
Σ

i=1
xipi = a. From Lemma 2 it follows that

n
Σ

i=1
g(t, z, xi)pi =

(
n
Σ

i=1
g(t, z, xi)pi/

(
n
Σ

i=1
pi

))(
n
Σ

i=1
pi

)
≤ g

(
t, z, a/

(
n
Σ

i=1
pi

))(
n
Σ

i=1
pi

)
= g

(
t, z, a/

(
n
Σ

i=1
pi

))(
n
Σ

i=1
pi

)
+g(t, z, 0)

(
1−
(

n
Σ

i=1
pi

))
≤ g(t, z, a).

It is easy to see that the latter inequality is equivalent to (11).
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Lemma 7. Let 1 < t ≤ 2, a, b > 0, at ≤ b, Y be a nonnegative r.v. with
EY t < ∞, J be the set of nonnegative r.v.’s X which are independent of Y
and satisfy the conditions EX = a,EXt = b. Then

sup
X∈J

E(X + Y )t = b + E(a + Y )t − at. (12)

Proof. From Lemma 6 it follows that it suffices to find a sequence of
nonnegative r.v.’s Xn which are independent of Y and satisfy the conditions
EXn = a,EXt

n = b and lim
n→∞

E(Xn+Y )t = b+E(a+Y )t−at. If b = at, then

it suffices to take Xn = a. Let at < b. Similarly to the proof of Lemma 7.6 in
Utev (1985) set δn = 1/n, P (Xn = a) = 1 − δn, P (Xn = bn) = δ∗n, P (Xn =
0) = δn − δ∗n, where δ∗n = aδn/bn, bn = ((b − at(1 − δn))/(aδn))1/(t−1). It is
evident that bn ≥ a, 0 ≤ δ∗n ≤ δn, δn → 0, bn →∞, bt

nδ∗n → b− at. We have

E(Xn +Y )t = E(a+Y )t(1−δn)+EY t(δn−δ∗n)+(E(bn +Y )t−bt
n)δ∗n +bt

nδ∗n.

It suffices to check that (E(bn + Y )t − bt
n)δ∗n → 0. Since (see Lemma 7.5

in Utev (1985)) ∣∣∣|1 + x|t − 1
∣∣∣ ≤ 2tt(|x|+ |x|t)

for t ≥ 1, x ∈ R, we obtain (E(bn + Y )t − bt
n)δ∗n ≤ bt

nδ∗n2tt(EY/bn +
EY t/bt

n) → 0. The proof is complete.

Since the function (a+z)t−at, t > 1, is nondecreasing in a ≥ 0 for z ≥ 0,
we obtain the following

Lemma 8. If t > 1, 0 ≤ a1 ≤ a2, 0 ≤ b1 ≤ b2, Y is a nonnegative r.v.
such that EY t < ∞, then

b1 + E(a1 + Y )t − at
1 ≤ b2 + E(a2 + Y )t − at

2.

Proof of Theorem 2. Relations (4) and (6) easily follow from Lemmas
5, 7 and 8 by induction and conditioning argument. If 1 < t ≤ 2, then,
applying Lemma 1 and relation (4), we obtain

sup
(X,n)∈U1(Ft,G)

E

(
n
Σ

i=1
Xi

)t

= sup
(X,n)∈U

(i.d.)
1 (Ft,G)

E

(
n
Σ

i=1
Xi

)t

= sup
n

(Ft + Gt −Gt/nt−1) = Ft + Gt
(13)
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sup
(X,n)∈U2(Ft,G)

E

(
n
Σ

i=1
Xi

)t

= sup
(X,n)∈U

(i.d.)
2 (Ft,G)

E

(
n
Σ

i=1
Xi

)t

= sup
0<F ′

t
≤Ft

0<G′≤G

(F ′
t + G′t) = Ft + Gt.

(14)

(13) and (14) imply relation (5). If t > 2, then from Lemma 1 and relation
(6) it follows that

sup
(X,n)∈U1(Ft,G)

E

(
n
Σ

i=1
Xi

)t

= sup
(X,n)∈U

(i.d.)
1 (Ft,G)

E

(
n
Σ

i=1
Xi

)t

= sup
n

E

(
n
Σ

i=1
Vi(t, Gn−1, Ftn

−1)
)t

,

(15)

and, in addition to that,

sup
(X,n)∈U2(Ft,G)

E

(
n
Σ

i=1
Xi

)t

= sup
(X,n)∈U

(i.d.)
2 (Ft,G)

E

(
n
Σ

i=1
Xi

)t

= sup
0<F ′

t
≤Ft

0<G′≤G

sup
(X,n)∈U

(i.d.)
1 (Ft,G)

E

(
n
Σ

i=1
Xi

)t

= sup
n

sup
0<F ′

t
≤Ft

0<G′≤G

E

(
n
Σ

i=1
Vi(t, G′n−1, F ′

tn
−1)
)t

= sup
n

E

(
n
Σ

i=1
Vi(t, Gn−1, Ftn

−1)
)t

.

(16)
We have that for all B ∈ T

n
Σ

i=1
P (Vi(t, Gn−1, Ftn

−1) ∈ B\{0}) = λ(B),

where λ ∈ Λ, λ({Ft/G)1/(t−1)}) = λ(R+) = (Gt/Ft)1/(t−1). The distribution
of the r.v. T (λ) is the same as the distribution of the r.v. Z̄(Ft, G). From
Theorem 1 it follows that

sup
n

E

(
n
Σ

i=1
Vi(t, Gn−1, Ftn

−1)
)t

= EZ̄t(Ft, G). (17)

(relation (17) also follows from the results obtained by Hoeffding (1956)).
Using (15)-(17), we get (7).
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4. The Best Constants in Rosenthal’s Inequalities

The following theorem gives the best constant in general inequality (1)
with an arbitrary balancing factor γ > 0.

Theorem 3. The best constant in inequality (1) is given by

A∗(t, γ) = 1 + 1/γ, 1 < t ≤ 2, (18)

A∗(t, γ) = γ−t/(t−1)EZt(γ1/(t−1)), t > 2. (19)

Proof. Set

K(γ, Ht) = sup
(X,n)∈Ū(γ,Ht)

E

(
n
Σ

i=1
Xi

)t

.

Using obvious inequalities

sup
(X,n)∈U1(Ht/γ,H

1/t
t )

E

(
n
Σ

i=1
Xi

)t

≤ K(γ, Ht) ≤ sup
(X,n)∈U2(Ht/γ,H

1/t
t )

E

(
n
Σ

i=1
Xi

)t

and relations (5) and (7), we obtain K(γ, Ht) = (1 + 1/γ)Ht for 1 <
t ≤ 2 and F (Ht) = γ−t(t−1)EZt(γ1/(t−1))Ht for t > 2. Since A∗(t, γ) =
sup
Ht>0

K(γ, Ht)/Ht, we get (18) and (19). The proof is complete.

Remark 3. Using the results obtained in Ibragimov and Sharakhmetov
(1997) similarly to the proof of Theorem 3, we get that the best constant
B∗

sym(t, γ) in the analogue of inequality (1) for symmetric r.v.’s

E

∣∣∣∣ n
Σ

i=1
Xi

∣∣∣∣t ≤ B(t, γ) max

(
γ

n
Σ

i=1
E|Xi|t,

(
n
Σ

i=1
EX2

i

)t/2
)

(20)

is given by

B∗
sym(t, γ) = 1 + E|N |t/γ, 2 < t ≤ 4

B∗
sym(t, γ) = γ−t/(t−1)E|Z1(0.5γ1/(t−1))− Z2(0.5γ1/(t−1))|t, t > 4,

where N is the standard normal r.v. and Z1(0.5γ1/(t−1)) and Z2(0.5γ1/(t−1))
are independent Poisson r.v.’s with parameter 0.5γ1/(t−1).
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In conclusion, let us mention a combinatorial interpretation of the best
constants in balancing factor free inequality (1) and its analogues (20) for
symmetric and mean-zero r.v.’s and provide estimates with a similar inter-
pretation for the best constants in inequality (20) for r.v.’s with a set of zero
odd moments.

From Dobinski’s formula (see, e.g., Sachkov (1996), p. 262) it follows
that the best constant A∗(m, 1) = EZm(1) in inequality (1) with γ = 1 for
t = m equals the m−the Bell number, that is, the total number of partitions
of an m−element set into blocks;

By Theorem 2 in Ibragimov and Sharakhmetov (1998), the best constant
B∗

sym(2m, 1) in inequality (20) with γ = 1 and t = 2m for symmetric r.v.’s
equals the number of partitions of a 2m−element set into blocks consisting
of an even number of elements.

According to Ibragimov and Sharakhmetov (2001), the best constant
B∗

mean−zero(2m, 1) in estimate (20) with γ = 1 and t = 2m for mean-zero
r.v.’s equals the number of partitions of a 2m−element set into blocks each
of which contains more than one element.

Let 1 ≤ l ≤ m, k1 = 1 < k2 < ... < kl be arbitrary elements of the
set {2s− 1, s = 1, 2, ...,m} and let B∗

k1,k2,...,kl
(2m) denote the best constant

in inequality (20) with γ = 1, t = 2m for independent r.v.’s X1, X2, ..., Xn

with EX2m
i < ∞, EXk1

i = EXk2
i = ... = EXkl

i = 0, i = 1, 2, ..., n. Also, let
Dk1,k2,...,kl

(2m) be the number of partitions of a 2m−element set into blocks,
the number of elements in which does not equal ks, s = 1, 2, ..., l. According
to Ibragimov and Sharakhmetov (2001), if X1, X2, ..., Xn are independent
r.v.’s with EXi = 0, EX2m

i < ∞, i = 1, 2, ..., n, then

E(
n∑

i=1

Xi)2m ≤ (2m)!
2m∑
r=0

∑ r∏
k=1

Ajk
mk,n(mk!)−jk

jk!
,

where Amk,n =
∑n

i=1 EXmk
i , and the inner sum is taken over all natural m1 >

m2 > ... > mr > 1 and j1, j2, ..., jr such that m1j1 +m2j2 + ...+mrjr = 2m.
From the latter inequality it follows that if X1, X2, ..., Xn are independent
r.v.’s such that EX2m

i < ∞, EXk1
i = EXk2

i = ... = EXkl
i = 0, i = 1, 2, ..., n,

then

E(
n∑

i=1

Xi)2m ≤ (2m)!
2m∑
r=0

∑ r∏
k=1

Ajk
mk,n(mk!)−jk

jk!
,

where the inner sum is taken over all natural m1 > m2 > ... > mr and
j1, j2, ..., jr such that m1j1 + m2j2 + ... + mrjr = 2m, mi 6= ks, s = 1, 2, ..., l,
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i = 1, 2, ..., r. From the inequality |As,n| ≤
(
As−2

2m,nA2m−s
2,n

)1/(2m−2)
for all

integer s ∈ (2, 2m) (see, e.g., Lemma 2 in Ibragimov and Sharakhmetov
(2001)) and Sachkov (1996), pp. 257-259, we get that for all independent
r.v.’s X1, X2, ..., Xn such that EX2m

i < ∞, EXk1
i = EXk2

i = ... = EXkl
i = 0,

i = 1, 2, ..., n,

E(
n∑

i=1

Xi)2m ≤ (2m)!
2m∑
j=1

 j∑
r=1

∑ r∏
k=1

(mk!)−jk

jk!

 (Am−j
2m,nA

m(j−1)
2,n )1/(m−1) ≤

(2m)!
2m∑
j=1

 j∑
r=1

∑ r∏
k=1

(mk!)−jk

jk!

max(A2m,n, Am
2,n) =

Dk1,k2,...,kl
(2m)max(A2m,n, Am

2,n),

where the inner sums are taken over all natural m1 > m2 > ... > mr

and j1, j2, ..., jr satisfying the conditions m1j1 + m2j2 + ... + mrjr = 2m,
j1 + j2 + ... + jr = j, mi 6= ks, i = 1, 2, ..., r, s = 1, 2, ..., l. Consequently,

B∗
k1,k2,...,kl

(2m) ≤ Dk1,k2,...,kl
(2m).

Therefore, the best constants in inequality (20) for r.v.’s with zero odd
moments of order k1, k2, . . . .kl are majorized by the numbers of partitions
of a 2m−element set into blocks, the number of elements in which does not
equal ks, s = 1, 2, ..., l. Moreover, from the above it follows that the latter
bounds are sharp in the extremal cases l = 1 and l = m, ks = 2s − 1, s =
1, 2, ...,m, that is, in the cases of mean-zero random variables and random
variables with m zero first odd moments.
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