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Formal Derivations

Gross-output vs value-added production function. With the Cobb-Douglas
form used by Sicsic (1994), increasing returns to scale in the value-added production
function are equivalent to increasing returns to scale in the gross-output production
function. The choice between value-added and gross-output production function is
nevertheless not innocuous because returns to scale estimated from the value-added
production function overstate (understate) the degree of returns to scale in the case of
increasing (decreasing) returns. To see this, let « = 1,..., N index observations and
let y; denote output, I; labor, m,; materials, and k; capital. Consider the gross-output

production function
Y = eﬁ"liﬁlmf’”k?‘“e”

and define the value-added production function to be the solution to

max py; — Wy,

m;
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where p is the price of output and w,, is the price of intermediate goods. Then the

value-added production function is given by
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Returns to scale are computed from the value-added production function as v; + V%

and as (3 + B, + Ok from the gross-output production function. But

YA Z B+ B+ Be & Bt B+ B = 1,

which shows that returns to scale estimated from the value-added production func-
tion overstate (understate) the degree of returns to scale in the case of increasing

(decreasing) returns.

Sicsic’s (1994) heteroskedasitcity correction. Sicsic (1994) uses the average
establishment as the unit of observation and tries to correct for the resulting het-
eroskedasticity by dividing by the square root of the number of establishments. Since
his model is log-linear, however, it is not consistent with using the number of estab-
lishments as weight. Indeed, when taken literally, Sicsic’s (1994) heteroskedasticity
correction induces a correlation between error term and regressors. To see this, let
1 = 1,..., N index observations and 7 = 1,...,n; index establishments within the
ith observation. Let v;; denote the value added of the jth establishment in the ith
observation, and let /;; and k;; be defined analogously for labor and capital inputs,
respectively. If the individual firm’s value-added production function is of the Cobb-
Douglas form,

L — YOV LR SN
vij = €l ke,

then taking logs and averaging over establishments yields
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composite error term
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composite error term (cont’d)

where v;q = %Z;L:l v;; etc. Instead of being proportional to ni
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the variance of
the composite error term is a complicated function of n; that also depends on the
regressors. Moreover, the regressors are correlated with the composite error term

which causes the coefficient estimates to be biased.

Aggregate vs average establishment. Returns to scale estimated from average
establishments in general overstate (understate) the degree of returns to scale in the
case of increasing (decreasing) returns to scale. To see this, let 7 = 1,...,n index
establishments within a collective observation. For the sake of the argument let y;
denote the gross-output and z; the generic input of the jth establishment and assume

that its production function is given by y; = 2. Note that

1 - 1 u > 1 & " >

which implies In y, z alnz, & « z 1. The degree of returns to scale is estimated to

be & = ¥  Hence, & z oS« E 1 provided that xz, > 1. On the other hand, if the

Inze "

aggregate establishment is used as the unit of observation, then the degree of returns
3"y
In} %

degree of returns to scale in the case of increasing (decreasing) returns to scale.

to scale is estimated to be & = , which tends to understate (overstate) the

Monte Carlo Experiment
I consider the production function
y; = eP10m PP e,

Following the recent literature on production function estimation, I assume that the
firm knows the productivity shock when it chooses its inputs (Olley & Pakes 1996,
Levinsohn & Petrin 2003). As I argue in the main text, this implies that [;, m;,



and k; are positively correlated with ¢;. One suspects that this causes overestimation
of 6;, B, and [, and thus of the degree of returns to scale. However, this is not
generally true, since the biases of the OLS estimators for 3;, 3,,, and G, also depend
on the covariances of the regressors. To investigate wether endogeneity indeed leads
to overestimation of the degree of returns to scale I therefore conduct a Monte Carlo
experiment.

Since the biases of the OLS estimators for (;, §,,, and 3y depend on the covariance
between the regressors, (Inl;, Inm;, In k;), the Monte Carlo samples are generated such
that the covariance of the simulated inputs equals the covariance of the observed
inputs in my data sets, and similarly for the means of the regressors. Also the
variance of the productivity shock and the parameters of the production function are
estimated from the data sets using OLS. Finally, the Monte Carlo sample sizes are
equal to the actual sample sizes in my data sets.

It remains to choose the correlations between error term and regressors. Assuming

1
’ 9
correlation patterns. However, the covariance between the regressors restricts the set

that each regressor can have a correlation of 0 or 1 with the error term yields 27
of possible correlations between error term and regressors. Hence, if a correlation
pattern is not feasible, I choose the closest one (in terms of Fuclidian distance) that
is. For a given correlation pattern and industry, the simulation experiment proceeds
as follows. Imposing the correlations between the error term and the regressors, I
generate S = 500 samples of size N from a multivariate normal distribution. Then I
estimate the production function for each Monte Carlo sample and calculate the bias
of estimates of the degree of returns to scale.

The results are presented in Tables 1-4. Tables 1 and 2 contain results for the
French industrial census of 1839-47 using either the aggregate (Table 1) or the average
(Table 2) establishment as the unit of observation. Tables 3 and 4 correspond to
Tables 1 and 2 and report results for the French industrial census of 1861-65. In
summary, for both French industrial censuses, one can be reasonably confident that
even a small amount of positive correlation between the productivity shock and the
inputs leads to overestimation of the degree of returns to scale. Also the bias appears

to be quite substantial even for moderate correlations.



“JUOWIYSI[(R)SO 9)eF0I33R O SI UOIJRAIISUO JO MU “LF-GE]T
SNISUAD [RLIISTIPUL YOUSI O} Ul SOLIJSIPUI SNOLIBA 9} IOJ 9[€IS 0} SUINIAI JO 99I130p oY)} JO S9JeWI}se Ul serg :] 9[qR],

OF0 T€0 ©20 S8T0 80 020 T&0 9F0 G&0 1I€0 620 920 G20 L20 T¥V0 920 |1 T T
1I€0 ¥¢0 180 910 g0 610 620 6£0 80 G20 Lg0 120 130 G20 ¥E€0 €20|¢0 1 I
610 ¥I10 LIT'0 ¢I'0 ¢I'0 CSI'0 120 220 610 L0 020 ¥I0 FI0 610 €0 LI0|O I T
€0 90  ¢Z0 ST0 820 CSIT0 080 0S50 L&0 C€0 620 80 ST0  FEO €F0  STO0 | T ) I
¥€0 T€0 ¢Z0 ST0 €0 II'0 G0 €0 TE0 €80 80 €0 TC0 T0 L8O €0| S0 S0 I
8T'0 8T'0 LT0 TIT0 TIT0 OT0 AIT0 620 610 120 020 CSI'0 FI0 910 €0 9100 g0 T
60 ¥E€0 610 FI0 ST0 600 ¥ZO S¥O €60 €60 G20 S0 T0 610 8€0 T€O0 |1 0 I
ge0 0€0 810 ¢I'0 610 900 610 OV0 620 T€0 €20 180 S8T'0 910 €0 6I0|S0 0 I
LTO0 020 <ST'0 600 OT0 ¥00 ¢ro 820 610 €0 8I0 ¥I0 ¢Io TII0 g0 ¥I0|0 0 T
L£0 TZ0 ST'0 910 €20 610 830 S€0 620 020 ¥CO 1¢0 120 G20 SE0 230 |1 I ¢'0
6z0 010 ¢ro <¢ro 910 S8T'0 ¥20 €0 S8I0 00 610 €0 FI'0 130 €0 LT0O|S0 I g0
010 €00 010 600 900 ¥I'0 L0 €10 600 <00 €0 900 800 SI'0 g0 1100 I ¢'0
gro 820  ¥I0  FI0 220 €10 920 L€0 TI€0 920 SZ0 €0 TC0 180 880 TE0 |1 ) ¢'0
920 LT'0 ¢I0 TIT0 A10 TII0 610 920 020 L0 S8IT0 SI'0 <SI'0 910 <20 910|900 S0 )
600 900 IT'0 100 900 600 ¢I'0 SI'0 800 800 TI'0 200 200 TIT0 TII0 6000 ) g0
8’0 620 €TI0 IT0 ¥20 900 020 L&O 620 LZ0 120 120 610 CI'0 €0 8I0|T 0 g0
920 820 €10 600 SIT0 €00 €10 080 €0 820 L0 8T0 910 TIT°0 .80 SI0|S0 O ¢'0
600 8T0 ¢I'0 S00 200 100 900 610 TI'0 610 O0T0 O0I'0 800 900 €10 8000 0 ¢'0
820 ¥I'0 600 TII0 020 SI'0 €0 €0 610 TII'0 910 FI'0 S0 80 ¥&0 GI0|T I 0
9T'0 €00 S00 800 TIT0 FIO LT'0 OT0 600 7100 OT0 200 800 SIT0 &I'0 0710|900 T 0
100 900- %00 %00 00 gI'0 O0T'0 000 000 900- %00 000 <00 OT0 200 S00|O0 I 0
I€0 ST'0 900 600 020 OT0 8T'0 120 60 g0 <Sro ¥I'0 %10 SI'0 %20 ¥#10 |71 g0 0
91°0 100 100 900 OT0 OT0 €10 800 600 T00- 800 <00 200 O0T0 g0 800|S0 S0 0
000 TT°0- T00- €00 T00- 800 900 ¥00- €00- TI0- T00 €00- T00- SO0 T00- T100]|0 g0 0
0£0 610 GO0 200 610 F¥00 €10 120 610 <SI'0 €10 FI0 €10 600 €0 TI0|T 0 0
LT0 T10 100 F¥00 TIT°0 00 L0O TII0 gr0 O0I'0 200 800 800 SO0 ¥I0 900|S0 O 0
000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000]O0 0 0
9T ¢TI i er I IT 0T 6 8 L 9 G v ¢ 4 T ()ur  (wjur  (pur
3eIqpoo pue 3 wemIdq

UOI}e[aII0d



“JUOUIYSI[(B)So dFeIoA® 1} ST UOIYBAIISCO JO JTU() “LF-6E]T
SNSUAD [RLIJSNPUI YOUSL] 9} UI SOLIJSNPUI STIOLIBA 97} I0J 9IS O} SWINJOI JO 99I30p 9} JO SOJRWII}SO UL Sl g O[qR],

6’0 ¥€0 €20 ¥v¢0 80 660 0€0 990 ¥EO 80 I1€0 680 €0 LgO OVO0 ¥EO |1 T T
0¥'0 G¢0 ¢¢c0 T¢0 8IT0 €0 920 690 Lg0 ©¢c0 Lg0 ¥¢0 8T°0 G¢0 €€0 120 |90 T T
€0 ¥vI'o A10 910 L00 910 67T0 €0 80 GI'0 00 910 II0 0260 €20 G100 |O ! !
G¢'0 6¢0 €0 P00 ¢€0 0€0 6¢0 €L0 LEO €0 €0 1€0 ve0 G0 <0 G0 |1 g0 1
6v'0 V€0 ¢¢c0 ¢¢0 ¥e¢0 LgO ve0 0L0 0€0 0¢€0 T1€0 L0 10 <¢¢0 LEO €20 | G0 g0 !
6¢0 610 AT°0 ST°0 OT0 AT°0 910 0%0 8I'0 6IT0 €0 LT0O ¢<¢I'0 910 €0 G10 |0 g0 T
g¢'0 80 610 T¢0 T€0 L0 €20 0L0 €0 T1€0 0€0 680 <¢¢0 610 80 120 |T 0 T

!

60 €¢0 8I'0 610 ¥¢0 ¥¢0 6T0 690 6¢0 660 80 G0 610 910 €€0 610 | S0 0

ve¢'0 ¢co G1o0 vro <¢ro Aro ¢ro 6v¥vo 610 ¢¢c0 ¢c0 LT0O <10 110 ¥%¢0 €10 |0 0

vwo ©ve¢o0 LT0 T¢0 ¥¢0 ¢¢0 G¢0 ¢90 80 LT0O G920 €0 8T'0 G0 €0 020 |1 1 g0
T
!

—

6¢0 OT0 ¥rIO0 10 o010 €10 T¢0 9€0 910 L00 LTO 7¥I'0O OT0 T&0 T¢0 F¥IO0 |G0 g0

800 100 TI10 TITO ¢O00- 00 ¥I0 610 8O0 €00 600 900 ¥0OO SGT0 TI'0O 8OO |O g0
vé'0 ¢¢0 910 00 ¢e0 S0 ve0 690 T1€0 P¥CO0 660 920 <0 160 9€0 T1¢0 | T g0 g0
9¢'0 610 €10 G100 AT0 910 LTO ¢¥0O 00 910 020 LTO0O €10 910 ¥¢0 ST0 |90 g0 g0
17’0 900 010 600 7100 8OO0 TII'0C €0 L2000 900 o010 8O0 %00 TII0 TI0 8OO |O g0 g0
€60 €0 vIo 910 T1€0 €0 610 090 620 G20 920 G0 0¢0 ST0 <¢€0 8T0 |1 0 g0

¢v'o ¢eo €10 €0 S0 1¢0 ¥I0 LvO €0 L0 €0 160 LTO  IT0O L0 STO0 | G0 g0

0
8T°0 020 TI'0 200 ¢I'0 ¢I'0 200 620 TI'0 020 €10 gI'0 600 900 ¥I'0 800 |0 0 g0
geo  ST0  TIT0 FI0 610 FI0 610 TE0 ST0 600 S0 910 €10 610 180 FI0 |1 T 0
gro 200 200 O0T'0 900 900 ¥I'0 €0 800 100- 200 L0O SO0 GIO OT0 800 | S0 I 0
80°0- 600- €00 SO0 900- T100- 200 S00- TO0O- L00- T00- T00- T00- OT0 000 €00 |0 I 0
W0 LT0 800 ¢I'0 g0 ¥I0 910 TI€0 610 OT0 LT'0O S0 €0 S0 220 €10 |1 ¢0 0
LT0 000 €00 200 S00 %00 OT0 €10 600 F¥00- 200 <00 S0 00 00 900 | S0 S0 0
90°0- FT°0- 000 €00 OT0- S00- F¥00 900- F¥00- €I0- €00- F¥00- ¥00- S0°0 €00- T00-|0 ¢0 0
€0 g0 900 OT0 920 FI0 €10 S0 610 FI0 LI'0 910 FI'0 600 180 I0 |1 0 0
¥20 €10 €00 SO0 9T0 600 200 8T'0 €10 0T'0 O0I0 600 600 GO0 €0 200 | S0 O 0
000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 000 |0 0 0
91 1 ¥T €1 al 1 0T 6 8 L 9 G i ¢ z T ()ur  (w)ur  (p)ur
wﬂﬂ@@ov UQ@ 3 Q@@.\,Ppwn—

UOI}e[2II0D



"JUOWIYSI[(R)SO 93eFOI33R O SI UOIJRAIISYO JO NU[) "GY-TOKT
SNISUAD [RLIISTIPUL YOUSI O} Ul SOLIJSIPUI SNOLIBA 9} IOJ 9[€IS 0} SUINIAI JO 99I130p oY)} JO S9JeWIISe Ul Serq :¢ d[qR],

120 .20 €0 €TI0 G20 0€0 120 220 220 020 ¢g0 910 %20 ST'0 980 L10 |1 T T
LT0 120 120 600 610 8I'0 €0 920 020 910 8I'0 ¢I'0 020 ¢I'0 €0 ¢Io | g0 1 I
gro ST0  LT0 900 €10 600 610 ¢0 90 TI'0 €0 600 ST'0 600 920 800 |0 T T
020 220 S8T0 SI'0 620 220 610 020 180 020 g0 ST0 T80 FI0 TE€0 910 | T g0 T
910 g0 9T0 ¢I'0 020 TII'0 020 020 020 LT'0O SIT0 o 210 IT0 920 2I'0 | S0 S0 I
0T0 ST0 €TI0 L00 ¢I'0 200 SIT0 LT'0O S0 IT0 ¢I'0 200 ¢I'0 0O 020 L00O |O g0 I
910 €20 €10 ¥I0 120 120 FI0 FIO L0 210 610 €10 910 110 @0 F10 |1 0 I
gro 0z0 010 gro L1'0 010 <0 g0 910 <SI'0 910 0T0 gI'0 600 L0 TII0 |S0 0 I
800 FIT0 800 800 TII'0 T00- FI'0 O0T0 €0 0T0 TII'0 900 800 S00 TI'0 900 |0 0 T
810 020 6I0 600 020 1I€0 CSI'0 <20 CSI'0 SI'0 L10 €0 020 2I'0 €£0 €10 |1 I g0
PT0 €10 8T0 ¥00 €10 020 SI0 <20 €10 010 €10 600 910 600 TIE0 800 | S0 T ¢'0
600 800 SIT'0 €00 800 200 SIT0 610 O0T'0 200 800 SO0 TII'0 900 €20 S00 |0 I ¢'0
LT0 020 %10 ¢I0 120 ¢&o IT0 S0 €10 SI0 LI0 €10 10 IT0 920 %10 |1 ) ¢'0
IT0 ¥T°0 ¢I'0 200 ¥T°0 910 ¢ro ¥I'0 2o 10 2r'0 600 €TI0 800 120 600 | S0 €0 ¢'0
900 800 IT'0 100 900 €00- €10 SI'0 00 900 200 %00 800 %00 SIT'0 €00 |0 g0 g0
€10 S8T0 600 <¢I'0 S8IT0 20 800 800 ¢I'0 €0 SI'0 IT0 €10 600 910 2I0 |1 0 ¢'0
0T0 910 G00 TII'0 SIT0 TII'0 600 900 OT0 20 ¢I'0 800 600 L0O TI0 600 | S0 O g0
00 600 ¥00 900 00 80°0- OT0 900 600 L00 200 F0O0 FO0 €00 900 F00 |0 0 ¢'0
ero €10 ST0 900 FI0 820 600 910 600 OT0 <TI0 OT0 S0 600 920 010 |1 T 0
600 200 €10 T00 800 020 800 S0 900 900 200 900 <TI0 900 €0 900 | S0 T 0
600 200 IT0 ¢00- €00 800 200 €0 F00 <00 €00 200 L00 €00 LI0 200 |0 I 0
gro ¢ro  0r0 900 €10 820 <00 0T0 900 600 II0 600 TI'0 800 610 600 |1 ) 0
L00 €00 800 T00 900 €20 €00 800 TO0 €00 SO0 SO0 800 <00 S0 <00 | S0 SO0 0
200 20'0- L00 F0O0- TO0- <00 €00 600 100 T0'0- 000 000 FO0 100 600 T0O0-| O g0 0
600 TIT0 S00 200 EI'0 %20 T00 €00 SO0 800 600 200 600 900 TI'0 800 |T 0 0
900 .00 100 900 800 00 T00- T100- 100 €00 SO0 €00 SO0 %00 SO0 900 | S0 O 0
000 000 000 000 000 T00- 000 000 000 000 000 0000 0000 0000 000 000 |O 0 0
9T &I T €l 4 1 01 6 8 L 9 g i ¢ z T ()ur  (w)ur  (pur
3eIqpoo pue 3 weamlaq

UOI}e[9II0d



“JUDTIYSI[(R)SO 9FRIOAR O} ST UOIJRAIOSCO JO U() "GO-TY]T
SNISUAD [RLIISTIPUL YOUSI O} Ul SOLIJSIPUI SNOLIBA 9} IOJ 9[€IS 0} SUINAI JO 99I130p oY)} JO S9JeWIIsSe Ul Serq : 9[qR],

6¢0 0€0 €¢0 0¢0 6c0 €€0 LTO TI¥FO0O ¥Pc0 8IT'0 680 0¢0 G20 8I'0 G0 €¢0 |1 T !
9¢0 v¢0 ¢¢0 910 ¥¢0 T¢0 610 TI¥F0 €0 ¥FI'0 920 GT0 7120 ST'0 6€0 0¢0 | S0 T T
0co0 810 610 @¢rI'0 AT0 OT0 LTO 9¢0 610 TII0 020 TIT0 910 TII0 660 910 |0 ! !
8¢'0 €€0 LT0O 610 80 T€0 VIO 8O0 <¢¢0 8I'0 660 8I'0 ¢c0 LT0 &0 ¢c0 |1 0 1
G¢c0 820 &8I0 910 ¥¢0 G100 910 1TPO0 <¢c0 ST0 920 P10 610 ¥IO T€0 0c0 | S0 g0 !
8T'0 610 910 TII'0 910 %00 ST0 G€0 8I0 OT0 6T0 8O0 €TI0 O0r0 0¢0 910 |0 g0 T
€¢0 660 <¢r0 910 €20 90 600 T€0 R8I0 910 P¥&0O SGT0 S8I0 ¥#I'0 0€0 8IO|T 0 T

T

0¢co0 2Lg0 ¢r0 €10 0c0 €10 O0ro <¢€0 LT0C 910 ¢0 TIT0 ¥I'0 TIT'0 020 910 | S0 0

yro 0¢o 110 600 ¥IO0 TOO OT0C 0€0 SI0 Or0 910 90 010 800 OT0 €10|0 0

Gc0 0¢0 LT0 910 €20 ve0 €10 80 LT0 <0 ©vecO LT0 120 ¥I0O €0 LTO|T ! g0
T
T

—

ge0 ¢I'0  LT0 g0 AT0 220 ¥I0 20 910 800 020 <o L10 IT'0 680 ¥I0| S0 g0
GT0 800 9T0 800 TI'0 00 SI0 G20 FI0 900 FI'0 200 TI'0 0O G20 OT0|0 g0
€20 €20 110 S0 €0 S€0 800 €0 €10 TI'0 €0 910 S8I'0 €0 8€0 910 |1 ¢'0 ¢'0
LT0 9T0 ¢ro IT0 9T0 8T'0 070 €0 €10 600 L0 TII0 ¥I0 OT0 220 €I0|S0 G0 g0
gro 600 FI0 L00 600 <¢00- €10 %20 €10 €00 <TI0 €00 600 900 FI0 600 |0 g0 g0
8T'0 €0 200 ¢I'0 610 g0 F¥00 S8I'0 TI0 20 SIT0 €0 FI0 IT'0 220 €10 T 0 g0
€10 €0 900 010 910 ¥I'0 <G00 610 00 110 SI'0 600 O0T0 600 SIT0 €I'0|S0 0 ¢'0
800 ¥I'0 200 <00 600 900- 800 020 II0 800 600 ¥00 900 SO0 €00 6000 0 ¢0
810 ¢I'0 ¢I'0 TII'0 910 00 800 <SI'0 O0T0 800 9T'0 €0 ST'0 00 980 T10|T T 0
¥T0 ¥00 IT0  L00 OT0 120 800 TII'0 800 F00 TI'0 600 TI'0 200 O0S0 00|90 T 0
800 ¢00- OT0 %00 %00 L00 600 600 900 TI00 900 %00 L00 %00 120 %00 |0 I 0
ST0 TIT0 900 600 FI0 0€0 €00 800 900 L00 FI0 20 ¢I'0 600 0£0 600 |T g0 0
600 €00 SO0 SO0 00 €20 TO0 €00 €00 g0 800 00 800 SO0 FEO FOO| S0 S0 0
¥0°0 S0°0- 900 100 000 ¥O0 GO0 FO0 FO0O €00- €00 T00 €00 T00 TII0 T00 |0 ¢'0 0
10 €10 ¢00 800 gI'0 920 T100- €00 €00 00 070 600 600 L00 020 L00|T 0 0
900 100 €00- ¥0'0 00 10 €00- 100- TO0- %00 900 900 SO0 ¥00 €TI0 €00|S0 O 0
100 000 0000 000 000 T10°0- 0000 000 000 000 000 000 000 000 000 000 |0 0 0
9T &I T er o1 11 01 6 8 L 9 g v ¢ z T ()ur  (w)ur  (p)ur
wﬁpn—UOo UQ@ e Q@@guwﬁ

UOIYe[2II0D



References

Levinsohn, J. & Petrin, A. (2003). Estimating production functions using inputs to
control for unobservables, Review of Economic Studies T0(2): 317-341.

Olley, S. & Pakes, A. (1996). The dynamics of productivity in the telecommunications
industry, Econometrica 64(6): 1263-1297.

Sicsic, P. (1994). Establishment size and economies of scale in 19th-century France,

Ezxplorations in Economic History 31: 453-478.



